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Preface 

Relay feedback has attracted considerable research attention for more than a 

century. The classical work of Typikin (1984) on analysis summarizes progress 

up to the 1960s. Early applications of relay systems ranged from stationary 

control of industrial processes to control of mobile objects. In the 1950s, relays 

were mainly used as amplifiers but such applications are now obsolete, owing to 

the development of electronic technology. In the 1960s, relay feedback was ap

plied to adaptive control. One prominent example of such an application is the 

self-oscillating adaptive controller developed by Minneapolis Honeywell, which 

uses relay feedback to attain a desired amplitude margin. It was in the 1980s 

that Astrom and Hagglund successfully applied the relay feedback method to 

auto-tune PID controllers for process control, and triggered a resurgence of 

interest in relay methods, including extensions of the method to more complex 

systems. Since then, new tools and powerful results have emerged. 

The present monograph presents, in a single volume, a fairly comprehensive, 

up-to-date and detailed treatment of relay feedback theory, use of relay feedback 
for process identification, and use of identified models for control system design. 
The materials included here are based on research results of the authors and 

their co-workers in the domain. Both single-variable and multivariable systems 

are addressed. For presentation, we have made the technical development of the 

results as self-contained as possible. Only knowledge of linear system theory 
is assumed for readers. Illustrative examples of different degrees of complexity 

are given to facilitate understanding. Therefore, it is believed that the book 

can be accessed by graduate students, researchers and practising engineers. 

The table of contents gives an idea of what is contained in the book. The 

book is organized into three parts: Part I Analysis of Relay Feedback Systems, 

Part II Process Identification Using Relay Feedback, and Part III Controller 

Design. The three parts are related but can be read independently. Those who 
are only interested in relay applications can skip Part 1. A chapter-by-chapter 

preview of our materials is given as follows. 
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Part I deals with analysis of relay feedback systems and consists of four 
chapters. Chapter 1 considers a SISO linear system with general relay feedback 

and studies the existence of solutions to the system. It is shown that existence 

and uniqueness of solutions are always guaranteed for the system with nonzero 

time delay; for the delay-free case, a necessary and sufficient condition is given 

for the existence of solutions. Chapter 2 deals with problems of the existence of 

limit cycles of linear systems with relay feedback, and presents some sufficient 

conditions. Moreover, if a limit cycle exists, necessary and sufficient condi

tions are given for determining particular limit cycles. The main tool used is 

Brouwer's fixed point theorem and some techniques related to system theory. 

Chapter 3 studies the local stability problem of limit cycles for time-delay relay 

feedback systems with relays containing asymmetric hysteresis. It is shown that 

if a certain constructed matrix is Schur stable, then the local stability of the 

limit cycle considered is guaranteed. Chapter 4 investigates the global stability 

of limit cycles in relay feedback systems. A unified framework and results are 

presented for global convergence. The key idea is to reduce the global stability 

problem to the asymptotic stability of a discrete time system. 

Part II studies process identification from relay feedback and consists of 

four chapters. Chapter 5 deals with identifying process models from steady

state responses, or limit cycles, of relay feedback systems. We show that use 
of the FFT in place of the describing function approximation can give more 

accurate frequency response estimation. More cycles of oscillations can be em

ployed to enhance estimation robustness. Modified relays can enable estimation 
of more points on the process frequency response. Chapter 6 deals with identi

fying process frequency response by using transient responses of relay feedback 
systems. Chapter 7 considers the problem of converting the frequency response 

identified from relay feedback to a transfer function with possible dead time. 

Chapter 8 develops a general identification procedure applicable to various test 

scenarios, covering step/relay and open-Ioop/closed-Ioop types. 

Part III is concerned with control system design and consists of four chap

ters. Chapter 9 considers control design for SISO stable processes. Internal 

model control design is reviewed. Its equivalent single-loop controller is derived 

and usually of high complexity. The model reduction technique is employed to 

find its approximation. Users have the option to choose between PID and high

order controllers to better suit the applications. It turns out that high-order 

controllers may be necessary to achieve high performance for essentially high

order processes. Chapter 10 extends the SISO methodology in Chapter 9 to the 

multivariable case. For internal model control, the objective closed-loop trans-
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fer functions are characterized in terms of process unavoidable non-minimum

phase elements. A multivariable controller for best achievable performance is 

obtained using block diagram analysis and model reduction. Chapter 11 consid

ers control of unstable processes. The relay feedback test is used to identify an 

unstable process. An IMC-based single-loop controller design method is given 

to find the feedback controller in either PID or high-order form. Chapter 12 

presents a new scheme called the Partial Internal Model Control (PIMC), which 

is capable of controlling both stable and unstable processes. In the PIMC, a 

process model is expressed as the sum of stable and anti-stable parts and only 

the stable part of the process model is used as the internal model. The process 

stable part is cancelled by the internal model and the remaining anti-stable 

part is stabilized and controlled using a primary controller. Chapter 13 ad

dresses decentralized control of multivariable processes. A simple independent 

design method for multi-loop controllers is proposed which exploits process 

interactions for the improvement of loop performance. 

We would like to thank C. C. Hang, Q. Bi, B. Zou, Yu Zhang, Yong Zhang, 

H. W. Fung and X. P. Yang for their fruitful research collaborations with us, 

which have led to the contributions contained in the book. We are grateful to 

the Centre for Intelligent Control and Department of Electrical and Computer 

Engineering of the National University of Singapore for providing plenty of 

resources for our research work. 

Qing- Guo Wang 
Tong Heng Lee 

Chong Lin 
Singapore, June 2002 
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Part I 

Analysis of Relay Feedback Systems 



Introduction to Part I 

Relay systems can be traced back to their classical configurations. A description 

of various relay extremal control systems can be found in Morosanov (1964). 

Applications of relay systems range from stationary control of industrial pro

cesses to control of mobile objects. In the 1950s, relays were mainly used as 

amplifiers but such applications are now obsolete, owing to the development 

of electronic technology. In the 1960s, relay feedback was applied to adaptive 

control (Tsypkin, 1984). One prominent example of such applications is the 

self-oscillating adaptive controller developed by Minneapolis Honeywell which 

uses relay feedback to attain a desired amplitude margin. This system was 

tested extensively for flight control systems, and it has been used in several 

missiles. It was in the eighties that Astrom successfully applied the relay feed

back method to auto-tune PID controllers for process control, and triggered a 

resurgence of interest in relay methods, including extensions of the method to 

more complex systems. A recent survey of relay methods is provided in Astrom 

and Hagglund (1995). 
Theoretical development is far behind the practical applications of relay 

feedback systems (RFS). Difficulties in the analysis occur because such systems 

may exhibit such phenomena as non-uniqueness of solutions, sliding motion and 

bifurcation, fast switching or chattering and chaos. It is known that RFSs often 

possess limit cycles. This property is very useful in modern control applications 

such as controller automatic tuning. However, to establish exact conditions for 

the existence of a limit cycle is not an easy task. As a result, a limit cycle is 

pre-assumed to exist in some practical applications and theoretical analysis. 

The describing function method was initially used to investigate the existence 

problem (Tsypkin, 1984). This can only give an approximate analysis. Exact 

methods have been reported recently to determine the period of limit cycles 

with two switches per period (Astrom, 1995; Varigonda and Georgious, 2001). 

If a limit cycle exists, its stability is another important property which is 

also assumed in engineering practice. Classical techniques such as the phase

plane approach have been employed for the stability analysis of limit cycles 
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(Guckenheimer and Holmes, 1983; Tsypkin, 1984). Exact methods for analyz
ing the limit cycle stability of relay feedback systems have attracted much at

tention. Local stability results have been reported in Astrom (1995), Johansson 

et al. (1997) and Johansson et al. (1999), and are mainly based on consideration 

of the linear approximation of the Poincare map. The local stability property 

ensures that any nearby trajectory tends to the limit cycle as time goes to plus 

infinity. What is more meaningful in engineering practice is the global stability 

of limit cycles, which says that all system trajectories tend to the limit cycle as 

time goes to plus infinity. This problem was studied quite recently in Goncalves 

et al. (2001), and presents sufficient conditions in terms of a set of linear ma

trix inequalities by finding the so-called surface Lyapunov function of Poincare 

maps. Under specific assumptions, the result serves a class of relay feedback 

systems well. Other work is presented in Lin et al. (2001) from a different point 

of view, where the system setting considered therein includes a time delay and 

the limit cycle is not assumed to be symmetric. 

Motivated by the above observations, recently we have devoted time to the 

analysis of linear systems with relay feedback under a general setting. These 

include the existence of solutions, the existence of limit cycles, and the local 

and global stability of limit cycles. The plant can have a time delay, the relay 

can contain asymmetric hysteresis, and the limit cycle can be asymmetric and 
have more than two switchings per period. Our results can serve a large class 

of relay feedback systems well. The results are for general 8180 RF8s. Part I 

of this book is based on these latest results. 



1. Existence of Solutions 

This chapter considers a single-input single-output (SISO) linear system under 

relay feedback and studies the existence of solutions to the system. 

1.1 Introduction 

Relay feedback systems (RFSs) have been receiving much attention from re

searchers due to their extensive practical applications (Astrom and Hagglund, 

1995; Tsypkin, 1984). Such systems appear as a special class of differential 

equations with discontinuous right-hand sides. For the latter differential equa

tions, the topic of well-posedness (i.e., existence and uniqueness of solutions) 

has been an important research area for several decades, and many results 
are summarized in Filippov (1988) from a unified standpoint. However, some

times these existing methods are difficult to adopt to deal with relay feedback 

systems. So far, few results have been reported addressing the existence of so
lutions to RFSs. In Georgiou and Smith (2000), the well-posedness problem is 
studied for systems having input-output forms. In Lootsma et at. (1999), by 
using the theory of Linear Complementarity Problem (Cottle et at., 1992), an 
efficient sufficient condition is presented. The idea is to transform the system 
considered into a complementarity system and then solve the corresponding 
rational complementarity problem (Heemels et at., 1999; Van der Schaft and 

Schumacher, 1998). The result therein is slightly improved by Lin and Wang 

(2002). We notice that the feedback considered therein is connected with an 

ideal relay and the control input is between two values at the switching in

stants, and that the well-posedness result does not apply to RFSs with two

valued relay feedback. The latter system setting has recently attracted much 

more attention, both theoretically and practically (Astrom, 1995; Goncalves et 
at., 2001; Varigonda and Georgious, 2001). 

In this chapter, we present a detailed analysis of the existence of solutions 

to RFSs with two-valued relay feedback. Analyzing clearly the system solution 
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for all time t ~ 0 is not only helpful for characterizing the trajectories but also 

meaningful for the global convergence of RFSs. The system considered here 

is of a general setting: the plant can have a time delay, the relay can contain 

asymmetric hysteresis. It is shown that under some easy-check conditions, there 

is a solution for all time t ~ 0 starting from any initial condition. 

This chapter is organized as follows. Section 1.2 gives some preliminaries. 

Section 1.3 deals with the problem of the existence of solutions for T > 0 while 

Section 1.4 considers T = O. 

1.2 System Formulation 

Consider a single-input single-output (SIS0) plant described by 

x(t) = Ax(t) + bu(t - T) 

yet) = cx(t) (1.1) 

where x(t) E lRn , yet) E lR and u(t - T) E lR are the state, output and control 

input, respectively; A, b, c are constant real matrices or vectors with appropriate 

dimensions; T ~ 0 stands for the time delay. The plant has relay feedback: 

{ 
uf3, if y(t) > /3, or yet) ~ 0: and u(L) = Uf3 

u(t) = 
Un, if yet) < 0:, or yet) ~ /3 and u(L) = u"" 

(1.2) 

where 0:, /3 E lR with 0: < /3 indicating hysteresis; u"" uf3 E lR and u'" i- uf3. Due 

to time delay T ~ 0, we have to specify the initial function u(i) for i E [-T, 0]. 
The most natural one, which is used in practice, is: 

{ 
uf3, 

u(i) == Un, if yeO) ~ 0: 

Uo E U, if 0: < yeO) < /3 

if yeO) ~ /3 

where 

U := {u"" uf3}. 

We call (1.1)-(1.3) a RFS and denote it by E T • 

Define the switching planes: 

Let 

S'" := {~ E lRn : c~ = o:} , 

Sf3 := {~ E lRn : c~ = /3} . 

(1.3) 

(1.4) 

(1.5) 

(1.6) 



S+a := {~ E ]Rn : c~ > a}, 

S-a := {~ E ]Rn : c~ < a}, 

S+f3 := {~ E ]Rn : c~ > ,B} , 

S-f3 := {~ E ]Rn : c~ < ,B} . 

1.2 System Formulation 7 

(1.7) 

(1.8) 

(1.9) 

(1.10) 

Suppose that x(t) is a solution to system Er with initial condition x(O) satis

fying y(O) > a (resp. y(O) :::; a). If the trajectory of x(t) intersects Sa (resp. 

Sf3) at Xa (resp. xf3) from S+a (resp. S-f3), we will call the state Xa (resp. Xf3) 

an intersecting point. The time instant corresponding to the intersecting point 

is called an intersecting instant. It should be stressed that in our convention, if 

the trajectory of x( t) intersects Sa (resp. Sf3) at Xa (resp. xf3) from S-a (resp. 

S+f3), the state Xa (resp. xf3) is not called an intersecting point and the cor

responding time instant is not the intersecting instant, since such intersecting 

does not cause any switch in u(t). If the trajectory of x(t) not only intersects 

but also traverses Sa (resp. Sf3) at Xa (resp. xf3) from S+a (resp. S-f3) to S-a 

(resp. S+f3), we will call such an intersecting point Xa (resp. xf3) a traversing 

point. The time instant corresponding to the traversing point is called a switch

ing instant. See Figures 1.1 and 1.2, where Xl, X3 and X4 are intersecting points 

(indeed Xl and X4 are traversing points) while X2 and X5 are not. It should be 

noted that for T > 0, the relay u(t) will switch from uf3 to U a (or from U a to uf3) 

at a switching instant. But at this switching instant, u(t - T) in (1.1) remains 

uf3 (or ua) for a time duration of T after which it changes to U a (or uf3). 

----) 
........... / X 4 

i ., 

----t-.-

Fig. 1.1. Intersecting points Xl, X3, X4 and traversing points Xl, X4 

In the next section, we will study whether or not a solution x(t) with initial 

state Xo E Rn exists for all t E [0, 00). We will see that a system trajectory 

of x(t) may have two different trajectories after some intersecting instant. We 
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Fig. 1.2. The corresponding curves for Figure 1.1 (a) yet) = cx(t); (b) u(t) (solid) 
and u(t - T) (dashed) 

will call these trajectories sub-trajectories of x(t), and the corresponding system 

solutions sub-solutions. 

1.3 Existence of Solutions 

We see that during the time after a trajectory starts from the region S+{3 or 

S-{3 n S+a or S-a, but before it reaches any switching plane, the system Er 
is a linear system with a fixed control u E U, and thus the existence and 

uniqueness of system solution is guaranteed for some nonzero time interval. So, 

to determine the existence of a solution for all t ~ 0, it is sufficient to study the 

trajectory characteristic at the moment it intersects the switching plane S{3 or 

Sa· 
From (1.1)-(1.3), u( -T) is uniquely specified by initial condition Xo. If the 

unique trajectory of x(t) starting from Xo does not intersect S{3 or Sa for all 
t ~ 0, then the relay remains u( -T) forever and x(t) obviously exists uniquely 

for all t ~ 0. If the trajectory of x(t) intersects S{3 or Sa, for T > 0, the 

solution x(t) can exist just after the intersecting instant while for T = ° it may 

not. The following lemma is useful for characterizing the trajectory of x(t) at 

the intersecting points and analyzing the existence of solutions just after the 

intersecting instant. 



1.3 Existence of Solutions 9 

Lemma 1.3.1. Consider system E T • If the trajectory of x(t) starting from Xo 
intersects Sj3 (or Sa) at intersecting point Xl at the instant tl > 0, then there 
is no sliding motion along Sj3 (or Sa) around the intersecting instant tl. 

Proof. We prove by contradiction. We take the case of cXo ::; a for example. 

(For the other cases, the proof is similar.) 

Since cXo ::; a, then from (1.1)-(1.3), the control remains U a until the 

trajectory of x(t) intersects Sj3 at time h > 0. Suppose there is sliding motion 

along Sj3 just after the instant tl. Then, for the cases T > ° and T = 0, there 

is a sufficiently small 15 > 0, such that the control remains U a during the small 

time interval [tl - 15, h + 15], and 

y(t) = cx(t) f- /3, t E [h -15, tl), 

y(t) = cx(t) = /3, t E [h, h + 15]. 

Since 15 > ° is small, x(t) can be expanded as 

k 

(1.11) 

(1.12) 

'"""' 1" "+1 k+2 x(t) = Xl + ~ (i + l)!At(Axl + bu)(t - tdt + O(t - tl) ,Vk = 0,1, ... 

From (1.12), it is easy to see that 

cAi(Axl + bu) = 0, Vi = 0,1, ... 

which results in y(t) = cx(t) == /3 for all t E [h, h +15]. This contradicts (1.11). 
Hence, there is no sliding motion just after the instant tl. This completes the 

proof. 

Remark 1.3.1. We will see from Example 1.4.1 later that the trajectory of x(t) 
may not be available just after the intersecting instant tl (i.e., x(t) exists on 

t E [0, tl] only). If the trajectory of x(t) can evolve just after the intersecting 

instant tl, by virtue of Lemma 1.3.1, the trajectory of x(t) has at most two 

sub-trajectories: one traverses Sj3 (or Sa) at the intersecting point Xl; and one 

returns to S_j3 (or S+a). 

It should be pointed out that Lemma 1.3.1 excludes the existence of sliding 

modes at the intersecting points only, but a sliding motion may occur at other 

points. See the following simple example. 

Example 1.3.1. Consider system ET with T = 0.5 and 

A= [~1 ~J b= [~l c=[l 0[, 

uj3 = -1, U a = 1, /3 = 1, a = -0.5. 
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Letting Xo = [1 IjT and U(t-7)::::::: u{3, Vt E [0,7]' we have x(t) = [1 e-tjT and 

y(t) ::::::: 1 for all t > 0 and the control remains the same U = u{3 forever. So, the 

trajectory of x(t) starting from Xo has a sliding motion. But this trivial case 

does not conflict with Lemma 1.3.1, because Xo is not an intersecting point. 

For the case 7 > 0, let us look into the system trajectory characteristics 

in more detail. Due to 7 > 0, by Lemma 1.3.1, the trajectory of x(t) starting 

from Xo exists uniquely until it intersects S{3 or Sa at time h at the intersecting 

point Xl. If h = 00, the solution x(t) exists obviously for all t ~ 0; if tl is finite, 

then at Xl, the trajectory of x(t) or (case 1) is tangent to S{3 or Sa and then 

returns to S-{3 or S+a with the control input unchanged, or (case 2) traverses 

S{3 or Sa with the control input changed to another value after time duration 

7. If the trajectory of x(t) follows case 1, it will uniquely exist until intersecting 

S{3 or Sa again, at which intersecting point either case 1 happens again or it 

follows case 2. We concentrate on case 2 now. In this case, the phenomenon 

of early switchingl may occur, which happens if t2 - h ::; 7. Regarding this, 

we have the following statement, which says that, at most, a finite number of 

switchings occur during a time interval of length 7. 

Lemma 1.3.2. Let x(t) be a solution to system Er with 7 > 0, which has its 
trajectory in [0, 8] with 8 E (0, (0). Let T ~ ° be any time instant satisfying 
T + 7 E [0, 8). Then, during the time interval [T, T + 7], there are at most a 
finite number of early switchings. 

Proof. We prove by contradiction. Suppose there are an infinite number of 

early switchings during the time interval [T, T + 7) with the control remaining 

U E U. Then, there are consecutive traversing points Xai E Sa, X{3i E S{3 and 

scalars 8ai > 0, 8{3i > 0, such that the trajectory of x(t) spends time duration 

8ai from Xai to X{3i and then spends 8{3i from X{3i to Xa(iH) (i = 1,2, ... ). We 

have 
faai 

X{3i = eAaaixai + 10 eA(aai-S)buds, 

giving 

faai 
X{3i - Xai = (e Aaai - I)xai + 10 eA(aai-S)buds. 

Since 2::1 (8ai + 8{3i) ::; 7, it holds that 8ai -+ ° and 8{3i -+ 0 as i -+ 00. Noting 
that Xai is bounded due to the boundedness of x(t) for t E [T, T + 7], the 

above yields 

1 An early switching means that the time duration between two successive switching 
instants is no more than 7. 
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which contradicts 

CX{3i = j3 > a = CXod, Vi = 1,2, .... 

This proves the lemma. 

From the above easy analysis, the result for 7 > 0 can be obtained. 

Theorem 1.3.1. Consider system Er with 7 > O. Then, for any initial con
dition x(O) ERn, there exists a unique solution x(t) for all t E [0, (0). 

Proof. Recall that for any initial condition x(O) E Rn, u( -7) is uniquely spec

ified. So the solution x(t) uniquely exists for t E [0, 7]. After that (i.e., t > 7), 
the control input u(t - 7) is still uniquely specified due to 7 > O. By virtue of 

Lemma 1.3.2, during any finite time duration, there are at most a finite number 
of switchings. These implies that x(t) exists uniquely for all t 2: O. 

In Example 1.3.1, although the trivial case as stated there occurs, it is easy 

to verify that for any initial condition, there exists a unique solution for all 

t 2: O. 

1.4 Delay-free Case 

For system Er with 7 = 0, it is not easy to study the system solutions. For a 
given initial condition Xo, although there exists a unique solution x(t) for some 
time interval [0, 6] (6 > 0), the trajectory of x(t) may not be available just 
after it intersects the switching plane, or may have some sub-trajectories at an 
intersecting point. Let us examine the following examples. 

Example 1.4.1. Consider system Er with 7 = 0 and 

A ~ [~I ~Il b ~ [: l' c ~ [I 0[, 

U{3 = -1, Ua: = 1, j3 = 0.5, a = -0.5. 

We check that for any initial condition Xo, the trajectory of x(t) starting from 

Xo will intersect S{3 or Sa: for the first time at some time tl' However, it is easy 

to check that the solution x(t) exists only for t E [O,td. After the instant tl, 
no extended solution satisfying (1.1)-(1.3) is available. 
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Example 1.4.2. Consider system ET with T = 0 and 

[
-510] [1] A = -8 0 1 , b = 0 , C = [1 0 0], 

-400 4 

U(3 = 3, U OI = 2, (3 = 1, a = -0.5. 

Let the initial condition be Xo = [-2.2767 3.5097 - 2.4348jT. Then u(O) = 

UOi = 2. We check that the trajectory of x(t) starting from Xo intersects S(3 
at the intersecting point Xl = [1 3 2]T at the instant h = 0.6. After instant 

h, there are two sub-trajectories: one traverses S(3 with the relay switching 
to u(3 = 3 (see the dashed line in Figure 1.3); the other one returns to S_(3 
with the relay remaining unchanged, and traverses S(3 at the traversing point 

X2 = [1 3.5934 10.9780]T at the instant t2 = 2.423 (see the solid line in Figure 

1.3). 

u 
3.2 

3 

2.8 

2.6 

2.4 

2.2 

2 

1.8 
0 0.5 1.5 2 3 3.5 4 4.5 

Y 

Fig. 1.3. Occurrence of two sub-trajectories for Example 1.4.2 

It is seen from Example 1.4.1 that, for delay-free RFSs (Le., T = 0), a 

trajectory may not evolve after it intersects S(3 or SOl' In the following, we 
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will seek conditions which ensure that the trajectory evolves just after the 

intersecting instants. 

Recall that given any initial condition Xo ERn, u(O) E U is well-defined 

and there exists a unique solution x(t) to (1.1)-(1.3) at least for t E [0, 81 ] 

(81 > 0) during which it holds that u(t) == u(O). Obviously, if no intersecting 

point is available for all t > 81 , then the solution x(t) is unique for all t ~ ° 
with u(t) == u(O). Otherwise, 81 can be extended to t1, where t1 is the first 

intersecting time taken for the trajectory of x(t) to go from Xo to the first 

intersecting point Xl E S(3 (or Xl E Sa) Note that after the instant t1, x(t) 

may not be available. Alternatively, if x(t) can extend its trajectory just after t1, 

then by Lemma 1.3.1 there is at most two sub-trajectories (Remark 1.3.1). We 

also denote any possible corresponding sub-solution by x(t). Then x(t) exists 

at least for t E [0, t1 +62] for some 62 > 0. Again, 62 can be extended to infinity 

(if there are no more intersecting points) or to t2 ~ 62 , where t2 is the time x(t) 

taken going from Xl to the next intersecting point X2 E Sa (or X2 E S(3). So, 

whether or not a solution x(t) (perhaps a sub-solution) starting from Xo can 

extend its trajectory is related to the information at the intersecting points. The 

following theorem gives a necessary and sufficient condition for the existence 

of solutions just after any intersecting instant. Let 

N={O,I, ... ,n-l}. (1.13) 

Theorem 1.4.1. Consider system ET with T = 0. 

(i) Suppose that a solution x(t) has an intersecting point x(ts ) ~ x(3 E S(3 
in its trajectory. Then, the trajectory of x(t) can evolve further after instant ts 

if and only if either there exists n12 E N such that 

{ 
CAi+1X(3 + cAibu(3 = 0, i = 0, 1, ... , n12 - 1, 

cAn12+1 X(3 + CAn12 bu(3 > 0, 

holds, or there exists an odd nl1 E N such that 

{ 
CAi+1X(3 + cAibua = 0, i = 0,1, ... , nl1 - 1, 

cAnl1 +1 X(3 + cAnl1 bu", < ° 
holds, or both (1.14) and (1.15) hold. 

(1.14) 

(1.15) 

(ii) Suppose that a solution x(t) has an intersecting point x(ts) ~ x'" E Sa 

in its trajectory. Then, the trajectory of x(t) can evolve further after instant ts 

if and only if either there exists nl1 E N such that 

{ 
CAi+1X", + cAibua = 0, i = 0,1, ... ,nl1 -1, 

cAnl1 +1 x ", + cAnl1 bu", < 0, 
(1.16) 
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holds, or there exists an odd n12 E N such that 

{ 
cAi+IX", + cAibu/3 = 0, i = 0,1, ... , nI2 - 1, 

cAn12 +1 x", + CAn12 bu/3 > ° 
holds, or both (1.16) and (1.17) hold. 

Proof. We only prove (i). For (ii), the proof is similar. 

(1.17) 

Necessity: If the solution x(t) extends its existence to ts + 8 for a certain 

small 8 > 0, by virtue of Lemma 1.3.1 (or Remark 1.3.1), the trajectory of x(t) 
has at most two sub-trajectories: (ia) one traverses S/3 at the intersecting point 

x/3, and (ib) one returns to S-/3 just after the instant ts. Choosing 8 sufficiently 
small, we have the following expansion of x(t) around ts: for (ia), 

x(t) = 

and for (ib) , 

x/3 + L:7~~ (i~I)!Ai(Ax/3 + bu",)(t - ts)i+1 + O(t - ts)nl1+2, 

Vt E [ts - 8, ts), 

x/3 + L:7~~ (i~I)!Ai(AX/3 + bU/3)(t - ts)i+1 + O(t - ts)n12+2, 

Vt E (ts, ts + 8], 

nl1 1 
x(t) = x/3 + ~ (i + 1)!Ai (Ax/3 + bu",)(t - ts)i+l + O(t - ts)nll+2, 

Vt E [ts - 8, ts + 8], 

where nl1 and n12 are non-negative integers such that 

CAi+IXti + cAibu", = 0, i = 0,1, ... , nl1 - 1, 

cAnll +1 X/3 +cAnllbu", f. 0, 

cAi+Ix13 + cAj bu/3 = 0, j = 0,1, ... , nI2 - 1, 

cAn12+I X/3 + CAn12 bu/3 f. 0. 

From the Cayley-Hamilton Theorem, for any integer k ~ n, Ak can be ex

pressed as a linear combination of I, A, ... , An-I. Hence, nl1 and n12 must be 

in the set N. Otherwise, cA i+1 x /3 + cA i bu = ° (u E U) for all i E N will lead to 

cAi+IX/3 + cAibu = ° for all non-negative integer i, and thus cx(t) == ° for all 
t E [ts - 8, ts + 8). This contradicts the claim that x(t) has no sliding motion 

for t E [ts - 8, ts + 8). Now, since 
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for (ia), {::~t~ :~, Vt E [ts - J, ts), , 

cx(t) > /3, Vt E (ts, ts + J] 

for (ib), {CX{3 = /3, 
cx(t) < /3, Vt E [ts - J, ts + J], t =I- ts, 

we get 

C 1 Anll (AX{3 + bu )(t - t )nll +1 + cO(t - t )nll +2 < ° (nll+1)! '" s s, 

for (ia), 
Vt E [ts - J, ts), 

c 1 A n12 (Ax{3 + bU{3) (t - t )n12+1 + cO(t - t )n12 +2 > ° (n12+1)! s s, 

Vi E (ts, ts + J], 

for (ib), c 1 Anll(Ax{3+bu )(t-t)nll+1+cO(t-t)nll+2<0 
(nl1+1)! '" s s, 

Vt E [ts - J, ts + J], t =I- ts· 

By considering the process t --+ ts, we establish that, for (ia), 

cA i +1 x{3 + cA i bu{3 = 0, i = 0,1, ... ,n12 - 1, 

cAn12 +1 x{3 + CAn12 bu{3 > 0, 

:3 nl1,n12 EN, s.t., cAj+1 X{3 + cAjbu", = 0, j = 0,1, ... ,nl1 - 1, 

and for (ib), 

{ 
cAnll+1x{3 + cAnllbua > 0, 

cAnll +1 X{3 + cAnllbua < 0, 

if nl1 is even, 

if nl1 is odd, 

Combining the above with the information on x(t) around the time t{3 yields 

that, for (ia), 

:3 n12 EN, s.t., 

and for (ib), 

{ 
CAi+1 x{3 + cAi bu{3 = 0, i = 0,1, ... ,n12 - 1, 

cAn12+1 X{3 + CAn12 bu{3 > 0, 
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This proves the necessity. 
Sufficiency: Follows from reversing the proof of necessity. This completes 

the proof of the theorem. 

Remark 1.4.1. (1.14) (resp. (1.16)) implies that there is at least one extended 

x(t) trajectory just after the instant t s, which traverses SfJ (resp. Sa) at the 

intersecting point xfJ (resp. XfJ); (1.15) (resp. (1.17)) implies that there is at 

least one extended x(t) trajectory just after the time t s, which returns to S-fJ 
(resp. S+a). If and only if both (1.14) and (1.15) (resp. (1.16) and (1.17)) hold, 

there are two sub-trajectories of x(t) just after the instant ts. 

In Example 1.4.1, although the trajectory of x(t) starting from any initial 

condition Xo will intersect SfJ or Sa, it can be verified that at the intersecting 

point, neither (1.14) nor (1.15) (or, neither (1.16) nor (1.17)) is satisfied. Thus, 

after the first intersecting, the trajectory cannot evolve. In Example 1.4.2, at 

the intersecting point Xl, we check that both (1.14) and (1.15) hold and thus 

there are two sub-trajectories of x( t) just after the instant tl; at the intersecting 

point X2, we check that (1.14) holds but (1.15) does not hold and thus there is 

only one trajectory of x(t) just after the instant t2, which traverses Sa. 
The following is a direct corollary of Theorem 1.4.1. 

Corollary 1.4.1. Under the condition of Theorem 1.4·1, if the trajectory of 
x(t) can evolve just after ts and iJ(ts-) i= 0, then the solution x(t) is unique 
for t E [ts, ts + t5] for some t5 > 0, and its trajectory traverses SfJ (or Sa) at 
time ts > O. 

Proof. Follows directly from Theorem 1.4.1. 

It is seen from Corollary 1.4.1 that the possible sub-trajectory only occurs 

at instant t, which corresponds to an intersecting point and makes iJ(L) = O. 

From Theorem 1.4.1, for any initial condition Xo E Rn (without loss of 

generality, let u(O) = ufJ here), let the trajectory of x(t) firstly intersects Sa 
at the intersecting point Xll at the intersecting instant tll. The trajectory of 

x(t) can evolve just after the instant tll if and only if Theorem 1.4.1 (ii) holds, 

replacing Xa by Xll. Evolving at Xll, the trajectory of x(t) may (if (1.16) holds) 

intersect SfJ at intersecting point X21, or (if (1.17) holds) intersect Sa again at 

X12. Using Theorem 1.4.1 again, the trajectory of x(t) (perhaps a sub-trajectory 

of x(t) right now) exists just after reaching Xl2 if and only if Theorem 1.4.1 

(ii) holds, replacing Xa by X12. If (1.17) still holds, repeat the process until 

such sub-trajectory of x(t) traverses (if so) Sa at Xlkl (kl ~ 2) with the relay 

switching to U a. After leaving the point Xlkl , it may intersect SfJ at intersecting 
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point X22. Now, use Theorem 1.4.1 with respect to each intersecting point in 

S(3, and continue the process. Note that the sub-trajectories of x(t) starting 

from any Xo are at most countably many. For such an initial point xo, let 

,1'",:= {xll, ... ,X1k1,X31, ... ,X3k3' ... }' 

,1'(3 := {X21, ... , X2k2' X41, ... , X4k4 , ... }, 

(1.18) 

(1.19) 

which are the sets of all intersecting points on S'" and S(3, respectively. Then, 

we have the following result. 

Corollary 1.4.2. Consider system ET with T = O. Then any trajectory of x(t) 
starting from Xo exists for all t > 0 if and only if both of the following hold: 

(i) For any x(3 E ,1'(3, Theorem 1.4.1 (i) holds. 
(ii) For any x", E X"" Theorem 1.4.1 (ii) holds. 

Proof. Necessity: Obvious from Theorem 1.4.1. 

Sufficiency: Using Theorem 1.4.1 repeatedly shows that the trajectory of 

x(t) (including its sub-trajectories) can evolve further after each intersection 

of X", or ,1'(3. Let the trajectory of x(t) traverse X", and ,1'(3 at Xl, X3, ... E X", 
and X2,X4, ... E ,1'(3, respectively, and the time for it to go from Xi to Xi+l be 

k If the number of Xi is finite, then x(t) exists for all t 2: 0, completing the 

proof. If the number of Xi is infinite, to prove that x(t) exists for all t 2: 0, it 

sufficient to show that 
k 

lim "'"' ti --+ 00. 
k--+oo ~ 

i=l 

(1.20) 

This is done in the following. For simplicity, we will use the following notation: 

[
h2 1t22 itk2 + + ... + f(s)ds 

t11 t21 tk1 

[
t12 1t22 [tk2 

:= f(s)ds + f(s)ds + ... + f(s)ds. 
t11 t21 tkl 

Suppose (1.20) is not true. We show this causes a contradiction. Let 

00 

t/:=Lti. 
i=l 

Since ti > 0, Vi = 1,2, ... , it holds that ti -+ 0 as i -+ 00. For k = 1,2, ... , we 

have 
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So, 

X2k - X2k-l = (eAt2k-l - J)X2k-l + 1t2k
-

1 e A(t2k - 1 -S)bu",ds, 

X2k+1 - X2k = (e At2k - J)X2k + 1t2k e A(t2k -S)bUj3ds. 

Up to here, since it is not clear whether or not X2k and/or X2k-l is bounded, 
we cannot use a similar deduction to the proof of Lemma 1.3.2 to show a 
contradiction. However, using the fact 

CX2k-l = a, CX2k = (3, Vk = 1,2, ... 

we obtain for all k = 1,2, ... that 

O<(3-a= 0 '" , { 
c(eAt2k-l _ J)X2k-l + ~t2k-l ceA (t2k-l- S )bu ds 

c(eAt2k - J)X2k + J~2k ceA(t2k -S)buj3ds. 

This shows that it must hold that 

Ilxill """""* 00 as i"""""* 00. 

On the other hand, using J: f(t - s)ds = Jtt~l f(s)ds, we have 

and generally, we obtain for k = 1,2, ... 
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Since 

eA L:1=, ti -+ eAt! as j -+ 00, 

then IleA L:1=, ti II is bounded by some scalar M > 0 for all j = 1,2, .... Thus, 

IIx2k II ~ IleA L:::'l' ti xIII + 10 L:::'l' ti IleAsbua lids + 10 L:::'l' ti IleAsbui3llds 

~ Mllxlli + lot! (1leAsbuall + IleAsbui3ll)ds, 

and similarly 

IIx2kHII ~ Mllxlll + lot! (lieAsbuall + IleAsbui3ll)ds. 

So, Ilxkll is bounded for all k = 1,2, .... This shows a contradiction. Hence 

(1.20) is true. 

It should be pointed out that in the above proof, it is not clear a priori if 
limk-too Z::::=l ti is sufficiently large and A is Hurwitz. If this is true (or, it is 
known a priori that x(t) exists for all t > 0), then a minimum time duration 

tmin > 0 between any two consecutive switching instants can be computed, 

and thus (1.20) is guaranteed. 

Remark 1.4.2. From the proof of Corollary 1.4.1, we see that there are no fast 

switches2 for systems of the form (1.1)-(1.3). For the case Q: = f3 = 0, fast 

switches may occur. See Johansson et al. (1999), which provides a necessary 

and sufficient condition for the existence of fast switches. 

The following is another corollary to Theorem 1.4.1, with a strong con

straint. Denote 

Sa := {~ E R n : cA~ + cbui3 ~ O}, 

513 := {~E R n : cA~ + cbua ~ O}. 

(1.21) 

(1.22) 

Corollary 1.4.3. Consider system ET with T = o. Then each trajectory of 
x(t) starting from Xo E Rn exists for all t > 0 if both of the following hold: 

(i) For any xi3 E 513, Theorem 1.4.1 (i) holds. 
(ii) For any Xa E Sa, Theorem 1.4.1 (ii) holds. 

Proof. For any Xo E R n , it is obvious that 

Xa ~ Sa, X,B ~ 513· 

Hence the result follows immediately from Corollary 1.4.2. 

(1.23) 

2 Fast switches mean that the relay switches an infinite number of times during a 
finite time interval. 



2. Existence of Limit Cycles 

The preceding chapter studies the existence of solutions to system 2)7. In this 

chapter, we always assume this property with a default, i.e., a solution always 

exists for all t ~ 0 for any initial condition Xo E IRn. This chapter will consider 

the systems of the same form as in Chapter 1 and study the problem on the 

existence of limit cycles. 

2.1 Introduction 

One of the important aspects of relay feedback systems, as well as many other 

non-linear systems, is that limit cycles may occur in the trajectories. This 

property is very useful in modern control applications such as automatic tuning 

of controllers and frequency response estimation and identification (Astrom 

and Hagglund, 1995; Atherton, 1993; Wang et al., 1999b; Wang et al., 1999c). 

Such practical applications motivate the intensive investigation of limit cycle 

behaviours. The study consists in establishing their existence, determining their 

frequency and form, investigating their stability and so on. However, most 
analysis work has been based on the assumption that a limit cycle does exist, 

due to the difficulty of determining if this is really the ease. Many classical 

results based on the describing function method are surveyed in Cook (1986) 

and Tsypkin (1984). The describing function method gives an approximate 

analysis of limit cycle behaviours for SISO systems. An exact method was 

reported recently in Astrom (1995). The formula therein with a closed form is 

indeed a necessary condition for the existence of limit cycles with two switches 

per period. This type of periodic orbit is revisited and investigated further 

in Varigonda and Georgious (2001) for RFSs without time delay. For MIMO 

systems also, necessary conditions can be found in the literature. Loh (1994) 

studied limit cycle periods and characteristics by extending Tsypkin's method. 

The Z-transform technique is exploited in Palmor et al. (1992) and Palmor et 

al. (1995b) to determine limit cycle periods, which extends the idea of adopting 

the Z-transform for SISO systems (Astrom and Hagglund, 1984a). 
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The existence problem is by no means the key important step in the investi
gation of limit cycle behaviours for a relay feedback system. In this chapter, we 

consider a relay feedback system of the same form as in the preceding chapter 

and study this problem through a state-space method. Section 2.2 presents a 

sufficient condition mainly based on Brouwer's fixed-point theorem. In Section 

2.3, the existence problem is studied through the set of traversing points of a 

single system trajectory. Section 2.4 gives computation formulas for possible 

limit cycle location, which is naturally a necessary condition for the existence 

of a certain type of limit cycle. 

2.2 Sufficient Condition 

In this section, we consider system Er with additional constraints and seek 

sufficient conditions for the existence of limit cycles. 

2.2.1 Supporting Lemmas 

A set K is said to be convex, iffor any Sl, S2 E K, we have AS1 +(1-A)s2 E K for 

all A E [0,1]. A subset of Rn is compact if and only if it is closed and bounded. 

For our development, we need the following fixed-point theorem (Kuttler, 1998). 

Lemma 2.2.1. (Brouwer's fixed-point theorem). Let K be a non-empty com

pact convex subset of R n and let g: K -+ K be continuous. Then, g has a 

fixed point. 

We now establish some useful lemmas, from which we can derive sufficient 

conditions for the existence of limit cycles for system Er in the next subsection. 

Let G(s) = c(sI - A)-lb. Then, we have G(O) = -cA-1b if A is invertible. 

For system E r , if A is Hurwitz and G(O)ua: > j3 > 0: > G(O)uj3, then 

the trajectory of ~(t) starting from any initial condition ~(O) will intersect 

either Sa: or Sj3 in a finite time. We show this by contradiction. Suppose that 

the trajectory of ~(t) intersects neither S+ nor S_ in finite time. Then the 

trajectory of ~(t) is governed by 

~(t) = eAt~(O) + fat eA(t-z)buodz 

= eAt~(O) + (eAt - I)A- 1buO 

where Uo E U and U is given as in 1.4. Since eAt -+ 0 as t -t 00 (because A is 

Hurwitz), we see that 



c~(t) --+ -cA-1buo as t --+ 00. 

Thus, for some T > T 2': 0, 

~(t) > (3, t > T, for Uo = Uo" 

c~(t) < a, t> T, for Uo = uf], 
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which is a contradiction to the relay feedback law (1.2). So, a switch must occur 

at some instant t < T. This implies that the trajectory of ~(t) intersects either 

S+ or S_ in finite time. 

To ensure the occurrence of consecutive switchings, we need the following 

assumption. 

Assumption 2.1 A is Hurwitz and G(O)ua > (3 > a > G(O)uj3. 

Note that neither A being Hurwitz nor G(O)ua > (3 > a > G(O)Uj3 is a 

necessary condition for the occurrence of switchings. However, with our default 

that a solution with any initial condition Xo E ]Rn always exists for all t 2': 0, 

Assumption 2.1 ensures that each system trajectory makes the relay switch 

consecutively. 

Here, we only study a class of systems satisfying the condition that for each 

system trajectory the time duration between any two consecutive switchings is 

longer than T. Obviously, this is always true for T = O. For T > 0, early switches 

may occur in some systems. When this happens, the complicated system tra

jectory characteristics makes system analysis very difficult. So, to avoid early 

switches we assume the following. 

Assumption 2.2 For T > 0, any trajectory of system Er has time duration 
between any two consecutive switchings longer than T. 

See Chapter 4 later (indeed refer to Remark 4.3.2 for the details) for a class 

of systems which satisfies Assumption 2.2. In many processes, the system will 

exhibit monotonous behaviours, that is, ys(t) 2': 0 where Ys(t) is the output 

step response. In this case, Assumption 2.2 is also satisfied. 

The following lemma provides an invariant contraction region fl, which any 

trajectory of system Er will eventually enter and remain in. 

Lemma 2.2.2. Consider system Er with A Hurwitz. Let P > 0 be the unique 
solution to the Lyapunov equation 

(2.1) 

and let 
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U max = max{lual, lu"I}, 

w = max liP! ell 
1I~1I9u",azIlPbli .. , 

n = {~E IRn : IIP!~II:::; w}. (2.2) 

Then, n is an invariant contraction region for system E T • 

Proof. We prove by contradiction. Suppose for some solution ~(t), it holds that 

~(td E n and ~(t3) (j. n with t3 > tl' By continuity, there exists a time 

t2 E [tl' t3) such that 

which implies for t E (t2' t3] that 

11~(t)11 > 2umax llPbll· 

Now, letting V(x) = xT Px, it follows that 

dV(x) = xT (AT P + PA)x + 2xT Pbu 
dt 

= -llxl1 2 + 2xT Pbu. 

Noticing that lui:::; umax , we obtain 

d:~x) :::; -llxl1 2 + 2umax llPbllllxll. 

(2.3) 

(2.4) 

It is seen that for Ilxll > 2umax llPbll, we have V(x) < O. So, from (2.4), for 
t E (t2' t3], it holds that dV~~(t» < 0, giving 

e(t)p~(t) = V(~(t)) 

= V(~(t2)) + it V(~(z))dz 
t2 

:::; V(~(t2)) 

which contradicts (2.3). This completes the proof. 

Remark 2.2.1. There are several ways to specify an invariant region such that 

all trajectories of system ET will eventually enter and remain in it. Hsu (1990) 
computed an invariant region for a class of relay feedback systems with the 

control containing an integrator. It should be noted that there may not exist 

a fixed time T such that all trajectories will be bounded by a fixed bound for 

t ~ T. Check the simple first-order example: 

x(t) = -x(t) + u(t) 

y(t) = x(t) 
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with u(t) = -1 for y(t) > 0, and u(t) = 1 for y(t) < O. Then A = -1 is 

Hurwitz. But, for any large L > 0 and T > 0 there exists an initial state Xo > 0 

such that x(T) = e-T(xo + 1) - 1 > L. So, no such a fixed T is available. 

In the ultimate contraction region [l, a scalar Wo > 0 can be found such 

that 

II~II ::; Wo, V~ E fl. 

In the sequel, we let 

[la := [l n Sa, 

[lf3 := [l n Sf3. 

Also, define respectively, for ~o E [la and ~o E [lf3, the following sets. 

C(f,~o,j3) = {~E [lf3: II~ - ~(O)II ::; f, ~o E [lf3, f> O} 

(2.5) 

(2.6) 

= {~ E [lf3: ~ = ~(O) +,1, ~o E [lf3, 11,111::; f, f > O}, (2.7) 

C(f,~O,a) = {~E [la: II~ - ~(O)II ::; f, ~o E [la, f> O} 
= {~ E [la: ~ = ~(O) +,1, ~o E [la, 11,111::; f, f > O}. (2.8) 

The next lemma shows the relationship between two trajectories of system Er 
at the switching instants, which plays an important role in achieving the main 

result. 

Lemma 2.2.3. Suppose Assumptions 2.1 and 2.2 hold. If a trajectory of sys
tem Er evolves from ~(to) E [lf3 and traverses [la at ~(to + h), then there 
is a scalar f > 0 such that any trajectory evolving from the local region 
C(f,~(tO),j3) C [lf3 will intersect [la at some time to + h + 6, where 6 sat
isfies 

161k+1 ::; MII,111 (2.9) 

for some scalars M > 0 and kEN, where the set N is as in 1.13. 

In the proof of Lemma 2.2.3, the following result is needed. 

Lemma 2.2.4. Consider system Er with T > O. Suppose a trajectory intersects 
the switching planes Sol and Sf3 at Xa E Sol and xf3 E Sf3, respectively. Then, 
Xa and xf3 are traversing points if and only if there exist two even integers 
na , nf3 EN such that the following hold: 

cAi+1Xa + CAibuf3 = 0, i = 0,1, ... , na - 1, 

cAna+l xa + cAna buf3 < 0, 

CAj+l xf3 + cAjbua = 0, j = 0,1, ... ,nf3 - 1, 

CAnJ3+1 Xf3 + cAnJ3 bua > O. 

(2.10) 

(2.11) 
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Proof. We consider the proof of (2.11). For (2.10), the proof is similar. 

Necessity: Suppose that the trajectory of x(t) traverses S(3 at x(3 E S(3. Let 

the instant t = t(3 correspond to x(t(3) = x(3. For a sufficiently small J > 0, we 
have the following expansion of x(t) in t E [t(3 - J, t(3 + J): 

nf3 

x(t) = x(t(3) + ~ (i: 1)!Ai (AX(3 + bUoJ(t - t(3)i+1 + OCt - t(3)nf3+2 

where n(3 ~ 0 is an integer such that 

CAi+IX(3 + cAibu", = 0, i = 0,1, ... , n(3 - 1, 

cAnf3+1x(3 + cAnf3 bu", i O. 

From the Cayley-Hamilton Theorem, for any integer k ~ n, Ak can be ex

pressed as a linear combination of I, A, ... ,An-I. Hence, n(3 E N. (Other

wise, CAi+IX(3 + cAibu", = 0 for all i E N will lead to cx(t) == 13 for all 
t E [to - J, to + J). This is a contradiction of x(3 being a traversing point.) 

Now, since 

CX(3 = 13, 
cx(t) > 13, t E (t(3, t(3 + J), 

cx(t) < 13, t E [tf3 - J, t(3), 

we have that for t E (t(3, t(3 + J] 

1 
(n(3 + 1)! cAnf3 (Ax(3 + bu",)(t - t(3)nf3+1 + cO(t - t(3)nf3+2 > 0, 

and for t E [t(3 - J, t(3) 

1 
( )lcAnf3(Ax(3 + bu",)(t - t(3)nf3+1 + cO(t - t(3)nf3+2 < O. 
n(3 + 1 . 

Considering a process t -+ t(3, we see from the last two inequalities that the 

non-negative integer n(3 must be even and 

cAnf3+1x(3 + cAnf3 bu", > O. 

This proves the necessity. 

Sufficiency: Sufficiency can be seen by just reversing the proof of necessity. 

This completes the proof of the lemma. 

Proof of Lemma 2.2.3. We first assume that T > O. Without loss of generality, 

we show proof with respect to the set £(f,£'o,j3) only. As for the case with 

respect to the set £( f, £'0, a), the proof is similar. 

Let the trajectory of £,(t) traverse D", at £,(to + h). By virtue of Lemma 

2.2.4, there exists an integer kEN such that 
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CAi+l~(to + h) + cAi buj3 = 0, i = 0,1, ... , k - 1, 

cAk+1~(to + h) + cAkbuj3 < O. (2.12) 

Define 

Taking into account the fact that 

lim l(iS) = (k 1 )' (cAk+1~(to + h) + cAkbuj3) < 0, 
6--+0 + 1 . 

by defining 1(0) := lim6--+O l(iS) < 0, there is a scalar r satisfying 0 < r < h - T 

such that l(iS) < 0 is continuous on is E [-r, r]. Define 

IlceA(hH) II 
AI = max 11(r)1 > O. 6E[-r,rJ u 

In view of the Assumptions, the trajectory of'T/(t) starting from ~(to) + Ll E 

C(f, ~0,(3) will intersect [lOi at some time to +h+iS, and it holds that h+iS > T. 

Thus, we have 

~(to + h) = eAh~(to) + (eAh - eA(h-r))A-1buOi + (eA(h-r) - I)A- 1buj3, 

c~(to + h) = a, 

'T/(to + h + is) = eA(hH)(~(to) + Ll) + (eA(hH) - eA(hH-r))A-1buOi 

+(eA(hH-r) _ I)A- 1buj3, 

C'T/(to + h + is) = a. 

After some simple manipulations, we arrive at 

(2.13) 

Next we show that if IILlII is small enough, then liSl will be less than r. We 

prove this by contradiction. Suppose that IILlII is very small and the trajectory 

of 'T/(t) will not intersect [lOi for all t E [to + h - r, to + h + r]. Then, for 

t E [h - r, h + r], 
'T/(to + t) = eAt(~(to) + Ll) + (eAt - eA(t-r))A-1buOi + (eA(t-r) - I)A- 1buj3, 

C'T](to + t) > a. 

Since 

'T/(to + h + is) - ~(to + h) -t 0 as is -t 0 and IILlII -t 0, 

cAk(A~(to + h) + bUj3) < 0, 

(2.14) 

(2.15) 

there exist fl > 0 and ro satisfying 0 < ro ~ r such that for all liSl ~ ro and 

IILlII ~ fl 
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CAk(A1}(to + h + 8) + bU(3) < o. 
Expanding 1}(t) at time to+h and taking into account (2.12) and c~(to+h) = a, 

yields 

8k+1 
+ (k + 1)!Ak+1(A1}(to + h + Bo8) + bU(3) 

k ~ k ~ 
= ~(to + h) + L 1Ai-1(A~(to + h) + bU(3) + L 1AieAh .1 

i=l z. i=O z. 
8k+1 

+ (k + 1)!Ak+1(A1}(to + h + Bo8) + bU(3) , 

giving 

k 8i 8k+1 

C1}(to + h + 8) = a + L i! cAieAh.1 + (k + I)! cAk+1 (A1}(to + h + Bo8) + bU(3) 
.=0 

for some 0 < Bo < 1. Letting 8 = TO > 0 (and thus IBo81 ::; TO), and letting 

11.111 -+ 0, it follows that there exists a scalar 102 satisfying 0 < 102 ::; 101 such 

that for all 11.111 ::; 102 

C'T/(to + h + TO) < a. 

This contradicts C1}(to + t) > a for all t E [h - T, h + T]. From the above, we 

also see that if 11.111 ::; 102, then 181 ::; TO ::; T. 

Now, from (2.13), we have 

0= ceA(h+6) .1 + 8k+1 1(8) 

and thus 

.. k+1 _ ceA(h+o) II 

u - - 1(8) .:..1, \111.111::; 102, 

which gives 

(2.16) 

This proves the lemma for T > O. 

For the case T = 0, by virtue of Theorem 1.4.1 (as stated in Remark 1.4.1), 

the lemma can be proved similarly by using (1.14) and (1.16). This completes 

the proof. D 
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2.2.2 Existence of Limit Cycles 

This subsection presents a sufficient condition for the existence of limit cycles. 
The result needs the following assumption. 

Assumption 2.3 For system En if a trajectory intersects Da or D(3, then it 

traverses the switching plane Sa or S(3. 

It is known from Chapter 1 that there is no sliding motion after a trajectory 

intersects Da or D(3. Assumption 2.3 indeed ensures the uniqueness of system 

solutions in the region D and the vector fields point in the 'right' direction on 
both sides of the switching planes. Let us check a simple class of systems for 

the validity of Assumption 2.3. 

Example 2.2.1. Consider system Er with T > O. Suppose that there exists an 

invertible matrix Q such that 

cQ = [1 ° ... 0] 

where An E llt For this system, if 

An's + cbua > 0, 

An a: + cbu(3 < 0, 

(2.17) 

it is easy to check that the conditions in Lemma 2.2.4 hold for na = n(3 = 0, 

i.e., 

cAx(3 + cbua > 0, VX(3 E S(3, 

cAxa + cbu(3 > 0, VXa E Sa. 

It is seen that this example satisfies a very strong constraint in the sense that the 
traversing requirement in Assumption 2.3 holds for all Xa E Sa and x(3 E S(3. 

With the aid of the lemmas presented in the preceding subsection, we are 

now in a position to give the existence result. 

Theorem 2.2.1. Suppose Assumptions 2.1, 2.2 and 2.3 hold. Then system Er 
has a limit cycle. 

Proof. By Assumption 2.1, the trajectory of x(t) starting from x(O) E D will 

intersect, without loss of generality, D(3. Suppose the intersecting point is x(td 
(at time tt). By Assumptions 2.2 and 2.3, the trajectory of x(t) will traverse 

D(3 and intersect Da at some point X(t2) (at time t2 > tt + T), and then will 
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leave JlOt and traverse Jl(3 again at some point X(t3) (at time t3 > t2 +7). Define 
the mapping (i.e., the Poincare map) if> : Jl(3 -+ Jl(3 as 

(2.18) 

Then if> maps Jl(3 into itself. In order to adopt Lemma 2.2.1, we need to verify 

the following. 

(i) if> is continuous in Jl(3. Indeed, without loss of generality, consider the 
three points X(ti), i = 1,2,3. By virtue of the proof of Lemma 2.2.3, for any 

a3 > 0, there exists a2 > 0 such that any trajectory of 'TJ(t) evolving from 

'TJ(2) = x(t2)+Ll E JlOt , where IILlII < a2, will intersect and traverse Jl(3, and the 

traversing point 'TJ(3) satisfies 11'TJ(3) - x(t3)11 < a3. For this a2 > 0, there exists 
a1 > 0 such that any trajectory of ~(t) evolving from ~(1) = x(td + Ll E Jl(3, 

where IILlII < aI, will intersect and traverse JlOt , and the traversing point ~(2) 

satisfies 11~(2) - x(t2)11 < a2' This shows that if IILlII < a1, then 

11if>(x(tI) + Ll) - if>(x(tI)) II < a3 

which proves the continuity of the mapping if>. 
(ii) Jl(3 is a non-empty compact convex set. The fact that Jl(3 is non-empty 

is obvious. The compactness of Jl(3 is easily seen from the definition of compact 

set. The convexity is verified as follows: 

{ 
c('\6 + (1 - '\)6) = j3 :::} '\6 + (1 - '\)6 E Sj3, 

\;16,6 E Jl(3:::} 1 

IIP2 ('\6 + (1 - '\)6)11 ~ w :::} '\6 + (1 - '\)6 E Jl, 

where'\ E [0,1]. 

Now, by Lemma 2.2.1, there exists x~ E Jl(3 such that if>(x~) = x~, which 
implies that there exists a solution x* (t) (with x~ as its state) and time hi < h; 
such that 

(2.19) 

After t = h;, the trajectory of x*(t) will be the same as from t = hi to t = h;. 
This shows that the trajectory of x* (t) is a limit cycle with a period h2 - hi. 
This completes the proof. 

Remark 2.2.2. The result of Theorem 2.2.1 is for system ET with hysteresis. 

For systems with no delay and hysteresis (Le., 7 = 0 and a = j3 = 0), fast 

switches may occur, and there are possibly infinite (but countable) numbers of 

switching times during a finite time interval. (See Theorem 1 in Johansson et 

ai. (1999).) In the case of this phenomenon, we say that the system trajectory 

has an accumulation point. (See the example in Remark 15 in Lootsma et ai. 
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(1999), which is taken from Filippov (1988).) Note that under Assumption 2.3, 

with no accumulation points, the result in Theorem 2.2.1 still holds for system 

ET with T = 0, a = f3 = 0, A Hurwitz and G(O)ua > ° > G(O)u,B' 

2.3 A Simple Existence Condition 

We have studied in Section 2.2.2 the existence of limit cycles for relay feed

back systems of the form E T • In practice, from the simulations, the trajectories 

of many such systems, whether A is Hurwitz or not, often tend to a certain 

oscillation with the relay switching consecutively. This section studies the ex

istence problem through a single system trajectory, and establishes a simple 

condition to determine the existence of limit cycles. The limit cycles are not 

merely confined to be symmetric or to have two switches a period. 

Let a trajectory of system ET traverse Sa (resp. S,B) at Xa (resp. x,B), and 

then traverse S,B (resp. Sa) at x,B (resp. xa). Define the mapping Ta (resp. T,B) 
as 

(2.20) 

It is seen that such defined Ta and T,B are one-to-one continuous mappings. 

(Note that when a trajectory intersects the switching plane but does not tra

verse it, such an intersecting point is not a traversing point.) If a system tra

jectory keeps traversing an alternative switching plane after it traverses each 

switching plane, i.e., in the sequence Sa, S,B, Sa, ... , in an infinite way, then the 

trajectory is said to cause regular relay switchings. Our analysis begins with a 

trajectory which meets the following assumption. 

Assumption 2.4 The trajectory of x(t) of system ET starting from Xo causes 

regular relay switchings and the time difference between each two successive 

switchings is longer than T. 

Before the analysis we can arbitrarily choose a point Xo E ]Rn, and check if 

the resulting trajectory meets the assumption. If not, we change the Xo until a 

trajectory meeting Assumption 2.4 is found. If no such trajectory exists, theo

retically, there does not exist a limit cycle which causes regular relay switchings 

and for which the time difference between each two successive switchings is 

longer than T. 

Suppose now that a trajectory which satisfies Assumption 2.4 is available. 

In more detail, without loss of generality, let CXo > f3 (and thus u = u,B) at the 

starting point. Suppose the trajectory of x(t) traverses Sa for the first time at 
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Xl",. After a time longer than T, the trajectory traverses S/3 for the first time 
at XI/3. After another time longer than T, the trajectory traverses S'" for the 

second time at X2"" and then, after another time longer than T, it traverses S/3 

for the second time at X2/3. The process continues forever. See Figure 2.1. 

~:---~~ 
,------ // x 2 /3 

.-

Fig. 2.1. The trajectory of xCt) 

Let 

(2.21) 

(2.22) 

It is obvious that the two sets r", and r/3 are at most countable. It is seen that 

T",(XI",) = XI(3 and T(3(XI(3) = X2",· If X2", = Xl"" then X2/3 = T",(X2",) = XI/3· 

This results in Xi", = Xl", and Xi(3 = XI(3 for all i = 2,3, ... , and thus such a 
trajectory is a limit cycle with two switchings per period after the first switch

ing instant. Similarly, if X2(3 =I- XI(3, then the trajectory of x(t) is a limit cy
cle with two switchings per period after the second switching instant. Now, 

for some natural number N > 1, suppose Xl"" X2",,··· ,X(N-I)", are differ

ent and XN", = XNo", for some 1 ::; No < N. Then it is easy to verify that 

XNo(3, X2(3,··· ,X(N-I)(3 are different and XN(3 = XNo(3. This implies that the 
trajectory of x(t) evolving from the traversing point XNo'" is a limit cycle with 

2(N - No) switchings per period. 

The following is a summary of the above analysis. 

Proposition 2.3.1. Suppose Assumption 2.4 holds. If the set r", is finite, 
i.e., there exist two natural numbers N and No with 1 ::; No < N such that 
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Xl a , X2a,'" ,X(N-l)a are different and XNa = XNoa, then the trajectory of 
x(t) evolving from the traversing point XNoa is a limit cycle with 2(N - No) 
switchings per period. Moreover, all the traversing points are Xia and Xi/3, 

i = No, ... , (N - 1). 

In practice, if the given system has at most a finite number of limit cycles, 

the chance of the trajectory starting from the arbitrarily chosen Xo to be a 

limit cycle is nearly zero. This is to say that the sets ra and r/3 are not finite 

in general. Our main concern in the following will focus on the case that ra 

and r/3 are infinite (indeed countable). 

Suppose that ra is infinite. Then r/3 is also infinite. If ra has limit points, 

obviously, these limit points belong to Sa. It will be clear later whether or not 

they are elements of ra. Let one such limit point be 6a E Sa. Then there 

exists a subset 

such that 

lim Xkia = 6a· t--+oo 

(2.23) 

(2.24) 

Lemma 2.3.1. limi--+oo Xki/3 exists, and if denoted by 6/3, then Ta(6a) = 6/3. 

Proof. Since Ta is continuous, then 

This proves the lemma. 

Lemma 2.3.1 says that if a system trajectory traverses Sa at 6a, then this 

trajectory must intersect and traverse S/3 at 6/3. Moreover, the time taken by 

this trajectory in going from 6a to 6/3 is longer than T. 

Remark 2.3.1. The boundedness of x( t) guarantees the existence of limit points 

of ra, as a bounded infinite set has a convergent sequence. 

We now give the result for the case that ra has a unique limit point. 

Theorem 2.3.1. Suppose that Assumption 2.4 holds and ra is infinite. If ra 

has a unique limit point, say 6a, or, if r/3 has a unique limit point, say 6/3, 
then there is a limit cycle with two switchings per period, which traverses Sa 

(resp. S/3) at 6a (resp. 6/3). 



34 2. Existence of Limit Cycles 

Proof. We first assume that ra has a unique limit point 6a. By Lemma 2.3.1, 
Ta(6a) (set to be 6/3) is a limit point of r/3' Following the proof of Lemma 

2.3.1, T/3(6/3) is defined, which is a limit point of ra· So, we have T/3(6/3) = 6a 
due to the uniqueness of limit points of ra. This shows that the trajectory which 

traverses Sa (resp. S/3) at 6a (resp. 6/3) is a limit cycle with two switchings 
per period. 

Now, suppose 6/3 is another limit point of r/3' Then, we get T/3(6/3) = 6a 
since 6a is the unique limit point of ra. Thus, 6/3 is the traversing point of 

the limit cycle, implying that 6/3 = 6/3' 
Similarly, if we assume that r/3 has a unique limit point, the rest of the 

proof follows a similar line. This completes the proof. 

In Theorem 2.3.1, it is seen that 6a fj. ra and 6/3 fj. r/3. Otherwise, the set 
ra would be finite which is a contradiction. The result in Theorem 2.3.1 can 

be extended to the case that ra has multiple limit points. 

Theorem 2.3.2. Suppose that Assumption 2.4 holds and ra is infinite. Let f 
be a natural number. If ra has f limit points, say 6a,'" '~fa, or if r/3 has 
f limit points, say 6/3,'" '~f/3' then there is at least one limit cycle with 2/I 
switchings per period where /I is a natural number satisfying 1 ::; /I ::; f. 

Proof. We first assume that ra has f limit points, say ~la,'" '~fa. From 
Lemma 2.3.1, for some ~mla E {6a,'" '~fa}, we have Ta(~mla) is a limit 
point of r/3. Then there is a trajectory, say xi, which traverses Sa at ~mla 

and spends a time longer than T to reach the traversing point Ta(~mla) E S/3' 
After that, each time xr traverses Sa or S/3, the traversing point is a limit 
point of ra or r/3. Since ra has a finite number of limit points, Proposition 
2.3.1 concludes that xi is a limit cycle with 2/I switchings per period where 

/I is some natural number satisfying 1 ::; /I ::; f. Moreover, letting ~mi a E 

{6a,'" '~fa}, i = 1,2"" ,/I, be the different /I traversing points of xr on 

Sa, we see that Ta(~mia), i = 1,2"" , /I, are the different /I traversing points 

of xr on S/3' 

Let ~pla E {6a,'" , ~fa} and ~pla :I ~mia, i = 1,2"" , /I. A similar 
deduction yields that, with ~pla as a traversing point, another limit cycle, say 

x~, exists with 212 switchings per period where 12 is some natural number 

satisfying 1 ::; 12 ::; f - /I. It is obvious that the 212 traversing points of x~ 

are different from those of xi. 
Repeating the above deduction, we see that there are a finite number of 

limit cycles which contain the 2f limit points 
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as the traversing points. 

Now suppose that r{3 has another limit point, say ~(f+I){3. Then, it is easy to 

show that ~(f+1){3 belongs to one of the above limit cycles, and hence ~(f+1){3 = 

T"(~iaJ for some i = 1,2"" ,f. This proves that r{3 has only f limit points. 
Assume next that r{3 has f limit points. A similar proof shows that r" also 

has f limit points, and there exists at least one limit cycle. This completes the 

proof. 

It is seen from the proof of Theorem 2.3.2 that all the 2f limit points are 

the traversing points of certain limit cycles. So, we have ~i" (j. r" and ~i(3 (j. r(3 
for all i = 1,2, ... ,f. 

So far, we have given existence results about limit cycles for system Er with 

T > O. Systems of the form Er with no delays (i.e., T = 0) can be analyzed 

similarly. However, we need a slight modification. This is because, unlike the 

case T > 0, the trajectories of system Er with T = 0 may not be smooth 

anymore at the intersecting points when they intersect S" (resp. S{3). In the 

following, we will use Eo to denote the system Er with T = O. Arbitrarily 

choose a point Xo ERn. Assumption 2.4 is reduced as below. 

Assumption 2.5 The trajectory of x(t) of system Eo starting from Xo causes 

regular relay switchings. 

Similar to (2.21) and (2.22), let r" and r{3 be the two sets of traversing 

points on S" and S{3, respectively, which are at most countable. For r" and r{3 
finite, a simple result analogous to Proposition 2.3.1 is as follows. 

Proposition 2.3.2. Consider system Eo and assume Assumption 2.5 holds. 
If the set r" is finite, i.e., there exist two natural numbers N and No with 

1 ::; No < N such that Xl", X2",'" ,X(N-I)" are different and XNOI = XNoOl, 
then the trajectory evolving from the traversing point XNoOi is a limit cycle with 
2(N - No) switchings per period. Moreover, all the traversing points are XiOi 

and Xi(3, i = No, ... , (N - 1). 

For r" and r{3 infinite, we need the following assumption. Denote iJ(L) the 

left derivative of y(t) at time t, i.e., iJ(L) = lim€>O,HO iJ(t - f). 

Assumption 2.6 There is a small scalar 1'0 > 0 such that the trajectory of 

x(t) starting from Xo satisfies liJ(L)1 21'0 at all traversing points. 

We have the following result which is analogous to Theorem 2.3.2. 
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Proposition 2.3.3. Consider 170 and assume Assumptions 2.5 and 2.6 hold. 
Let Fa be infinite (so F/3 is infinite). If Fa has a finite number of limit points, or 

if F/3 has a finite number of limit points (say f), then there is at least one limit 

cycle with 2h switchings per period where h is a natural number satisfying 

1 ::; h ::; f . Moreover, the h traversing points of the limit cycle on Sa belong 

to the set of limit points of Fa. 

Proof. The proof is similar to that of Theorem 2.3.2, and thus is omitted. 

2.4 Limit Cycle Location 

If there is a limit cycle for system 17r, say x* , then its trajectory is governed by 

a periodic solution to the system. This section gives the formulas for specifying 

the locations of the limit cycle in a closed form. Assume that the trajectory of 

the limit cycle x* makes the relay switch two times per period. (For more than 

two switches per period, more formulas are needed.) Let the traversing points 

be x~ E Sa and x~ E S/3, respectively, and the period be (7 + ha ) + (7 + h/3) 

with ha > ° and h/3 > 0, where 7 + ha (resp. 7 + h/3) is the time taken for 
the trajectory of x* to move from x~ to x~ (resp. from x~ to x~). Then, the 
parameters should satisfy the following conditions: 

[r [ha 
x~ = eA(r+ha)x~ + Jo eA(r+h a-s)bu/3ds + Jo eA(ha-s)buads, 

x~ = eA(r+h!3)x~ + lor eA(r+h!3- s)buads + Ioh!3 eA(h!3-s)bu/3ds, 

cx~ = /3, 
cx~ = el. 

Obviously, the following should also be satisfied: 

c(eAtx~ + lot eA(t-s)bu/3ds) ::; /3, Vt E [0, 7], 

(2.25) 

c(eAtx~ + lor eA(t-s)bU/3ds + Io t- r eA(t-s)buads) ::; /3, Vt E [7, 7 + hal, 

c(eAtx~ + lot eA(t-s)buads) 2:: el, Vt E [0, 7], 

c(eAtx~ + lor eA(t-s)buads + Iot - r eA(t-s)bU/3ds) 2:: el, Vt E [7, 7 + h/3]. 

Noting the fact that I _eAt is invertible (for t # 0) if and only if .x(A) # j2k7rr1 

for any integer k, we see that if A has no roots in the imaginary axis, (2.25) 

gives 
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(2.26) 

where we use the fact that J; f(t - s)ds = Jtt~l- f(s)ds. Once he>. and h{3 have 

been computed from (2.26) using a numerical method, x~ and x~ are obtained 

as 

(2.27) 

If a + (3 = 0, Ue>. + U{3 = 0 and the limit cycle x* is symmetric, the expression 
III (2.26) is simpler as only one equation with one variable (i.e., he>. or h{3 
where he>. = h(3) is left. As a result, the traversing point x~ = -x~ can be 
computed accordingly through (2.27). This is also discussed in Astrom (1995) 
and Varigonda and Georgious (2001). 



3. Local Stability of Limit Cycles 

This chapter is concerned with the local stability of limit cycles for linear 

systems with relay feedback, for the cases where the linear system includes a 

time delay in its dynamics and the relay can possess asymmetric hysteresis. The 

limit cycle considered can be asymmetric, have more than two switchings per 

period, and zero output derivatives at the switching instants. It will be shown 

that if a certain constructed matrix is Schur stable, then the local stability of 

the considered limit cycle is guaranteed. 

3.1 Introduction 

We have studied in the preceding chapters problems concerning the existence of 

solutions and the existence of limit cycles for relay feedback systems. Another 

important analysis topic is the stability of limit cycles of relay feedback systems. 

This includes local stability and global stability of limit cycles. Local stability 
ensures that all nearby trajectories converge to the limit cycle as time tends to 

plus infinity, while global stability means that all trajectories converge to the 
limit cycle as time tends to plus infinity. The phase-plane approach is a classical 

technique employed for the stability analysis of limit cycles (Guckenheimer 

and Holmes, 1983; Tsypkin, 1984). Exact methods have also been reported in 

the literature (Astrom, 1995; Goncalves et al., 2001; Johansson et al., 1997; 

Johansson et al., 1999; Lin et al., 2000). Astrom (1995) gives elegant criteria 

for the local stability of symmetric and asymmetric limit cycles by considering 

the linear approximation of the Poincare map. Johansson et al. (1997) and 

Johansson et al. (1999) focus on the fast switches of relay feedback systems 

and present local stability results for limit cycles with sliding motion. A method 

to compute a local stability bound is presented in Goncalves et al. (1998). It 

gives sufficient conditions for the locally stable region in terms of the existence 

of solutions to linear matrix inequalities. Another discussion of local stability 

is given in Lin et al. (2000). For the global stability of limit cycles, a recent 
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paper (Goncalves et at., 2001) obtains sufficient conditions in terms of a set of 
linear matrix inequalities by finding the so-called surface Lyapunov function of 

Poincare maps. As seen in the stability analysis, a limit cycle is always assumed 
to exist a priori. 

In this chapter we consider the local stability of limit cycles for a time

delay relay feedback system with the relay containing asymmetric hysteresis. 

The relay is not required merely to switch twice per period and the assumed 

limit cycle is not confined to be symmetric. Additionally, it is not required that 

the trajectory of the limit cycle be non-tangent with the switching planes at the 

switching instants. From an engineering point of view, time-delay systems are of 

considerable interest (most industrial processes have time delay). Theoretically, 

a non-zero time delay ensures that a system trajectory evolves uniquely at the 

intersecting points. Also, non-zero time delay makes it possible to relax the non

tangent condition of the trajectory of the limit cycle at the traversing points. 
This relies on continuity at the intersecting points, and intuitively it is the 

'overshoot' effect. Otherwise, if the considered system is delay-free, the non

tangent condition of the trajectory of the limit cycle at the traversing points 

has to be assumed, like the case considered in Astrom (1995), Johansson et at. 
(1997) and Lin et at. (2000). Such a condition avoids the occurrence of multiple 
trajectories after a trajectory intersects the switching planes, and makes the 
local stability analysis simpler. We will includes this case for delay-free systems 
in Ftemark 3.3.3. 

This chapter is organized as follows. In Section 3.2, the considered system 
and problem are formulated. Section 3.3 presents sufficient conditions for the 

local stability of a limit cycle with two switches per period. Section 3.4 extends 
the result to the local stability of limit cycles with more than two switches per 

period. 

3.2 Problem Formulation and Preliminaries 

Consider a single-input single-output plant described by 

x(t) = Ax(t) + bu(t - r) 

y(t) = cx(t) (3.1) 

where x(t) E ~n, y(t) E ~ and u(t - r) E ~ are the state, output and control 

input, respectively; A, b, c are constant real matrices or vectors with appropriate 

dimensions; r > 0 denotes the time delay. The plant has relay feedback: 
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{ 
uf3, if y(t) > (3, or y(t) 2: 0: and u(L) = uf3, 

u(t) = 
U a , if y(t) < 0:, or y(t) :S (3 and u(L) = U a , 
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(3.2) 

where 0:, (3 E R with 0: :S (3 denotes the hysteresis; U a, uf3 E Rand U a =F uf3. Due 

to time delay 7 > 0, we have to specify the initial function u(i) for i E [-7, OJ. 

For the convenience of our analysis, in this chapter we let 

_ { uf3, if y(O) > 0: 
u(t) == 

U a , if y(O) :S 0:. 

We still call (3.1)-(3.3) a relay feedback system and denote it by E. 

Let 

As in the preceding chapters, define the switching planes: 

Sa:={~ERn: c~=o:}, 

Sf3 := {~ E Rn : c~ = (3} . 

S+a := {~ E Rn : c~ > o:} , 

S-a := {~ E Rn : c~ < o:}, 

and let S+f3 and S-f3 be defined similarly. Let ~a E Sa, ~f3 E Sf3, and let 

S(E,€a) := {~ E Sa: II~ - ~all :S E} 

= {~ESa: ~=~a+Ll, IILlII:SE}, 
S(E,C/9) =: {~E Sf3: II~ - ~f311 :S E} 

= {~ESf3: ~=~f3+Ll, IILlII:SE}. 

(3.3) 

(3.4) 

(3.5) 

(3.6) 

(3.7) 

(3.8) 

(3.9) 

If ~ E S(E,€a) (or ~ E S(E,€/9))' we say that ~ is within E distance of ~a (or ~(3)' 

3.3 Local Stability of Limit Cycles 

In the local stability analysis for limit cycles of system E, we assume that there 

exists a limit cycle x* of the following form. 

Form 3.1. The limit cycle x*, which traverses Sa and Sf3 at the traversing 

points x~ E Sa and x~ E Sf3, respectively, makes the relay switch twice per 

period. The limit cycle period is (7 + ha) + (7 + h(3) with ha > 0 and hf3 > 0, 

where 7 + ha (resp. 7 + h(3) is the time taken for the trajectory of x* to move 

from x~ to x~ (resp. from x~ to x~). 

For illustration, see Figures 3.1 and 3.2 where x*(t) denotes the system 

solution corresponding to the limit cycle x*. For determining the locations of 
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the limit cycle in Form 3.1, computation formulas have been given in Section 2.4 
of Chapter 2. Numerical methods have to be exploited to specify the parameters 

of traversing points and periods of the limit cycle. 

SfJ 

------------- ........................ -..... , ......... 
X;-- Xl 

.......... ------------- -----------
/"/' 

// 

Fig. 3.1. The trajectories of x*(t) and x(t) starting from Xo E'RE 

y(t) 

\ 
\ 
\ 
\ 
\ 
\ 

/ 
/ 

\ 
I 
I 
J 
I 
I 

I 

Fig. 3.2. The trajectories of cx*(t) (solid) and cx(t) (dashed) corresponding to x*(t) 
and x(t), respectively 

Without loss of generality, we set to = 0 corresponding to the time instant 

when the trajectory of x* makes the relay switch from Ua to u{3; see Figures 

3.1 and 3.2. Define 
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RE =: {~ E Rn : II~ - x~11 :S E} 

= {~ ERn: ~ = x~ + .1, .1 ERn, 11.111 :S E}. (3.10) 

Since cXo > a, let a scalar 101 satisfy 

cXo - a 
0< 101 < liell (3.11) 

Then, any trajectory of system E starting from REI will satisfy cXo = c( Xo + 
.1) > a, implying (from (3.3)) that the relay will be u( -7) = uj3 at the starting 

moment. 
To achieve our stability result, we need to establish some lemmas first. As 

in Chapter 1, let 

N = {O, 1, .. . ,n -1}. (3.12) 

The first lemma specifies two positive integers n OL , nj3 EN, which will be used 

in the development. 

Lemma 3.3.1. For the limit cycle in Form 3.1, there exist two even integers 
n OL , nj3 EN such that the following hold 

A i+1 * + Aib - ° . -° 1 1 c XOL c uj3 - , z - , , ... , nOL - , 

cAn,,+1x~ + cAn"buj3 < 0, (3.13) 

cAj+lx* + cAjbu - ° J. - ° 1 nj3 - 1 j3 OL-, -" ... , , 

cAn,1+1x~ + cAn,1 bUOL > 0. (3.14) 

Proof. This is obvious from Lemma 2.2.4. 

It is seen that if nOL = nj3 = 0, then the trajectory of the limit cycle is non
tangent with the switching planes, SOL and Sj3, at the traversing points. The 

conditions in Lemma 3.1 also ensure that the vector fields point in the 'right' 

direction on both side of the switching planes, e.g., the nearby trajectories tra

verse the switching planes. Now, we analyze the trajectory of x(t) starting from 

a point near to xo. The following lemma is with respect to the first switching 

instant. 

Lemma 3.3.2. For any given 8 > 0, there exists 106 > ° such that the trajectory 
of x(t) starting from REs will intersect SOL at instant t<5l and will leave SOL uS+OL 
for S-OL after instant t6, where t<5l and ti5 satisfy hj3 - 8 < ti51 :S ti5 < hj3 + 8. 

Proof. Intuitively, this is true by continuity. The detailed proof is given below. 

For t E [0,7 + hj3J, the trajectory of x* is governed by 
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x*(t) = eAtxO + lot eACt- s )bu{3ds. 

For some Ih satisfying 0 < (h < min {h{3, T, 6}, it holds that 

cx*(t) > ct, for t E [0, h{3), 

cx*(t) < ct, for t E (h{3, h{3 + 61], 

cx*(h{3) = ct. 

The trajectory of x(t) starting from Xo = Xo + Ll E Rfl is governed by 

x(t) = eAt(xo + Ll) + lot eACt- s )bu{3ds 

(3.15) 

(3.16) 

for small t > O. By continuity, there is a scalar E61 satisfying 0 < E';l ::; E1 such 

that (3.16) holds for all IILlII ::; E';l and meanwhile 

cx(t) > ct, \:It E [0, h{3 - 61]. 

This implies that for all IILlII ::; E';l, the trajectory of x(t) will not intersect Sa 
for t E [0, h{3 -61]. Since cx*(h{3 +6I) < ct, there exists E.; satisfying 0 < E'; ::; E';l 

such that 

(3.17) 

Next we show that for all IILlII :s E.;, the trajectory of x(t) must intersect Sa 
at some instant t01 and will leave Sa U S+a for S-a after instant to, where t01 
and to satisfy h{3 - 6 < t01 ::; to < h{3 + 6. We prove this by contradiction. If 
this is not the case, then for all t E [h{3 - 61 , h{3 + 61], the relay remains u{3 and 
the trajectory of x(t) will be governed by (3.16) satisfying 

cx(t) ~ ct. (3.18) 

However, taking into account (3.17), we have from (3.15) and (3.16) that 

cx(h{3 + 6I) = cx* (h{3 + 61) + ceACh,aHd Ll < ct, 

which contradicts (3.18). This completes the proof. 

(3.19) 

Remark 3.3.1. In Lemma 3.3.2, we see that to! is an intersecting instant. It 
is easy to show that there is no sliding motion in the time interval [to1' to], 
and thus to is a traversing instant. However, the type of motion characteristic 

between the intersecting instant and the traversing instant does not affect our 

investigation on the stability of the limit cycle. Our concern in the development 

is the traversing instant which plays an important role in the local stability 

analysis. 
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For t E JR, define 

Fa(t) := (eAt - I)x~ + lot eAsbu(3ds, 

Ja(t) := cFa(t), 

F(3(t) := (eAt - I)x~ + lot eAsbuads, 

J(3(t) := cF(3(t). (3.20) 

Using (3.13) and (3.14), it is easy to verify that 

lim Ja(t) = 1 (cAn,,+1x~ + cAn"bu(3) < 0, 
t-+O t n ,,+l (na + I)! 

lim J(3(t) = 1 (cAnfl+1x~ + cAnflbua) > 0. (3.21) 
t-+o tnfl+ 1 (n(3 + I)! 

By defining 

Ja(t) I .- lim Ja(t) 
tn,,+l .- t---+o tn,,+l ' t=O 
J(3(t) I .- lim J(3(t) 
tnfl+ 1 .- t---+O tn,,+l ' t=O 

there exist two scalars r~ > ° and r~ > ° such that /n""Wl < ° and t~(3,,(21 > ° 
are continuous on t E [-r~, r~l and t E [-r~, r~], respectively. Let 

(3.22) 

Lemma 3.3.2 characterizes the trajectory of x(t) at the first traversing in

stant. To study the local stability of x*, we need to verify whether or not 

successive switchings can occur. The next lemma is useful, and characterizes 

a fixed scalar foo > ° such that any trajectory evolving from the traversing 

points within foo distance of x~ (or x~) will intersect and traverse S(3 (or Sa). 

Lemma 3.3.3. For any given 80 E (0, rmin], there exists a fixed scalar foo > ° 
such that the trajectory of x(t) evolving from any traversing point in S«oo ,x~) 
(or S(E.!o'x~)) (here, set the traversing instant to be zero) will traverse S(3 (or 
Sa), and the traversing instant 7 + ttrav satisfies ha - 80 < ttrav < ha + 80 (or 
h(3 - 80 < ttrav < h(3 + 80), 

Proof. Firstly, consider the trajectory of x(t) evolving from traversing points 

in Sa. The trajectory of x*(t) is governed by 

x*(t) = eAtx~ + lot eA(t-s)bu(3ds, "It E [0,7], 

x*(t) = eAtx~ + lor eA(t-s)bU(3ds + Io t- r eA(t-r-s)buads, "It E [7,7+ hal. 
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The trajectory of x(t) evolving from Xa = x~ + ,1 E Sa with small 11,111 is 
governed by 

x(t) = eAt(x~ + ,1) + fot eA(t-s)bU(3ds, Vt E [0, T], 

x(t) = eAt(x~ + ,1) + for eA(t-s)bu(3ds + fot-r eA(t-r-s)buads, 

Vt E [T, T + <52 ], 

cx(t) < (3, Vt E [0, T + <52], 

where <52 > 0 is a sufficiently small scalar. Similar to the proof of Lemma 

3.3.2, by comparing the two trajectories of x(t) and x*(t), it can be shown that 

there exists E.501 such that the trajectory of x(t) evolving from Xa = x~ + ,1 E 

S( '50 1 ,x;',) will traverse S(3. Moreover, the traversing instant T + ttrav satisfies 

ha - <51 < ttrav < ha + <51, and thus ha - <50 < ttrav < ha + <50 , 

Next, consider the trajectory of x(t) evolving from traversing points in S(3. 
Similarly, for the given <50 > 0, there exists E.502 such that the trajectory of x(t) 
evolving from S('502'X~) will traverse Sa, and the traversing instant T + ttrav 
satisfies h(3 - <50 < ttrav < h(3 + <50 , Now, let E.5o = min{E.501' E.502}. Then, the 

result follows immediately. 

The following lemma characterizes the first traversing point of x(t) starting 

from a region close to xC;. 

Lemma 3.3.4. There exists E2 satisfying 0 < E2 ~ E1 such that any trajectory 
of system E starling from Xo = xC; + ,1 E R'2 will intersect and traverse Sa, 
and the traversing instant h and the traversing point X(t1) satisfy 

(t ) _ * = (I _ Fa(t1 - h(3)C) Atl A 

x 1 xa fa(h _ h(3) e L-l. 
(3.23) 

Proof. From Lemma 3.3.2, there exists E2 satisfying 0 < E2 ~ E1 such that the 

trajectory of x(t) starting from R'2 will traverse Sa at some instant t1, where 

t1 satisfies Ih - h(31 < rmin· Since 

x~ = eAh/3xo + foh/3 eA(h/3-s)bu(3ds, 

cx~ = 0:, 

x(h) = eAtl(xo + ,1) + foil eA(t l -s)bu(3ds, 

cx(td = 0:, 

after some simple manipulations, we have 

(3.24) 
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or, 

ceAt1Ll + fa(t l - hfJ) = O. 

Noting that (h - hfJ)na+l f;;l(tl - hfJ) is well-defined for It 1 - hfJl ~ rmin, the 

above equation yields that 

(t h )na+l AlI 
(h - hfJ)na+l = - 1 ~aftl _ hfJ~e Ll. 

Using (3.24), we get 

rt1 - h /3 
x(td - x~ = eAhLl + (eA(lI-h/3) - I)x~ + 10 eAsbufJds 

= eAhLl + Fa(tl - hfJ) (tl _ hfJ)na+l 
(tl - hfJ)naH 

= (I _ Fa(tl - hfJ)C) eAt1Ll. 
fa(tl - hfJ) 

This completes the proof. 

(3.25) 

Let Lll = X(tI) - x~. By virtue of Lemma 3.3.2, It 1 - hfJl can be made 

arbitrarily small by choosing IILlII sufficiently small, and thus IILlIII can be 

arbitrarily small. (See Remark 3.3.2 later for an alternative depiction.) The 

next lemma concerns the second traversing point of x(t) close to x~. 

Lemma 3.3.5. There exists E3 satisfying 0 < E3 ~ E2 such that any trajectory 
of system E starting from Xo = x~ + Ll E RE3 will intersect and traverse SfJ 
after the first traversing instant tl, and the second traversing point x(tl +T+t2) 
satisfies 

x(t + T + t ) - x* = (I - FfJ(t2 - ha)c) eA(r+t 2 ) Ll 
1 2 fJ f fJ (t2 _ hOi) 1 , 

(3.26) 

where T + t2 with t2 > 0 is the time taken for the trajectory to move from x( h) 
to x(tl + T + t2). 

Proof. Similar to the proof of Lemma 3.3.2, it is easy to show that if LlI is 

small, then the trajectory evolving from x(t1 ) = Lll + x~ E Sa will traverse 

SfJ, and the time T + t2 can be made approaching T + hOi. Thus, there exists E3 

satisfying 0 < E3 ~ E2 such that any trajectory of system E starting from RE3 

will make the time duration T + t2 satisfy It2 - hal < rmin. Since 
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r {ha 
X~ = eA(r+ha)X~ + Jo eA(r+ha- S )bu{3ds + Jo eA(ha-s)buads, 

cx~ = (3, 

r (t2 x(h + T + t2) = eA(r+t2)X(tt) + Jo eA(r+t2-s)bU{3dS + Jo eA(t2-s)buads, 

CX(tl + T + t2) = (3, (3.27) 

or 

ceA(r+t2),11 + f{3(t2 - ha) = O. 

Noting that (t2 - ha)nf3+l f;;l(t2 - ha) is well-defined for It2 - hal ~ rmin, we 
arrive at 

(t _ h )nf3+l __ (t2 - ha)nf3+lceA(r+t2) A 

2 a - f{3(t2 _ ha) £...\1· (3.28) 

Using (3.27), we obtain 

This completes the proof. 

Remark 3.3.2. Let 

Ml = max 
tE[ -Tmin ,r1n in] 

tna+lllceAhf3eAtll 
_ fa(t) > 0, 

M2 = max 
tE[-r1n in,rmin] 

tnf3+l IlceA(r+ha)eAtll 
f{3(t) > O. (3.29) 

From (3.25) and (3.28), we see that It 1 - h{3l na+1 ~ Mlll,111 and It2 - hal nf3 +l ~ 

M211,1111 hold under 11,111 ~ f3· Hence, It 1 -h{3l-+ 0 as 11,111-+ 0, and this leads 

to 11,1111-+ 0 and It2 - hal-+ O. 

Similarly, by choosing Xo close enough to xo, the trajectory starting from Xo 

can make the relay switch for the third time, fourth time, and so on. However, 

we could not specify a local region R, in this way such that any trajectory 

starting from it will make the relay switch consecutively forever. To achieve 

this, we need the following lemma which is related to a Schur stability problem 

for discrete-time systems. 
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Lemma 3.3.6. Given a positive integer p, suppose that Ai, 8 ij E Rnxn (i = 

1,2, ... ,p; j = 1,2, .. .) and p(AIA2 ... Ap) < 1. Then, there exists Bo > 0 such 

that for all 8 ij satisfying 118ij -Aill ::; Bo, it holds II n;=l (81j8 2j ... 8 pj )11 -+ 0 
as k -+ 00. 
Proof. Due to p(AIA2'" Ap) < 1, it is easy to see that there is a scalar 

B > 0 such that for all 8 i E Rnxn satisfying 118i ll ::; B, it holds that 

II n;=l (A1A 2 .. · Ap + 8 j )11 -+ 0 as k -+ 00. For this B > 0, there exists Bo > 0 
such that if 118 .. - A-II < Bo then the matrix 8 1.82, ···8 . can be expressed tJ t - , J J PJ 

as 

81j82j···8pj = A 1 A 2 ··· Ap + Dj 

where Dj satisfies IIDjl1 ::; B. This proves the lemma. 

With the above lemmas proven, we are now in a position to present the 

main result for the stability of the limit cycle x*(t). 

Theorem 3.3.1. The limit cycle x*(t) in Form 3.1 is locally stable if 

where 

WI = (I _ An" (Ax~ + bU{3)C) eA(r+h/1) , 
cAn" (Ax~ + bU{3) 

W 2 - I - e. _ ( An/1 (Ax~ + bUa)c) A(r+h,,) 
cAn/1 (Ax~ + bua ) 

Here, na and n{3 are even integers as given in Lemma 3.3.1. 

(3.30) 

(3.31) 

Proof. Suppose p(Wl W 2) < 1. By virtue of Lemma 3.3.6, there exists a scalar 

Bo > 0 such that for all 8 ij E R nxn (i = 1,2; j = 1,2, ... ) satisfying 118ij -

Will::; Bo, it holds that II n;=l (81j8 2j )11 -+ 0 as k -+ 00. In other words, there 

is a positive integer No such that for all 8 ij E Rnxn satisfying 118ij - Will::; Bo, 

No+k 

II II (81j8 2j )11 < 1, 'v'k = 0,1,2, ... (3.32) 
j=l 

(3.33) 
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where 81j ,82j E lIt It is seen that W(8Ij,X~) -t WI and W(82j,x~) -t W2 as 
8ij -t 0 for i = 1,2 and j = 1,2, .... Thus, for the above ()o > 0, there exists 

80 > 0 such that the following hold. 

IIW(8lj,X~) - Wdl:S ()o, Vl8lj l:S 80, j = 1,2, ... , 

IIW(82j,x~) - W2 11:S ()o, V182j l:S 80, j = 1,2, ... . (3.34) 

Let 8min = min{ 80, Tmin} where Tmin is as in 3.22. For this 8min > 0, by 
Lemma 3.3.3, there exists a fixed scalar Em in > 0 such that the trajectory of 

x(t) evolving from any traversing point in S(f=in,X;:') (or S(f=in,X{;)) will traverse 
S{3 (or Sa) by spending time T + ttrav, where ttrav satisfies ha - 8min < ttrav < 
ha + 8min (or h{3 - 8min < ttrav < h{3 + 8min ). 

Now, let 

Em in } 
(W+()o)2No . (3.35) 

By virtue of Lemmas 3.3.2 and 3.3.4, there exists a scalar E satisfying 0 < E :S 101, 

such that any trajectory starting from Xo = xii + Ll E Rf will traverse Sa with 
the traversing instant tl and the traversing point Xl satisfying (3.23). Moreover, 

it holds that IIxl - x~1I :S fmin :S Emin. We show next that for this E > 0, Rf is 

a local stable region. This is two-folded, i.e., any trajectory starting from Rf 
will make the relay switch consecutively and converge to the limit cycle x* as 
t tends to plus infinity. Figures 3.1 and 3.2 illustrate this. 

Since IIXI - x~1I :S fmin :S Emin, the second traversing will occur at S{3. By 
virtue of Lemma 3.3.5 and the above analysis, the second traversing point X2 

and the time T + t2 for the trajectory of x(t) to move from Xl to X2 satisfy (see 
(3.26)) 

(3.36) 

(3.37) 

From (3.36), we see that (3.34) holds, yielding IIW(t2 - ha,x~)11 :S w + ()o. 

Thus, (3.37) gives 

(3.38) 

which implies that the third traversing will occur at Sa. Let the third traversing 

point be X3 and the time for x(t) to move from X2 to X3 be T + t3' Then, by 
virtue of Lemma 3.3.3 and from a similar deduction to that of Lemma 3.3.5, 

we have 
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Also, we have 

which implies that the fourth traversing will occur at S(3. The process continues. 

Let the (2No + l)th traversing point at Sa be X2No+l and the time for the 

trajectory of x(t) to move from X2No to X2No+l be T + t2No+l' Then, 

It2No+l - h(3l ::; c5min , 

X - x* = (I _ Fa (t2No+l - h(3)C) eA (r+ f2NO+l)(x - x*) 
2No+l a f (t h ) 2No (3 a 2No+l - (3 

= W(t2No+l - h(3, X~)(X2No - x~). 

Additionally, we have 

Ilx2No+l - x~11 ::; (w + ()o)2NOfmin ::; €min, 

which implies that the (2No + 2)th traversing will occur at S(3. Let the (2No + 
2)th traversing point at S(3 be X2No+2 and the time for the trajectory of x(t) 

to move from X2No+l to X2No+2 be T + t2No+2. Then, 

It2NO+2 - ha I ::; c5min , 

X2No+2 - x~ = W(t2No+2 - ha, X~)(X2No+l - x~) 

= W(t2No+2 - ha,x~) 

x (it W(t'i+' - h"x:lW(t" - ha,x,l) (x, - x:l· 

Taking into account (3.32), it is easy to see that 

No 
II W(t2j+l - h(3, X~)W(t2j - ha, x~) < 1, 
j=l 

which leads to 

Ilx2NO+2 - x~11 ::; IIW(t2No+2 - ha, x~)llllxl - x~11 ::; (w + ()O)fmin ::; €min· 

This implies that the (2No + 3)th traversing will occur at Sa. Continuing the 

process and noting (3.32) we conclude that for any k ~ 1, the (2No + 2k)th 
and the (2No + 2k + l)th traversing will occur. Let the (2No + 2k)th and the 
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(2ND + 2k + 1)th traversing points be X2No+2k E Sj3 and X2No+2k+1 E Son 
respectively, and the time for the trajectory of x(t) to move from X2No+2k-l 

to X2No+2k and from X2No+2k to X2No+2k+1 be T + t2No+2k and T + t2No+2k+l, 
respectively. Then, we have 

It2NO+2k - ha I :=; Jmin , 

X2No+2k - x; = W(t2No+2k - ha, X;)(X2No+2k-l - x~), 

Ilx2No+2k - x;11 :=; Emin, 

It2No+2k+l - hj3l :=; Jmin , 

X2No+2k+1 - x~ = W(t2No+2k+l - hj3,X~)(X2No+2k - x;), 

Ilx2No+2k+1 - x~11 :=; Emin· 

This shows that the relay will switch consecutively. 

To end the proof, it is sufficient to show that 

Ilx2k+1 - x~11 -t 0 as k -t O. 

To see this, note that 

X2k+l - x~ = (fr W(t2j+l - hj3, X~)W(t2j - ha, X;)) (Xl - x~), 
J=l 

IIW(t2j - ha,x~) - W211 :=; (Jo, 

IIW(t2j+l - hj3, x~) - WIll:=; (Jo. 

(3.39) 

Again, using Lemma 3.3.6, from the statement at the very beginning of the 
proof, (3.39) is fulfilled. This completes the proof of the theorem. 

Theorem 3.3.1 presents a criterion to check the local stability of the limit 

cycle x* . The idea is, under the given conditions, to find a scalar E > 0 such that 

any trajectory of system E starting from the region R, of the form (3.10) will 

tend to the limit cycle x* and make the relay switch consecutively. The scalar 

E is a local stability bound around the initial condition xii. Since P(W2 WI) = 

P(WI W 2), we see that p(W2 Wr) < 1 is also a sufficient condition for the local 

stability of the limit cycle in Form 3.1. This can also be verified by letting 

to = 0 correspond to a time instant when the relay switches from uj3 to Ua. 

Remark 3.3.3. Note that the results in this chapter are for relay feedback sys

tems with time delay T > O. If T = 0, the method used in this chapter is not 

applicable due to possible occurrence of multiple trajectories at the switching 

instants. We should make it clear that for the case T = 0, if both na and nj3 are 

computed to be zero, then the result in Theorem 3.3.1 still holds true. Indeed, 
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na = nf3 = 0 corresponds to the case that the trajectory of the limit cycle is 
non-tangent with the switching planes at the switching instants, like the case 

considered in Astrom (1995), Johansson et al. (1997) and Lin et al. (2000). 

3.4 Extension 

In this section, we consider the local stability of a limit cycle with 2q (q 2: 1) 

switches per period. The limit cycle considered is as follows. 

Form 3.2. The limit cycle x* of system E, which traverses Sa and Sf3 at the 

traversing points x~i E Sa and x~i E Sf3 (i = 1,2, ... ,q), respectively, makes 

the relay switch 2q times per period. The period is 'Li=l (T + h ai + T + hf3i) 

with h ai > 0 and hf3i > 0 (i = 1,2, ... , q), where T + h ai (resp. T + hf3i) is the 

time taken for the trajectory of x* to move from x~i to x~i (resp. from x~i to 

X~(i+l))· 
Note that x~(q+1) = X~l in Form 3.2. In the following, we give an extension 

result to Theorem 3.3.1. The techniques used remain the same, except that 

more analysis steps and more complicated formulas are involved. 

Similarly to Lemma 3.3.1, there exist 2q even integers nal, nf31 E N, I = 

1,2, ... ,q, such that 

i = 0, 1, ... ,nod - 1, 

cAnal+1X~1 + cAnalbUf3 < 0, 

CAi+lX~1 + cAibua = 0, i = 0,1, ... , nf31 - 1, 

CAni31+1X* + cAni31 bu > 0 f31 a, (3.40) 

hold for alII = 1,2, ... ,q. The extended local stability result in this section is 

as follows. 

Theorem 3.4.1. The limit cycle x* in Form 3.2 is locally stable if for some 

k E {I, 2, ... , 2q}, it holds that 

(3.41) 

W21-1 = 

(3.42) 
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Proof. By virtue of Lemmas 3.3.2-3.3.5, based on Lemma 3.3.6, the proof fol
lows a similar line to that of Theorem 3.3.1, and thus is omitted here. 

Theorem 3.4.1 presents q conditions for the local stability of the limit cycle 

in Form 3.2. If anyone of the q conditions is true, a stability bound f > 0 
can be found such that any trajectory of system E starting from the region 

R€ of the form (3.10) will tend to the limit cycle and make the relay switch 
consecutively. 

Finally, we give a numerical example to show the effectiveness and the use 
of the sufficient conditions presented. 

Example 3.4.1. Consider system E with 

A= [~1~2 ~ l' b= [:1' c=[l 0 OJ, 
1 0 -1 1 

T = 0.1, 0: = -0.1, (3 = 0.2, U a = 2, u(3 = -1. 

We check that A is not Hurwitz with >'(A) = {1, -2, -1}, but the system has a 
limit cycle with four switches per period which meets Form 3.2. The limit cycle 

is shown in Figure 3.3. The period and the four traversing points are computed 

to be 

hal = 0.25, ha2 = 0.25, h(31 = 0.65, h(32 = 1.05, 

[ 
-0.1 ] [ -0.1 ] [ 0.2] [ 0.2] 

Xal = -0.5 ,Xa2 = -0.39 , X(31 = 0.23 , X(32 = 0.3 . 

-0.43 -0.3 0.3 0.44 

Now, we use Theorem 3.4.1 to check whether or not this limit cycle is locally 

stable. 

It is easy to obtain from (3.40) that 

nal = na2 = n(31 = n(32 = O. 

We further compute from (3.42) that 

WI = [-1.:653 0.1~03 0'2~64] , 

-0.5028 0 0.3166 

W2 = [-1.:156 0.4~66 0'2~81] 
-0.8684 0 0.7047 

W3 = [-1.~486 0.2:31 0.2:92] , 

-0.7173 0 0.4724 

W4 = [-1.:156 0.4~66 0'2~81] . 

-0.7781 0 0.7047 
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Fig. 3.3. (a) The control u(t); (b) the trajectories of x*(t) = [xi(t) x2(t) xWW 
(xi(t) solid, x2(t) dash-dot, x;(t) dashed) 

So, 

oX(W4W3W2W l ) = oX ([-0.~764 0.0~55 0.0~881) = {O, 0.0055, 0.0743}, 

-0.1180 0 0.0743 

which gives P(W4 W3 W2 W l ) < 1. Hence, we conclude from Theorem 3.4.1 that 

the limit cycle is locally stable. 



4. Global Stability of Limit Cycles 

In this chapter, we study the global stability of limit cycles for relay feedback 

systems with the same form as in Chapters 1 and 2. We first assume there 
exists a certain type of limit cycles and investigate its global stability. The key 

idea is to reduce the global stability problem to the asymptotic stability of a 

discrete time system. We then, in Section 4.6, study the global convergence to 

a limit cycle without assuming its existence, by using the contraction mapping 
principle. 

4.1 Introduction 

In engineering practice, to verify the global stability of a limit cycle for a relay 

feedback system is more meaningful than the local stability. This is because 

global stability ensures that starting from any set point the system will be 

driven to converge to the periodic motions. However, theoretically, the analysis 
of the global stability of limit cycles is hard work. Megretski (1996) addressed 
the global stability of oscillations by considering systems in input-output forms, 
which suit processes having an impulse response sufficiently close, in a certain 
sense, to a second-order non-minimum phase process. The sufficient condition 
presented therein is based on inspection of the open-loop step response and 
its variance. Goncalves et al. (2001) investigated the global stability of sym

metric limit cycles with two switchings per period for delay-free systems. The 

sufficient conditions are given in terms of a set of linear matrix inequalities by 

finding the so-called surface Lyapunov function of Poincare maps. Under some 

assumptions, the result serves a class of relay feedback systems well. 

Experience indicates that a wide class of systems has a unique globally sta

ble limit cycle. It is known that the uniqueness of a limit cycle is necessary for 

its global stability. However, how to check the uniqueness of a limit cycle is a dif

ficulty. The available method is to compute the period of a possible limit cycle 

through numerical procedures, and then confirm that only one corresponds to 
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a limit cycle (Astrom, 1995; Goncalves et at., 2001). If so, the traversing points 

can be computed straightforwardly with the known period. With this informa

tion, we are able to check the global stability of the limit cycle (Goncalves et 
at., 2001; Lin et at., 2001). Thus, how to determine that a globally stable limit 

cycle exists without any information of a limit cycle deserves a study. 

In this chapter, we concentrate on the analysis of the global stability of 

limit cycles for SISO RFSs. Section 4.2 gives some preliminaries. Section 4.3 
establishes several useful lemmas for attaining the main results. Section 4.4 

studies the global stability of a limit cycle with two switchings per period. 

Section 4.5 presents an extension to the results in Section 4.4 for the case of 

more than two switchings per period. Section 4.6 studies the problem of the 

global convergence to a limit cycle without the assumption that a type of limit 

cycle exists. 

4.2 Problem Formulation 

The system considered remains the same as in Chapters 1 and 2. The plant is 

described by 

x(t) = Ax(t) + bu(t - T) 

y(t) = cx(t) (4.1) 

where x(t) E IRn , y(t) E IR and u(t - T) E IR are the state, output and control 

input, respectively; A, b, c are constant real matrices or vectors with appropriate 

dimensions; T 2: 0 denotes the time delay. The plant has relay feedback: 

{ 
uj3, if y(t) > 13, or y(t) 2: a and u(L) = Uj3, 

u(t) = 
Ua , if y(t) < a, or y(t) :S 13 and u(L) = Ua , 

(4.2) 

where a,j3 E IR with a < 13 denotes the hysteresis; Ua , uj3 E IR and Ua f- uj3. 

The initial function u(i) for i E [-T, 0] is: 

{ 

uj3, 

u(i) == U a , if y(O) :S a 

Uo E U, if a < y(O) < 13 

if y(O) ~ 13 

(4.3) 

where 

(4.4) 
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As in Chapters 1 and 2, we call (4.1)-(4.3) a RFS and denote it by E r . The 

notation Sa and S!3 denote the switching planes as in Chapter 1, and the sets 

S+a, S-a, S+!3 and S-!3 are the same as defined there. 

We see that in the region S+!3 or S-!3ns+a or S-a, the system Er is a linear 
system with a fixed control U E U, and thus the existence and uniqueness of the 

system solution is guaranteed. Since a trajectory may intersect the switching 

planes, the situation may be changeable. It has been shown in Chapter 1 that 

for system Er with T > 0, there exists a unique solution x(t) for all t 2': ° for 
any initial condition Xo. However, this is not true for T = 0. Let's examine the 

following examples. 

Example 4.2.1. Consider system Er with T = ° and 

A ~ [~I ~I 1 b ~ [: l, c ~ [1 0[, 

u(3 = -1, U a = 1, (3 = 0.5, 0: = -0.5. 

We check that the trajectory of x(t) starting from any initial condition Xo 
intersects S!3 or Sa for the first time at some time tl with a possible switch. 

However, it is easy to verify that the trajectory of x(t) exists only for t E [0, it]. 
After time it, the trajectory cannot evolve any further. 

Example 1.4.2 in Chapter 1 shows the occurrence of sub-solutions or sub

trajectories. 

For the global convergence of system E r , the existence of solutions to system 

Er should be guaranteed for all t 2': ° for any initial condition Xo E ]Rn. In this 

chapter, we always assume this property by default. 

4.3 Supporting Lemmas 

From Lemma 1.3.1 in Chapter 1, we see that there is no sliding motion around 

the intersecting point of a trajectory after it intersects S(3 (or Sa). By virtue 

of this fact, with our default that a solution x(t) always exists with any ini

tial condition xo, we see that just after the intersecting instant, the trajectory 

of x(t) has at most two sub-trajectories: one traverses S!3 (or Sa) at the in

tersecting point; one returns to S_(3 (or S+a). Note that for T = 0, the two 

sub-trajectories may occur simultaneously. For T > 0, there is only one tra

jectory, and if no early switches occur, the solution x(t) exists uniquely for all 

t > 0. This characteristic will be useful for the global convergence analysis. 
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In the analysis of the global stability of a limit cycle, we always assume 
the existence of a certain type of limit cycle. Here and in Section 4.4, the limit 

cycle x* of system Er is assumed to have two switchings per period, whose 

trajectory is transversal! to So: and S{3 at the traversing points x~ E So: and 

x~ E S{3, respectively. The period of the limit cycle is To: + T{3 where To: > 0 
(resp. T{3 > 0) is the time taken for the trajectory of x* to move from x~ to x~ 

(resp. from x~ to x~). See Figures 4.1 and 4.2 where x*(t) denotes the system 

solution corresponding to the limit cycle x* . 

Fig. 4.1. The trajectories of x*(t) and x(t) 

Obviously, the uniqueness of a limit cycle is a prerequisite for its global 
stability. However, uniqueness is not used in this chapter to deduce the suffi

cient conditions for the global stability of a limit cycle; on the other hand, our 

conditions that ensure the global stability of a limit cycle imply the uniqueness 

of the limit cycle. 

Due to the transversal condition of the limit cycle, the following is satisfied: 

cAx~ + cbu{3 < 0, 

cAx~ + cbuo: > O. 

(4.5) 

(4.6) 

Recall that if Assumption 2.2 is satisfied, the limit cycle period satisfies To: > T, 

T{3 > T, which can be computed by (see (2.26) in Chapter 2): 

1 A trajectory of x(t) is said to be transversal to S'" and S,8 at time tT if CX(tT-) -:f. O. 
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yet) i< •................................. tPI 

fi-r __ ~C~X(~t) _______________ a~lyryIA~~_···~~····~~'_~_~~···~7~ .. l __ ~ ______ -L¥-~ __ ___ 

o 

a ...... ~ 

···············Ta 

Fig. 4.2. The trajectories of y' (t) = ex' (t) and yet) = ex(t) 

a = c(J - eA(Ta+T/3))-l(eA(Ta+T/3-r) - eA(T/3-r))A- 1b(u", - U/3) - cA-1bU/3, 

(3 = c(I - eA(Ta+T/3))-l(eA(Ta+Trr) - eA(Ta-r))A-1b(U/3 - U"') - cA-1bu",. 

Once T", and T/3 have been obtained, x~ and x~ are given as 

x~ = (I - eA(Ta+T/3))-l(eA(Ta+T/3-r) - eA(Trr))A-1b(u", - u/3) - A-1bu/3, 

x~ = (J - eA(Ta+T/3))-l(eA(Ta+T/3-r) - eA(Ta-r))A-1b(u/3 - u"') - A-1bu",. 

From Lemma 2.2.2, any trajectory of system Er with A Hurwitz will even

tually enter and remain in the region n of the form (2.2). So, under Assumption 

2.1, to study the global stability ofthe limit cycle x* is equivalent to considering 
the system trajectories in the region n. Let 

(3-a 
wfJ::.in = """11 c"""'II-;-( w-o-'-+-;-I'--'I A:---=-=l b:-u:-", 1=1) , 
wmax _ G(O)u", - (3 

0", - Ilcll(wo + IIA-1bu",II)' 
(3-a 

W min - ----:-:-:---'---:-;--:--::-::-__ = 0/3 - 7:-licll(wo + IIA-1bu/3ID' 
W max _ a - G(O)u/3 

0/3 - Ilcll(wo + IIA-1bu/3ID' 
G(O)u", - (3 

W max = .,.,.-;-:-:-----::-.,.,.-;.0....;.-:-"--:-:-----:::--:--:-::--...,..,.,.. 
TO< Ilcll(wo + 21IA-1bu/311 + IIA-1bu",II)' 

W max _ a - G(O)u/3 
r/3 - Ilcll(wo + 21IA-1bu",11 + IIA-1bU/3ID' 

(4.7) 

The following lemma gives lower and upper bounds of the time between any 

two consecutive switchings in the region n. These bounds will be used in es

tablishing the main result for the global stability of the limit cycle x*. 
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Lemma 4.3.1. Consider system ET and assume Assumption 2.1 holds. Then, 
in the region [l, the time ta (resp. t(3) taken by a trajectory to go from the 

traversing point Xa E [la (resp. x(3 E [l(3) to the traversing point x(3 E [l(3 

(resp. Xa E [la) satisfies 

(i) for T = 0, 

t min < t < t max 001 _ a _ 001 , 

t min < t < tmax 
0(3 - (3 - 0(3 , 

where tmin tmax tmin and tmax are such that the 'allowing hold' ~,~,~ ~ J" 

lIeAt - III < wr;';n, Vt E [0, tr;';n) , 

IleAtl1 < w~ax, Vt E (t~ax, 00), 

IleAt - III < wotr, Vt E [0, tWfn) , 

IleAtll < wotr, Vt E (totr, 00); 

(ii) for T > 0, under Assumption 2.2, it holds that 

T < ta :::; t":::x, 

T < t(3 :::; t":lx, 

where t":::x and t":lx are such that the following hold: 

IleA(t-T) II < w":aax, 

IleA(t-T) II < w~(r, 
Vt E (t":aax, 00), 

\.It E (tmax ) v T(3' 00 . 

Proof. (i) We first show (4.8). Since 

t" x(3 = eAt"xa + io eA(t,,-s)buads, 

we have 

X(3 + A-1bua = eAt"(xa + A-1bua). 

Recall the fact that 

which is a contradiction. If ta > t~ax, then 

0< G(O)ua - f3 = -ceAt"(xa + A-1bua) 

:::; Ilcllw~ax(wo + IIA-1buall) < G(O)ua - f3 

(4.8) 

(4.9) 

(4.10) 

(4.11) 

(4.12) 

(4.13) 
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which is also a contradiction. This proves (4.8). For (4.9), the proof follows a 
similar line. 

(ii) For T > 0, under Assumption 2.2, it is obvious that tu > T and t(3 > T. 
Next we show tu :S t":'::x (resp. t(3 :S t":'(3ax). We prove this by contradiction. 

Since 

X(3 = eAt"xu + (eAt" - eA(t,,-r))A- 1bu(3 + (eA(t,,-r) - I)A-1buu, 

(resp. Xu = eAtf3 x(3 + (e Atf3 - eA(trr))A-1buu + (eA(trr) - I)A-1bu(3,) 

and 

we have 

0< G(O)ua - (3 = -ceAt"xu - c(eAt" - eA(t,,-r))A- 1bu(3 

_ceA(t,,-r) A-1buu. 

(resp. 0 < a - G(O)u(3 = ceAtf3 x(3 + c(eAtf3 - eA(trr))A-1buu 
+ceA(tf3- r) A -lbu(3.) 

If tu > t":'::x (resp. t(3 > t,,:,r), then 

IleA(ta-r)11 < w":'uax and IleAt"ll < w":'uax , 

(resp. Ile A(t f3 -r) II < w":'lx and IleAtf3 11 < w~{r,) 

giving 

G(O)Ua - (3 < w":'aaxllcll(wo + 21IA-1bu,a11 + IIA-1buall) :S G(O)ua - (3. 

(resp. a - G(O)u(3 < w~frllcll(wo + 211A-1buall + IIA-1bu(311) :S a - G(O)U(3.) 

This shows a contradiction. Hence we have (4.11) and (4.12). This completes 

the proof. 

Remark 4.3.1. Lemma 4.3.1 gives lower and upper bounds for the time between 

any two consecutive switchings in the region n. In fact, we are interested in 

reducing the lengths of the four intervals [tmin tmax ] [tmin tmax] (T tmax ] Ou , Ou , 0(3 , 0(3 , , ru 
and (T, t,,:,r]. To achieve this, taking the interval [toc:n, taaax] for example, 

we need only to choose the new tmin and tmax denoted by imin and t-max as Ou Ou , Ou Ou , 

follows. 

ioc:n = sup{toc:n }, toc:n satisfying (4.10), 

iaaax = inf{taaaX}, touax satisfying (4.10). 

(4.14) 

(4.15) 

Similar refined arguments apply to the other three time intervals. The proof 

of Lemma 4.3.1 also provides a method to compute a bound Tmin > 0 on the 
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time delay T such that, for system ET with ° < T < Tmin, the time between 
any two consecutive switchings of a trajectory is longer than T provided that 

the trajectory enters the region fl. This is done in the following remark. 

Remark 4.3.2. Let toc:n and tor be as in Lemma 4.3.1 (or as the refined 
versions in Remark 4.3.1). It is not hard to see that for system ET with 

T < min {toc:n, toJn}, no early switches will occur when a trajectory enters 
the region fl. (Otherwise, it will lead to a contradiction by virtue of the proof 

of Lemma 4.3.1 (i).) Now, let Tmin be such that 

/leAt - III < co, Vt E [0, Tmin], 

where 
(3-0. 

co = Ilcll(wo + w"'/3) , 

w",/3 = max:{21IA-1bu/311 + IIA-1bu",ll, 21IA-1bu",11 + IIA-1bu/3II}· 

Then we conclude that for system ET with T < Tmin, when a trajectory enters 

the region fl, the time between any two consecutive switchings is longer than 

T. Indeed, we notice that Tmin < min{toc:n , tair}, and So, T < Tmin ensures 
that no early switches occur when a trajectory enters the region fl. Due to 

the possible occurrence of early switches before the trajectory enters fl, it may 

spend a time h from x'" E fl", to x/3 E fl/3 (or, from x/3 E fl/3 to x'" E fl",). 
Without loss of generality, suppose the relay switches at most one time during 

the time h. (The following verification of a contradiction is still valid if the 
relay switches more than once during the time h.) We show h > T. Otherwise, 
if h :::; T < Tmin, this will lead to a contradiction. In fact, it is seen that 

X/3 - x'" 
= (e Ah _ I)x", + (eAh - eA(h-th))A-lbul + (eA(h-th) - I)A- 1bu2 

(or, x'" - x/3 

= (e Ah _ I)x/3 + (eAh - eA(h-th))A-lbul + (eA(h-th) - I)A-1bu2) 

holds for some th E [0, h) and Ui E U, i = 1,2, with Ul i- U2. Noticing that 

ex", = a., cx/3 = (3, Ilx",11 ::; Wo and Ilx/311 ::; wo, the above yields 

(3 - a. < Ilelicowo + 2collcllllA-lbulll + collellllA-1bu211 :::; (3 - a., 

which is a contradiction. 

4.4 Global Stability of Limit Cycles 

We turn now to the global stability of x* under Assumption 2.1 and Assump

tion 2.2 (for T > ° only). Starting from any initial condition Xo E ]Rn, the 
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trajectory of x(t) will eventually enter the region D and will traverse Sa and 

Sj3 consecutively. Let the first traversing point in DOl and Dj3 be Xal and Xj31, 
respectively. Note that Xal and Xj31 are determined by Xo E jRn. For the tra
jectory of x(t) with first traversing points Xal E DOl and Xj31 E Dj3, let the 
consecutive traversing point in DOl and Dj3 be Xai and Xj3i, i = 2,3, ... , respec

tively; let the time taken for x(t) to go from Xai to Xj3i be tai, and that from 

Xj3i to Xa(iH) be tj3i. See Figures 4.1 and 4.2 for illustrations. By Lemma 4.3.1, 

it is obvious that 

{ 
t(f;.n ~ tai ~ t(faax, 

for T = 0, i = 1,2, ... 
tor ~ tj3i ~ t~ax , 

{ 
T < tai ~ tr;'aax, 

for T > 0, i = 1,2, .... 
T < tj3i ~ t'':r, 

For simplicity, let 

{ 
t(f;n, for T = 0, 

tamin = 
T, for T > 0, 

{ 
tlk,ax, for T = 0, 

tamax = 
t~X, for T > 0, 

{ 
toJn, for T = 0, 

tj3min = 
T, for T > 0, 

{ 
tmax for T = ° 013 , , 

tj3max = 
t;:;x, for T > 0. 

Now, define 

and 

Fj3(t) := (eAt - I)(x~ + A-1bua), 

fj3(t) := cFj3(t), 

Fa(t) := (eAt - I)(x~ + A-1bUj3), 

fa(t) := cFa(t), 

rl fj3(t)lt=o := lim rl fj3(t) = cAx~ + cbua > 0, t--+O 
t-1 fa(t)lt=o := lim rl fa(t) = cAx~ + cbuj3 < 0, t--+o 
rl Fj3(t)lt=o := lim t-1 Fj3(t) = Ax~ + bua, t--+O 

(4.16) 

(4.17) 

(4.18) 

(4.19) 

rl Fa (t)It=o := lim rl Fa(t) = Ax~ + bUj3. (4.20) t--+o 
Then, rl fj3(t), rl fa(t), rl Fj3(t) and t-1 Fa(t) are continuous on t. Since 

fr;t(~;~a) f. ° and fat~;~r;) f. ° for t = Ta and t = Tj3, respectively, then they 

will still be valid in some time intervals containing Ta or Tj3. We assume that 

the intervals can be extended to [tamin, tamax ] and [tj3min, tj3max], respectively, 
which is equivalent to the following. 
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Assumption 4.1 Let 

ff3(t - To,) =I- 0, "It E [tamin, t amax ], t =I- Ta , 

fa(t - Tf3) =I- 0, "It E [tf3min' tf3max], t =I- Tf3. 

( 4.21) 

(4.22) 

Recall that we need only confine the study to the region fl. So, in what 

follows, for a trajectory of x(t), without loss of generality, let t = ° correspond 
to the first traversing point Xal E fla . Since for T 2: 0, 

x(t) = eAtxal + lot eA(t-s)buf3ds 

= eAt(Xal + A-Ibuf3) - A-Ibuf3, "It E [0, T], (4.23) 

x(t) = eA(t-r)X(T) + Iot - r eA(t-r-s)buads 

= eAt(Xal + A-Ibuf3) + eA(t-r) A-Ib(ua - uf3) - A-lbua , "It E [T, tal], 

we have 

Xf31 = eAtal (Xal + A -lbUf3) + eA(tal-r) A -lb(ua - Uf3) - A -lbua . (4.25) 

Multiplying (4.24) by eA(tal-Ta) and combining with (4.25), we get 

XfJI - x'/J = eAtal(xal - x~) + (eA(tal-Ta) - I)(x'/J + A-Ibua). (4.26) 

By Assumption 4.1, noting that cx'/J = CXf31 = /3, then 

T - Atal ( *) tal - Ta tal - a - -ce Xal - Xa f ( T ) 
f3 tal - a 

(4.27) 

Since C 1 Ff3(t) is well defined for t E [tamin - T a , t amax - Ta], substituting 
(4.27) into (4.26) gives 

Similarly, from 

x~ = eATf3 (x'$ + A -lbua ) + eA(Tf3- r ) A -lb(uf3 - u a ) - A -lbuf3, 

Xa2 = eAtf3I (Xf31 + A-Ibua) + eA(tf3 l - r ) A -lb(uf3 - u a ) - A -lbuf3, 

CX~ = CXa2 = (t, 

we obtain 

(4.28) 

(4.29) 
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Xa2 - x~ (4.30) 

= eAt/3 l (x/31 - x~) + (eA(t/3l-T/3) - I)(x~ + A-Ibu,6) 

_ (I _ Fa(t,6I - T,6)C) At/3l( _ *) 
- f",(t,6I - T,6) e X,6I x,6 

= (I - Fa(t,6I - T,6)C) eAt/3l (I _ F,6(tal - Ta)c) eAtal (Xal - x~). 
fa(t,6I - T,6) f,6(tal - Ta) 

Continuing the process, we have 

Xa(i+l) - x~ 

= (I _ Fa(t,6i - T,6)C) eAt/3i (I _ F,6(tai - Ta)C) eAtai(xai - x~), 
fa(t,6i - T,6) f,6(tai - Ta) 

i = 1,2,.... (4.31) 

Thus, noting Ilxal -x~ II is bounded by 2wo, where Wo is as in (2.5) of Chapter 

2, the global stability of the limit cycle x* has been reduced to the asymptotic 

stability of a discrete-time system. That is, we have already established the 

following result. 

Theorem 4.4.1. Consider system Er and suppose Assumptions 2.1, 2.2 (for 
T > 0 only) and 4.1 hold. The limit cycle x· is globally stable if the following 
linear time-varying discrete system is asymptotically stable: 

Xi+1 = W(t,6i' tai)Xi , i = 1,2, ... 

where 

(4.32) 

W(t,6i' tai) = W(t,6i)W(tai), (4.33) 

W(tR') - (I - Fa(t,6i - T,6)C) eAt/3 i t E [t t 1 
/-'< - fa(t,6i - T,6) ,,6i ,6min, ,6max, 

W(tai) = (I - F,6~tai - Ta))c) eAtai , tai E [tamin, tamaxl. 
f,6 tai - Ta 

Viewing (4.32) as a perturbed system due to the uncertainty of tai and t,6i, 
we next solve the robust asymptotic stability problem. We use three methods 

to do this, and later in Remark 4.4.1 we compare the three methods. It is easy 

to verify from (4.20) that W(T,6,Ta) is well-defined and is given as 

(4.34) 

(4.35) 
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A. Norm constraint method 

The following result is straightforward. 

Proposition 4.4.1. If there exists a scalar e < 1 and an integer N 2:: 1 such 
that 

N 

II II W(t,Bi' tai)11 :S e, Vt,Bi E [t,Bmin, t,Bmax], tai E [tamin, tamax ], (4.36) 
i=l 

then system (4.32) is asymptotically stable. 

To reduce conservativeness, it would be better for N to be chosen large. 

However, this makes computation difficult. 

B. Quadratic stability method 

This method says that if there exists a positive definite matrix P > 0 such that 

(4.37) 

then (4.32) is asymptotically stable. To achieve this, the following is a sufficient 

condition. 

Proposition 4.4.2. If there exists a positive definite matrix P > 0 such that 

(4.38) 

and 

[ 
P WT(T,B,Ta)] 

IIW(t,B, ta) - W(T,B, Ta)11 < CTmin , 
W(T,B, Ta) p-l 

Vt,B E [t,Bmin, t,Bmax], ta E [tamin, tamax ], (4.39) 

then system (4.32) is asymptotically stable. 

Proof. If the condition holds, then 

[ 
p WT(t,B, ta)] > 0 

W(t,B, ta) p-1 

for all t,B E [t,Bmin, t,Bmax] and ta E [tamin, tamax ], which, using the Schur 

complement, is equivalent to the condition 

for all t,B E [t,Bmin, t,Bmax] and ta E [tamin, tamax ]. This implies (4.37), and 

thus system (4.32) is asymptotically stable. 
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Also, conservativeness can be reduced if we use the following result. 

Proposition 4.4.3. If there exists a positive definite matrix P > 0 and an 
integer N ~ 1 such that 

( 4.40) 

and 

Vt(3i E [t(3min, t(3max]' tai E [tamin, tamax ], i = 1,2, ... N, (4.41) 

then system (4.32) is asymptotically stable. 

Proof. The proof follows a similar line to that of Proposition 4.4.2. 

C. Parameter-dependent Lyapunov function method 

The idea of this method is to solve the robust stability problem by using 

the parameter-dependent Lyapunov function V(x) = xT P(x)x. The following 
lemma is useful for the development. 

Lemma 4.4.1. Let p(W(T(3,Ta)) < 1 and let Po satisfy p(W(T(3,Ta)) < Po < 
1. Then, 

(i) there exists 80 > 0 such that p(W(T(3, Ta) + Ll) ::; Po for allllLll1 ::; 80 ; 

(ii) there exists m > 0 such that 

II(W(T(3,Ta) + Ll)kll::; m C ~po) k, VIILlII::; 80 , Vk = 1,2, .... (4.42) 

Proof. (i) Since p(W(T(3, Ta)) < Po < 1, we have p(PolW(T(3, Ta)) < 1. It is 
known that minlzl=l (Jmin(zI - Po 1W(T(3, Ta)) is exactly the complex stability 
radius of PolW(T(3, Ta) (Mori, 1990). Therefore, if 

then 

which yields 

Hence a suitable 80 is given by 
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Po min amin(Z! - PolW(T,a, T",)). 
Izl=l 

(ii) By the Schur-Toeplitz theorem for triangularization (see Lancaster and 

Tismenetsky (1985), p.176), for each Ll E ~nxn satisfying IILlII ::; 60 , there 

exists a unitary matrix U Ll E cnxn such that 

ZLl:= Ui(W(T,a,T",) + Ll)ULl := (Zij), i,j = 1,2, .. . ,n 

is an upper triangular matrix where the diagonal entries Zii are the eigenvalues 

of W(T,a, T",) + Ll. By virtue of (i), 

IZii I ::; Po 

IZijl ::; IIZLlII = IIW(T,a, T",) + Llil ::; IIW(T,a, T",)II + 60 , for i < j. 

Let 

d = min {I, 2(n -1)(11~(~~ T",)II + (0)} > 0, 
D = diag {I, d, ... , dn - 1 }, 

ZLl = D-1 ZLlD := (Zij), i, j = 1,2, ... , n. 

Then we have 

Zll dZ12 ... d n - 1 Zln 

o Z22 .. , d n - 2 Z2n 

o 0 znn 
00 

::; Po + (1IW(T,a, T",)II + (0 )(d + ... + dn- 1 ) 

::; Po + (1IW(T,a,T",)11 + (0 )(n -l)d 

::; 0.5(1 + Po) 

<1. 

Since for M E cnxn , liD-1M Dlloo is also a matrix norm (see Lancaster and 

Tismenetsky (1985), p.359), there exists a scalar m > 0 such that IIMII < 
mIlD-IMDlloo for all M E cnxn . Therefore, 

II(W(T,a,T",) + Ll)kll = IIZ~II ::; mIIZ~lloo::; mIIZLlII~ ::; m C ~po) k 

This proves the lemma. 

The proof of Lemma 4.4.1 gives exact formulas for computing 60 and m. It 

would be better if we could obtain Po and 60 as large as they could be, and m 

as small as it could be. The next result is based on the parameter-dependent 

Lyapunov function method. 
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Proposition 4.4.4. System (4.32) is asymptotically stable, if p(W(T,B, To:)) < 
1 and 

( 4.43) 

where 

( 4.44) 

with Po, 60 and m as in Lemma 4.4.1. 

Proof. If (4.43) holds, then by Lemma 4.4.1, p(W(t,Bi' to:i)) ::; Po < 1 holds for 

all t,Bi E [t,Bmin, t,Bmax] and to:i E [to:min, to:max ]. So, for each i = 1,2, ... , we 
have that 

Pi - WT(t,Bi,to:i)PiW(t,Bi,to:i) = I 

for some Pi > O. It is known (Robbe and Sadkane, 2000) that 

00 

Pi = ~)WT (t,Bi' to:i))k (W (t,Bi' to:i))k. 
k=O 

Let the parameter-dependent Lyapunov function be V = Xr PiXi. We show 
that V(Xi+l) - V(Xi) < O. To do this, it is sufficient to show that 

Pi - WT (t,Bi' to:i)PHI W (t,Bi' to:i) = 1+ WT (t,Bi' to:i) (Pi - PHd W(t,Bi' to:i) > o. 
With some manipulation, we see that 

where 

So, 

Q = WT (t,B(H1) , to:(i+l) )Pi (W(t,B(H1) , to:(i+l)) - W (t,Bi' to:i)) 

+(W(t,B(HI), to:(i+l)) - W(t,Bi' to:i)f PiW(t,Bi' to:i). 

00 

PHI - Pi = ~)WT (t,B(i+1) , to:(i+l)) )kQ(W (t,B(i+I) , to:(HI)))k. 
k=O 

Taking into account the fact, for all i = 1,2, ... , that 
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IlFill ~ f I/(WT(t!3i' t",i))kl/I/(W(t!3i, t"'i))kl/ ~ f m C ~PO ) 2k = p, 
k=O k=O 

IIQII ~ 2(IIW(T!3, T",)II + 80 ) II Pi II II W (t!3(i+l), t"'(i+l)) - W(t!3i, t"'i) II 
~ 4(IIW(T!3,T",)1I + 80 )p8, 

we arrive at 
00 

k=O 

Hence, 1+ WT(t!3i, t"'i) (Pi - Pi+1)W(t!3i, t"'i) > 0 is satisfied. This completes 
the proof. 

Similarly to the former two methods (Propositions 4.4.1 and 4.4.3), to 

reduce conservativeness, we can use an integer N to check the condition 

p(WN (T!3, T",)) < 1 and establish a corresponding result. To save the space, we 

do not list it here. 

Remark 4.4.1. In general, method A is simple but is the most conservative one 

among the three. Method B is more conservative than method C, since it needs 

to find a single matrix P > 0 while method C uses the parameter-dependent 

Lyapunov function. However, based on our extensive simulations, it is guessed 
that if Assumptions 2.1 and 2.2 (for T > 0 only) are satisfied, either there are 
more than one limit cycle (thUS not globally stable), or the limit cycle is globally 

stable, which can be checked by Proposition 4.4.1 or 4.4.3. This is largely owing 

to the observations that W(t!3i) and W(t"'i) in (4.32) have special structures, 

e.g., 

• CW(t!3i) = CW(t"'i) == 0, Vt!3i, t",i; 

• rank (F!3c/ 113) = rank (F",c/ I",) = 1; 
• eAt -+ 0 as t -+ +00. 

These observations make our checking methods effective and we expect that 

a wide class of systems have a globally stable limit cycle. The next section 

extends the result to the case that a limit cycle makes the relay switch more 

than twice per period, and gives a simple numerical example to illustrate the 

use of the result. 

Remark 4.4.2. It is easy to see that if we let t = 0 correspond to the first 

traversing point X!31 E il!3, similar analysis leads to a parallel result to Theorem 

4.4.1. That is, under Assumptions 2.1, 2.2 (for T > 0 only) and 4.1, the limit 

cycle x* is globally stable, if the following system is asymptotically stable. 
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(4.45) 

( 4.46) 

and W(tai) and W(t{3i) are as in Theorem 4.4.1. Accordingly, sufficient results 
analogous to Propositions 4.4.1-4.4.3 can be established. 

So far in this section we have studied the global stability problem for system 

E r . The limit cycle considered may not be symmetric. Because time-delay 

systems are of considerable interest from an engineering point of view (most 

industrial processes have time delay), the method presented in this section gives 

a unified approach for both 1" = 0 and 1" > O. For delay-free systems (1" = 0) of 

the form Er with (3 = -0: and U a = -U{3 = 1, Goncalves et al. (2001) studies 

the global stability problem for symmetric limit cycles with two switchings per 

period. The method involves finding a single matrix P > 0 for the so-called 

surface Lyapunov function of Poincare maps, which is related to method B in 

this section. Also, some other techniques (e.g. S-procedure) are used to reduce 

the conservativeness. 

4.5 Extensions 

In the preceding section, the limit cycle is assumed to be of two switchings 
per period. This section studies the global stability of a limit cycle with more 

than two switchings per period, and shows that the corresponding results can 

be obtained similarly. Let the limit cycle, still denoted by x*, make the relay 

switch 2q times per period, where q is a positive integer. The limit cycle x* 
is transversal to Sa and S{3 at the traversing points x~i E Sa and X~i E S{3, 
i = 1,2, ... ,q, respectively. The period of x* is 'Li=l (Tai + T{3i) where Tai > 0 
(resp. T{3i > 0) is the time taken for the trajectory of the limit cycle to go from 

x~i to X~i (resp. from x~i to x~(i+l))· 
It is seen that Tal E [tamin, tamaxl and T{31 E [t{3min, t{3max]' 1 = 1,2, ... ,q, 

where tamin, tamax , t{3min and t{3max are given by (4.18). As in Section 4.4, for 

1 = 1,2, ... ,q, define 

F{3I(t) := (eAt - I)(X~1 + A-1bua), 

i{3l(t) := CF{3I(t), 

Fal(t) := (eAt - I) (X:l + A-1bU(3), 

ial(t) := cFal(t), (4.47) 
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and 

rl ft31(t)lt=0 := lim t-I ft31(t) = CAX;1 + cbua > 0, 
t--+O 

rl fal(t)lt=o := lim rl fal(t) = CAX~1 + cbut3 < 0, 
t--+o 

t- I Ft31 (t)lt=0 := lim rl Ft31(t) = AX;1 + bua, 
t--+O 

rl Fal(t)lt=o := lim rl Fal(t) = AX~1 + bUt3. 
t--+O 

( 4.48) 

Then, rl ft31(t), t-I fal(t), rl Ft31(t) and rl Fal(t) are continuous on t. Since 
f(3l(t-T"tl -I- 0 and f"l(t-T(3tl -I- 0 hold for t = T I and t = TRI respectively 

t-T"l r t-T{31 r a I-' , , 

then they will still be valid for some time intervals containing Tal or Tt31. We 

assume that the intervals can be extended to [tamin, tamaxl and [tt3min, tt3maxl. 

Assumption 4.2 Let, for alII = 1,2, ... , q, 

ft31(t - Tal) I- 0, Vt E [tamin' tamax ], t I- Tal, 

fal(t- Tt31) 1-0, VtE [tt3min, tt3max], tI-Tt31. 

The main result in this section is as follows. 

(4.49) 

(4.50) 

Theorem 4.5.1. Consider system Er and suppose Assumptions 2.1, 2.2 (for 

T > 0 only) and 4.2 hold. The limit cycle x* is globally stable if for some 
k = 1,2, ... , 2q, the following linear parameter-varying discrete system is 
asymptotically stable. 

~ ~ 

Xi+1 = Wi,kXi, i = 1,2, ... (4.51) 

where 

(4.52) 

= W(ti,k)W(ti,k-d··· W(ti,dW(ti,2q)W(ti,2q-d ... W(ti,k+1) 

and 

W(t',21-1) = (I - Ft31(ti,21-I - Tal)C) eAti ,21-1, t [t t 1 . f ( T ) i,21-I E amin, amax, t31 ti,21-I - al 

W(to,21) = (I - Fal (ti,21 - Tt31)C) eAti ,21, t [t t 1 
• fal(ti,21 - Tt31) i,21 E t3min, t3max, 

1=1,2, ... ,q. (4.53) 

Proof. The proof is similar to the process for attaining Theorem 4.4.1 or the 

result in Remark 4.4.2, and thus is omitted here. 

For simplicity, let 
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{
Tal, if k = 2l - 1, 

Tk = 
Tj3I, if k = 2l, 

k = 1,2, ... ,2q, l = 1,2, ... ,q. (4.54) 

Then, W(Tk' Tk- 1 , .•• , T1 , T2q , T2q - 1 , ... , Tk+d is well-defined and is given as 

W(Tk' Tk-l,· .. , T1 ,T2q , T2q - 1 , .•. , Tk+d 

= Wk Wk-l ... W 1 W 2q W 2q - 1 ... W kH 

where 

W 21-1 = I - e al ( (Ax~l + bUa)c) AT 

c(Ax~1 + bua ) , 

W - (I _ (Ax~l + bUj3)C) ATl'll 
21 - ( ) e ,l = 1,2, ... ,q. 

C AX~1 + bUj3 

If 

( 4.55) 

(4.56) 

(4.57) 

holds for some integer N 2: 1, then sufficient conditions for solving the asymp

totic stability of system (4.51) can be obtained analogous to Propositions 4.4.1-

4.4.4. 

Remark 4.5.1. In Theorems 4.4.1 and 4.5.1, it is obvious that the sufficient 

conditions which guarantee the asymptotic stability of system (4.32) or (4.51) 

also imply uniqueness of the limit cycle x*. 

So far, we have established sufficient conditions, in Sections 4.4 and 4.5, 

for the global stability of a limit cycle. In practice, from our experience and 

extensive simulations, we notice that many relay feedback systems of the form 

Er have limit cycles. A rough explanation for the global convergence to a limit 

cycle is addressed below. The condition (4.57) ensures the local stability of a 

limit cycle. (This is related to the local stability of x*, which can be verified 

using a similar method to that in Chapter 3.) If the limit cycle is unique, under 

Assumptions 2.1 and 2.2, the system trajectories will enter the region il, and 

after some switchings, they will tend to x* under additional constraints. 

The following gives a simple numerical example to illustrate the use of the 

global stability result. 

Example 4.5.1. Consider Example 4.2.1 with A, band c being unchanged and 

U a = 3, uj3 = -1, 0: = ° and f3 = 1. It is easy to check that for T = 0, this 

system does not have a solution for all t > 0. However, for any T > 0, given 

any initial condition Xo E ]R2, there is a solution x(t) (indeed unique) for all 
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u(t) 

3 

2 

0 

-1 

0 5 15 

x(t) 

2.5 

2 

1.5 

0.5 

0 

-0.5 

-1 
0 

Fig. 4.3. The control u(t) and the trajectory of x(t) = [Xl(t) X2(t)]T starting from 
[2 l]T for Example 4.5.1 (Xl(t) solid, X2(t) dashed) 

t > 0. Also, we check that for any T > 0, there is a limit cycle of the form in 
Section 4.4. Figure 4.3 shows the trajectory starting from [2 IV for T = 1. 

Now, we check the global stability of a limit cycle x* corresponding to a 
given T > 0. The validity of Assumptions 2.1 and 2.2 can easily be checked. 

The invariant region n in (2.2) is computed to be n = {~ E ]R2: II~II:S 3V2}, 
and so Wo = 3V2. We further compute that w~ax = 4~ and w::lx = 100 

from (4.7); tarnax = t:::x = T+4V2 and t{3rnax = t::r = T+lOV2 from (4.13) 

and (4.18). Letting x~ = [0:1 0:2]T and x~ = [,81 ,82 V , we see from cx~ = 0: 

and cx~ =,8 that 0:1 = ° and,81 = 1. The above gives that fa(t) = -!f{3(t) = 

e-t - 1 "# ° for all t "# 0, i.e., Assumption 4.1 is satisfied. 

By using Theorem 4.4.1, to verify the global stability of the limit cycle, 

it is sufficient to check the asymptotic stability of the system (4.32), where 

W(t{3i' tai) is computed to be 

W(t{3i' tai) = e-(tO<i+t{3') [ ° 0] 
~(,82 - 3) 1 

(4.58) 
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It is easy to check (from Proposition 4.4.1 or 4.4.3) that such a system is 
asymptotically stable. This concludes that the system in Example 4.5.1 with 

any T > 0 has a unique globally stable limit cycle. 
If we use system (4.45) in Remark 4.4.2 to check the global stability of the 

limit cycle, we have 

W(tai' t{3i) = e-(tai+t{3i) [ 0 0] 
-(t2 - 11 

(4.59) 

This gives the same conclusion. 

4.6 Existence of Globally Stable Limit Cycles 

In Sections 4.4 and 4.5, the given global stability results serve a wide class of 

relay feedback systems well. Indeed under our assumptions, it is hard to find a 

numerical example which conflicts with the global stability condition. This also 

implies that a wide class of systems has a unique globally stable limit cycle. 

We can thus have the following conjecture: 

Conjecture: Suppose Assumptions 2.1 and 2.2 hold. If there is a unique limit 

cycle for system Er , then the limit cycle is globally stable. 

It is known that the uniqueness of a limit cycle is necessary for its global 

stability. However, how to check the uniqueness of a limit cycle is difficult. The 

available method is to compute the period of a possible limit cycle through 
numerical procedures, and then confirm that only one corresponds to a limit 

cycle. Having obtained the period, the traversing points are computed straight

forwardly. With this information, we are able to check the global stability of 

the limit cycle. Thus, how to determine that there does exist a globally stable 

limit cycle without assuming the existence of a limit cycle deserves study. This 

section deals with this problem. 

4.6.1 Preliminaries 

We introduce some concepts and prepare some lemmas in this subsection. 

Definition 4.6.1. Let (M,d) be a metric space and Dc M be a subset of M. 
A continuous mapping T: D -+ M is said to be a contraction mapping if there 

exists a constant k E (0,1) such that 

d(T(x), T(y)) ::; kd(x, y), 't/x, y E M. (4.60) 
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The following is a famous result regarding the unique fixed-point. For its 
proof, refer to Farkas (1994), Khamsi and Kirk (2001) and Smart (1974). 

Lemma 4.6.1. (Banach's Contraction Mapping Principle) Let T: D -+ M 

be a contraction mapping defined on the closed subset D C M of the Banach 

space M. IfT(D) <;;;; D, then T has a unique fixed-point xo, and for each xED, 

limn-too Tn(x) = Xo. 

The above contraction mapping principle has the following extension. 

Corollary 4.6.1. Let T: D -+ D be a mapping defined on the closed subset 

D C M of the Banach space M. If TN is a contraction mapping for some 

positive integer N, then T has a unique fixed-point. 

Proof. By Lemma 4.6.1, TN has a unique fixed-point Xo. Hence 

(4.61) 

which implies that T(xo) is also a fixed-point of TN. By uniqueness, it must 

hold that T(xo) = Xo. This shows Xo is a fixed-point of T. 

On the other hand, if T(yo) = Yo, then TN (Yo) = Yo. This, again by unique
ness, gives Yo = xo, proving that Xo is the unique fixed-point of T. 

4.6.2 Sufficient Conditions 

It is known that under Assumptions 2.1 and 2.2 (for T > 0 only), any trajectory 
of system Er will eventually enter the region fl. Moreover, for any trajectory in 

this invariant region, the time between any two successive traversing instants 

is within the interval [tamin, tamaxl (or [t,6min, t,6max])' 
Let us consider two trajectories ~(t) and 1}(t) for system Er . In the region fl, 

let certain traversing points in fla be ~al and 1}al, respectively, and the succes

sive traversing points in fl,6 be ~,61 and 1},61, respectively. Let the consecutive 

traversing points in fla and fl,6 be ~ai' 1}ai and ~,6i' 1},6i, i = 2,3, ... , respec
tively. Denote the time taken for ~(t) (resp. 1}(t)) to go from ~ai (resp. 1}ai) to 

~,6i (resp. 1},6i) be teai (resp. t1)ai), and that from ~,6i (resp. 1},6i) to ~a(i+l) (resp. 

~a(i+l)) be te,6i (resp. t1),6i)' We now compare the distance between 1}a2 - ~a2 

and 1}al - ~al' Since 

~,61 = eAteal(~al + A-1bu,6) + eA(teal-r)A-lb(ua - u,6) - A-1bua , (4.62) 

1},61 = eAt"al(1}al + A-1bu,6) + eA(t"al-r)A-1b(ua - u,6) - A-1bua , (4.63) 

multiplying (4.62) by eA(t"al-taad and combining with (4.63), we get 
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To proceed, we assume the following. 

Assumption 4.3 In the region n, any system trajectory is transversal to na 
and n(3 at each of its traversing points. 

Define 

F(x(3, t) := (eAt - I)(X(3 + A-lbua), 

f(x(3, t) := cF(X(3, t), 

F(xa, t) := (eAt - J)(Xa + A-l bU(3), 

f(xa , t) := cF(xa, t). 

Under Assumption 4.3, we see that for i = 1,2, ... , 

c l f('(3i, t)lt=o := lim C l f('(3i, t) = CA'(3i + cbua > 0, 
t-tO 

C l f('ai, t)lt=o := lim C l f('ai, t) = CA'ai + cbu/3 < 0, 
t-tO 

C l F('/3i, t)lt=o := lim C l F('/3i, t) = A'/3i + bUa, 
t-tO 

C l F('ai, t)lt=o := lim C l F('ai, t) = A'ai + bU/3, 
t-tO 

(4.65) 

(4.66) 

and similar arguments apply with respect to 1](t). Then, C l f('/3i, t), t- l f('ai, t), 
C l F('/3i, t), t- l F('/3i, t), C l f(1]/3i' t), C l f(1]ai, t), C l F(1]/3i, t) and t- l F(1]/3i, t) 
are continuous on t. Since C l f('/3i, t) i- 0, C l f('ai, t) i- 0, C l f(1]/3i, t) i- ° 
and C l f(1]ai, t) i- ° hold for t = 0, then they will still be valid for some 
intervals containing t = O. We assume that the intervals can be extended to 

[tamin - tamax , tamax - tamin] and [t/3min - t/3max, t/3max - t/3minJ. 

Assumption 4.4 For Xa E na and X/3 E n/3, let 

f(x/3, t) i- 0, Vt E [tam in - tamax , tamax - tamin], t i- 0, 

f(xa, t) i- 0, Vt E [t/3min - t/3max, t/3max - t/3min], t i- 0. 

Under Assumption 4.4, noting ~/3l = C1]/3l = /3, (4.64) gives 

_ At",,! ( C) t."al - teal 
t."al - teal - -ce 1]al - <"al f(C ) . 

<"/31, t."al - teal 

(4.67) 

(4.68) 

(4.69) 

Since C l F('/3l, t) is well defined for t E [tamin - tamax , tamax - tamin], sub
stituting (4.69) into (4.64) gives 



80 4. Global Stability of Limit Cycles 

Similarly, from 

~a2 = eAt~fil (~,B1 + A-1bua) + eA(tefi l - T ) A-1b(u,B - ua) - A-1bu,B, 

'T]a2 = eAt"fil ('T],B1 + A -lbua) + eA(t"fi l - T ) A -lb(u,B - ua) - A -lbu,B, 

C~a2 = C'T]a2 = n, 

we obtain 

'T]a2 - ~a2 

= eAt"fil ('T],B1 - ~,Bd + (eA(t"fil-tefi l ) - I)(~a2 + A-1bu,B) 

( I - F(~a2' tT/,B1 - t~,Bdc) eAt"fil ('T],B1 - ~,Bd 
f(~a2' tT/,B1 - t~,Bd 

( I _ F(~a2' tT/,B1 - t~,Bdc) eAt"fil . 
f(~a2' tT/,B1 - t~,Bd 

(I _ F(~,B1' tT/a1 - t~(1)c) At""" ( _ (: ) 
e 'T]a1 <"a1. f (!;,{3l' tT/al - t~al) 

(4.71) 

(4.72) 

The above equation shows the relationship between 'T]a2 - ~a2 and 'T]a1 - ~a1' 

So far, we have established the following result. 

Theorem 4.6.1. Suppose Assumptions 2.1, 2.2 (for T > 0 only), 4·3 and 4.4 
hold. If there exists a constant k E (0,1) such that 

II ( I - F(xa, t2 - t22 )C) eAt2 (I _ F(x,B, h - tu)c) eAt I II < k 
f(xa , t2 - t22) f(x,B, h - tu) - , 

v X,B E D,B, Xa E Da, 

V h, tu E [tamin, tamax ], t2, t22 E [t,Bmin, t,Bmax], 

then there is a globally stable limit cycle for system E T • 

(4.73) 

Proof. View Da as a closed subset of the Banach space IRn where the norm is 

defined as the spectral norm II· II. For an arbitrary traversing point Xa E Da, 
define the image T(xa) of the mapping T as the successive traversing point in 

Da. For the arbitrary trajectories of ~(t) and 'T](t), let two specific traversing 

points in Da be 'T]a1, ~a1' From the above analysis, the successive traversing 

points 'T]a2,~a2 E Da are related by (4.72). In view of (4.73), we see that 
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which, by using Lemma 4.6.1, suggests that there is a fixed-point, say Xo E fleo 

of T. This implies that there is a trajectory which traverses fla at Xo and still 
traverses it next time. Hence, the theorem is proved. 

Using Corollary 4.6.1, the following result is straightforward. 

Corollary 4.6.2. Suppose Assumptions 2.1, 2.2 (for T > 0 only), 4.3 and 4.4 
hold. If there exist a positive integer N and a constant k E (0,1) such that 

11
ft (1 - F(X"'i.' t2i. - t 2i.'2i)C) eAt2i (1 _ F(X(3I' tU-1 - t2i-1,2i.-dc ) eAt2i-lll-:::: k, 
i=l I (x"" , t2, - t2,,2,) l(x(3" t2,-1 - t2,-1,2,-d 

V Xj3i E flj3, Xai E fla, (4.74) 

V t2i-l, t2i-l,2i-l E [tamin, t amax ], t2i, t2i,2i E [tj3min, tj3max], 

then there is a globally stable limit cycle for system E r . 

Indeed, the given result can be slightly generalized. To do this, we first 

introduce the concept of contractive mapping. 

Definition 4.6.2. A continuous mapping T: M -+ M is said to be contractive 

if 

d(T(x),T(y)) < d(x,y), Vx,y E M. (4.75) 

The following result is proved in Khamsi and Kirk (2001). 

Lemma 4.6.2. Let (M, d) be a complete metric space and Dc M be a compact 
subset. If T: D -+ D is a contractive mapping, then T has a unique fixed-point 

xo, and for each xED, limn-too Tn(x) = Xo. 

Using Lemma 4.6.2, the following is a direct corollary which is a slight 

generalization of Corollary 4.6.2. 

Corollary 4.6.3. Suppose Assumptions 2.1, 2.2 (for T > 0 only), 4·3 and 4.4 
hold. If there exists a positive integer N such that 

11
ft (1 - F(X"'i.' t2i. -=- t2i.'2i)C) eAt2i (1 _ F(X(3i.' t 2i.-1 - b.-1,2i.-dc ) eAt2i-lll < 1, 
i=l I(x"", t2, t2,,2,) l(x(3" t2,-1 - t2,-1,2,-d 

V Xj3i E flj3, Xai E fla, (4.76) 

V t2i-l, t2i-l,2i-l E [tamin, t amax ], t2i, t2i,2i E [tj3min, tj3max], 

then there is a globally stable limit cycle for system Er . 
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Until now, the above analysis and results are with respect to the traversing 
points in nO'.. Analogous results can easily be established if consideration is 

restricted to traversing points in nj3. We list one below which is analogous to 

Corollary 4.6.3. 

Corollary 4.6.4. Suppose Assumptions 2.1, 2.2 (for T > 0 only), 4·3 and 4.4 
hold. If there exists a positive integer N such that 

lin (1 - F(X{3i, t2i - t 2i ,2i)C) eAt2i (1 _ F(Xai, t2i-l - t2i-l,2i-l)C) eAt2i-lll < 1, 
i=l f(X{3i, t2i - t2i,2d f(Xai, t2i-l - t2i-l,2i-d 

V Xj3i E nj3, XO'.i E nO'., (4.77) 

v tU-l, t2i-l,2i-l E [tj3min, tj3max], t2i, t2i,2i E [to'.min, t o'.max ], 

then there is a globally stable limit cycle for system E r . 

Remark 4.6.1. If we already know that there is a globally stable limit cycle 

for system Er , then the location of the limit cycle can be specified through 

the limit points of all traversing points of a trajectory in nO'. and nj3. These 

limit points are exactly the traversing points of the limit cycle. The limit cycle 

period can then be computed using the information of these limit points. 

Finally, let us re-examine Example 4.5.1 with T > O. The validity of As
sumptions 2.1 and 2.2 has been checked. Similar to the checking of Assumption 

4.1, we have that f(x O'. , t) = -~f(xj3, t) = e-t - 1 =P 0 for all t =P 0, i.e., As
sumption 4.4 is satisfied. Since T > 0, at any intersecting point xj3 satisfying 

cxj3 = f3 = 1, we get Yj3 = c(Axj3 +buO'. ) = 2. Similarly, at any intersecting point 

XO'. satisfying CXO'. = a = 0, we have YO'. = c(AxO'. + bUj3) = -1. This verifies 

Assumption 4.3. Next, we use Corollary 4.6.3 to check whether or not there is 

a globally stable limit cycle. 

For 

and 

where to'.min = tj3min = T, to'.max = T + 4V2 and tj3max = T + 10V2 (already 
computed in Example 4.5.1), we compute that 

(I _ F(XO'.i' t2i - t2i ,2i)C) eAt2i (I _ F(Xj3i' t2i-l - t 2i - 1,2i-dc ) eAt2i-l 

f(xO'.i, t2i - t2i,2i) f(xj3i, t2i-l - t2i-l,2i-l) 

= e-(t2i-l+t2i) [ 0 0] 
~ (X2j3i - 3) 1 
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Since X2f3i is bounded by Wo = 3V2, we see that there exists a positive integer 
N such that the condition in Corollary 4.6.3 holds. This concludes that the 

system in Example 4.5.1 with any T > 0 has a globally stable limit cycle. 

If we use Corollary 4.6.4 to check whether or not there is a globally stable 
limit cycle, we have 

(I _ F(Xf3i' t2i - t 2i ,2i)C) eAt2i (I _ F(Xai' t2i-l - t 2i - 1,2i-dC) eAt2i-l 

f(Xf3i, b - t2i,2i) f(Xai, t2i-l - t2i-l,2i-d 

= e-(t2i-l +t2i) [ 0 0] 
-X2ai - 11 

where t2i-l, t2i-l,2i-l E [tf3min, tf3max], t2i, t2i,2i E [tamin, t amax ]. This gives 
the same conclusion. 



Part II 

Process Identification from Relay Feed back Test 



Introd uction to Part II 

Among the many applications of relay feedback is process identification, pi

oneered by Astrom and Writtenmark (1984). Identifying an unknown system 
from some test on it has been an active area of research for several decades, 

involves many engineering and science disciplines, and is a broad topic itself. 

Very interesting features of the relay test are that it is a closed-loop test which 

keeps the process variable under control and is usually preferred to an open-loop 
test, and that a linear stable process with relay feedback is likely to automat

ically reach a sustained stationary oscillation, a limit cycle. Furthermore, the 

relay feedback technique does not require prior information about the system 
time constants to ensure a careful choice of the sampling period. The choice of 

the sampling period has always been a tricky problem for traditional param
eter estimation techniques. If the sampling interval is too long, the dynamics 

of the process will not be adequately captured in the data and the accuracy 

of the model subsequently obtained will be poor as a consequence. While a 
conservative safety-first approach to this decision may be to select the smallest 
sampling period supported by the data acquisition equipment, this would result 
in too much data collection with inconsequential information. Corrective action 

requires data decimation in the post-treatment phase, which for real-time pa
rameter estimation may not be tolerable. Spared from these cumbersome and 
difficult decisions, the relay feedback method is therefore an attractive method 

for process identification. 

From the amplitude and period of the oscillatory waveforms, information 

about the process critical point can easily be acquired. The Ziegler-Nichols

like rules may be used to tune simple controllers such as PID. Relay-based 

auto-tuning methods have been integrated into commercial controllers and are 

successful in many process control applications (Hagglund and Astrom, 1991; 

Astrom et al., 1993; Astrom and Hagglund, 1995). Years of industrial practice 
have shown that the main problems with current relay auto-tuning technology 

are: (i) Due to the adoption of a describing function approximation, estima

tion of the critical point is not accurate and could be fairly inaccurate under 
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some circumstance (Slotine and Li, 1991; Huang and Chen, 1996). (ii) Only 
crude PID controller settings can be obtained with this single point identified 

and the resulting performance may deteriorate for, say, oscillatory processes or 

processes with a long dead time. 

Several modified relay feedback identification methods have been reported 

(Li et at., 1991; Leva, 1993; Palmor et at., 1993; Palmor and Blau, 1994; Palmor 

et at., 1995a; Tan et at., 1999; Yu, 1999). To identify two or more points on the 

process frequency response, additional linear components (or varying hysteresis 

width) have to be introduced and additional relay tests have to be performed. 

These methods are time consuming and the resulting estimation is still ap

proximate in nature since these methods make repeated use of the standard 

method. Consequently, it is important to develop techniques for identifying 

multiple and accurate points on the process frequency response from a single 

relay test, which is necessary for the enhancement of PID control performance 

and for auto-tuning advanced controllers. 

In our work (Wang et at., 1997b; Wang et at., 1997 c; Bi et at., 1997; Bi 

et at., 1999; Wang et at., 1999a; Wang et at., 1999b; Wang et at., 1999c; Bi et 

at., 2000; Wang and Zhang, 2000; Wang et at., 2000a; Wang et at., 200lb; Wang 

et at., 200ld; Wang and Zhang, 2001a; Wang and Zhang, 200lb) to be included 

in this part, we improve relay identification in two directions: one is to modify 
the standard relay so as to have better excitation of the process at a number of 

important frequencies; the other is to devise new algorithms which make better 

use of the available information contained in the relay response. In the first cat

egory, biased, parasite and cascade relays are designed. In the second category, 

in addition to the steady-state response, the relay transient response, which 

has not been used by others, is employed with appropriate application of the 

fast Fourier transform. Improved identification is thus achieved. Other issues 

such as closed-loop testing, multivariable process identification and conversion 

from frequency response to transfer function are also addressed. 



5. Relay Feedback and its Variations 

Suppose that a relay feedback system is stable and eventually yields limit cy

cles. The information contained in the limit cycles can be used for process 

frequency response estimation, as pioneered by Astrom and co-workers. Fun

damentals are first provided in Section 5.1, followed by their refinements in 

the subsequent sections, which expand applicability to more scenarios. Note 

that in this chapter, only stationery oscillations are used for process identifica

tion while the following chapter involves relay transient response. This chapter 

focuses on non-parametric models while Chapter 7 addresses conversion from 

frequency responses to transfer function models. 

5.1 Fundamentals 

Consider a single-input single-output process described by 

x(t) = Ax(t) + bu(t - L), 

y(t) = cx(t), (5.1) 

where x(t) E m.n , y(t) Em. and u(t - T) Em. are the state, output and control 
input, respectively; A, b, c are constant real matrices or vectors with appropriate 
dimensions; L 2 0 indicates the time delay. More often, we will use the transfer 
function representation of the process: 

Y(s) = G(s)U(s), (5.2) 

where 

G(s) = Go(s)e- Ls , 

with Go(s) = c(sI - A)-lb being a strictly proper rational function. Let r(t) 
be the reference or the set-point for the process output y(t) to track. The error 
between them is 

e(t) = r(t) -y(t). (5.3) 
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Assume that the process is controlled by relay feedback: 

{ 
f.1.+, if e(t) > e+, or e(t) 2: c- and u(L) = f.1.+, 

u(t) = 
f.1.-, if e(t) < c-, or e(t) :S e+ and u(L) = f.1.-, 

(5.4) 

where e+, e_ E lR with c- :S e+ indicating hysteresis; f.1.-, f.1.+ E lR and f.1.- -j:. f.1.+. 

For easy reference, the relay function in (5.4), which maps e(t) to u(t), is 

denoted by p( f+, C, f.1.+, f.1.- ). Its functionality is shown in Figure 5.1. A relay 

is said to have hysteresis if e+ -j:. 0 or e_ -j:. 0; and to be symmetric if e+ = e, 

e_ = -e, and f.1.+ = f.1., f.1.- = -f.1., denoted by pee, f.1.); otherwise, it is called 
a biased relay. The standard relay corresponds to a symmetric relay with no 

hysteresis and is denoted by p(f.1.). 

'1\ U 

J.l+ 

V 

1[\ 
e ...... .... 

£ £+ -

J.l-

Fig. 5.1. General relay function p(c+, c_, /1+, J.t-) 

Due to time delay L 2: 0, we have to specify the initial function u(l) for 

l E [-L, 0]. The most natural one, which is also used in practice, is 

{
f.1.+' 

u(l) == f.1.-, if e(O) < c-, 

Uo E U, if c- :S e(O) :S e+, 

if e(O) > e+, 

(5.5) 

where 

(5.6) 

This completes the description of a linear process with relay feedback control. 

We call (5.1)-(5.6) a relay feedback system (abbreviated as RFS), denote 

it by E L , and depict it in Figure 5.2. Experience shows that a RFS is likely 
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to have limit cycle oscillations as its steady state. Readers are referred to Part 

I of this book for a detailed analysis of the existence and stability of limit 

cycles in RFS and to the next section for the simple case of first-order systems 

to get a rough idea on them. In relay feedback experiments for analysis and 

identification, the set-point r is always kept unchanged, and we thus assume 

r(t) = 0 throughout this chapter. Assume that a limit cycle results from a 

RFS. Our task for this chapter is to extract the process dynamic information 

from such a limit cycle. We will start with the simplest method, the describing 

function approximation. 

~ Relay u Process 
y 

-

Fig. 5.2. Relay feedback system 

Describing Function Method The describing function method approxi
mates the relay with an "equivalent" linear time-invariant system. To this end, 

the input to the relay is assumed to be sinusoidal: 

e(t) = asinwt, 

and the resulting signals in the overall system are analyzed. Consider first the 

standard relay case. Then, the relay output u(t) in response to e(t) would be a 

square wave having a frequency wand an amplitude equal to the relay output 

level /1. Using Fourier's series expansion, the periodic u(t) can be written as 

( ) _ 4/1 ~ sin(2k - l)wt 
ut- L...J . 

7r 2k - 1 
k=l 

The describing function (DF) of the relay, N(a), is simply the complex ratio of 

the fundamental component of u(t) to the input sinusoid, i.e. 

N(a) = 4/1. 
7ra 
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One sees that the DF analysis ignores harmonics beyond the fundamental com
ponent. The residual f2 is the entire sinusoidally-forced relay output minus the 

fundamental component, i.e. the part of the output that is ignored in the DF 

development, 

f2 = 4/1 ~ sin(2k - l)wt. 
7r ~ 2k-1 

k=2 

In the DF analysis of the relay feedback system, the relay is replaced with its 

quasi-linear equivalent DF, and a self-sustained oscillation of amplitude a and 

frequency We is assumed. Then, for the process with the transfer function G(s), 
it follows from Figure 5.2 that the variables in the loop satisfy the following 

relations, 

E= -Y, 

U = N(a)E, 

Y = G(jwe)U. 

This implies 

G(.) 1 7ra 
JWe = - N(a) = - 4p,' (5.7) 

which gives an estimation of the process frequency response at one frequency, 
the RFS oscillation frequency. 

The above DF analysis assumes that the Nyquist curve of G(jw) intersects 

with the real axis at - Neal at we in the complex plane. Recall that the inter
section point of a process Nyquist curve with the real axis is called the critical 
point of the process and defines the critical or ultimate frequency, Wu , of the 

process, for which 

arg{G(jwu)} = -7r. (5.8) 

We can thus estimate the ultimate frequency and ultimate gain ku by 

and 

k.- 1 
u .- IG(jwu)1 

1 
7ra 

For experiment design, the standard relay has only one parameter to tune, 

the relay output amplitude p,. Large /1 will cause strong excitation of the process 
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and thus better identification. On the other hand, a large signal will make the 

process output deviate further from its set-point, which is not desirable. The 

choice of /t is thus a trade-off between identification and control performance, 

as always in any identification problem, and much depends on measurement 
noise in the process output. If permissible, the relay output level should be 

adjusted such that the oscillation amplitude of the process output is about 

three times as large as its noise band. If the adjustment is not possible for a 

limited testing time, /t may be set to 3-10 % of the maximum range of the 

manipulated variable. 

For preservation of regular relay switchings and estimating robustness 

against noise, it may be advantageous to replace a standard relay by a symmet

ric relay with suitable hysteresis so that the resultant system is less sensitive to 

measurement noise. The describing function of a (symmetric) hysteretic relay, 

peE, It), is 

The process frequency response, like the standard relay case, is estimated as 

the inverse negative describing function of the new relay 

G(jwc) = __ 1_ = _~ (Ja2 - E2 + jE). 
N(a) 4/t 

In this case, the oscillation corresponds to the point where the negative inverse 
describing function of the relay crosses the Nyquist curve of the process as 
shown in Figure 5.3. 

Noise is always present in output measurements and a big concern for pro

cess identification since it uses noisy data from measurements. As mentioned, 

hysteresis in the relay is a simple way to reduce the influence of measurement 
noise. Before a relay test is performed, the noise bank in the process output 

measurements can be estimated using simple statistics. The hysteresis width, 

E, should be greater than the noise band to avoid wrong switchings in the relay 

output and is usually chosen to be twice the noise band (Hang et al., 1993b) so 

that reliable stationery oscillations can be produced, maintained and observed 

easily. Filtering is another possible anti-noise measure (Astrom and Written

mark, 1984). Note that noise is usually of high frequency while most processes 

are of low-pass nature. A low-pass filter may be employed to pre-process noisy 

output and the pre-processed data are then used for model estimation. The 

filter bandwidth is usually set to be 3-5 times higher than the process criti

cal frequency. Yet another anti-noise measure is to utilize multiple periods of 
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limit cycles instead of a single period so as to filter out noise by the averaging 

method. A detailed and quantified analysis of this is given in Section 5.3, where 

the disturbance issue is also addressed. 

1m 
Re 

a 

Fig. 5.3. Negative inverse describing function of hysteretic relay 

Fourier Series Method The oscillation waveform of the relay input signal 

e(t) under a RFS is usually not precisely sinusoidal as assumed in the DF 
analysis above, which will thus cause estimation error. The error increases as 

the waveform differs from the sinusoidal function. For a linear process, this 

error can easily be removed by extracting the fundamental harmonics of both 

input and output of the linear process G(s) using the Fourier series method. 

The resulting formula for estimating the process frequency response at the 
oscillation frequency is 

G( ' ) _ Y(jwc) _ IIPeriod y(t)e-jwctdt 
JWc - - f ' U(jwc) Iperiod u(t)e-jwctdt 

(5.9) 

where y(t) and u(t) are one period of the process output and input stationery 

oscillations, respectively. This formula holds for a general relay and is precise 

if the system does not have any noise or disturbance. 

Static Gain Estimation If the relay used is symmetric, the resulting 

limit cycles will also be symmetric. No DC components are contained in such 

oscillations. This enables one-point estimation only, as shown above. To further 

estimate the DC gain or static gain of the process, we may introduce a bias, 

either in the relay input (E+ =I c), or relay output (J.L+ =I J.L-), or both, so 

as to create an asymmetric relay and asymmetric limit cycles in the process 
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output. If this is the case, the static gain can be obtained using the Fourier 

series expansion again as 

G(O) = YeO) = flPeriOd y(t)dt. 
U(O) flPeriOd u(t)dt 

(5.10) 

5.2 First-order Modelling 

First-order plus dead time (FOPDT) transfer functions are often used in process 

modelling and control because of its simplicity although actual processes could 

be of high order. In general, relay feedback systems are a hard problem for 

theoretical analysis, see Part I of this book. For FOPDT processes, however, we 

are able to establish the complete results. They are presented in this section and 

give some idea of the existence of solutions, the existence of limit cycles, and the 

stability of limit cycles for relay feedback systems, without much mathematics. 

They also provide some feeling and insight into what will happen to relay 

feedback systems. The information on limit cycles is adequate to determine 

the FOPDT model and this is also covered in this section, after relay feedback 

theory. 

Relay Feedback Theory Let the process be represented by the first-order 

plus dead time transfer function, 

K G(s) = __ e-Ls , 
TS + 1 

or in terms of a state space model, 

x(t) = ax(t) + bu(t - L), 

yet) = cx(t), 

where for a non-integral process with T ¥- 00, we have 

(5.11) 

(5.12) 

1 K 
a = --, cb = -, (5.13) 

T T 

while for an integral process with T = 00, (5.11) reduces to G(s) = ~e-Ls so 

that 

a = 0, cb = K,. (5.14) 

Suppose that the process is under general relay feedback control as described 

by (5.4). Since ret) = 0, the relay is given by 

{ 
IL, if yet) > -L, or yet) 2: -c+ and u(L) = {t-, 

u(t) = 
J..l+, if yet) < -c+, or yet) :S -L and u(L) = 11+, 

(5.15) 
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and the initial condition is 

{

/L, 

u(l) == 11+, if y(O) < -c+, 

Uo E U, if -c+ ::; y(O) ::; -E-. 

if y(O) > -E-, 

(5.16) 

The resulting relay feedback system is rather simple and enables us to easily 

analyze it completely. It turns out that the results depend on the nature of the 

parameter T, whether it is positive, negative or zero, and have to be presented 

separately for these three different cases. 

In what follows, define the switching planes (which are "switching lines" for 

the present case of the first-order system): 

s+ := {~E R: c~ = -c_}, 

S_ := {~ E R: c~ = -c+} . 

(5.17) 

(5.18) 

Proposition 5.2.1. Consider a RFS for the stable process in the form of 

(5.11) with T > 0 (i.e., a < 0 in (5.12) ). 

(i) A unique solution exists for any given initial condition if and only if any 

of the following holds. 

(a) L > 0, 

(b) L = 0 and -c+ > max{KI1_, KI1+} , 
(c) L = 0 and -E- < min{KI1_, KI1+}, 
(d) L = 0 and KI1+ ::; -E- and KI1- ~ -c+. 

(ii) A limit cycle exists if and only if L > 0 and KI1+ > -c_ ~ -c+ > 
K 11-. If this is the case, the limit cycle is unique with two switchings per period. 

(iii) If a limit cycle exists, then the limit cycle is globally stable. Moreover, 
for a given process, the limit cycle is the common trajectory after the first 

switch, independent of the initial conditions. 

Proof. We first show (i). For L > 0, it is easy to show that there exists a 

unique solution for any given initial condition. We now concentrate on the case 

for L = O. Let the initial state Xo satisfy cXo ~ -c+ and the relay start at 11-. 
Then the trajectory of x(t) will be governed by 

x(t) = eat(xo + ba- l l1_) - ba- l l1_. (5.19) 

It is easy to see that if -c+ > KI1-, then x(t) will intersect S_ at some instant 

h > O. However, if -c+ ::; KI1+, after t = h, the trajectory x(t) cannot evolve. 

Otherwise, for t > 0, we have 

{ 
eat( -c+ - KI1+) + KI1+ ~ -c+, for u = 11+ 

Y(h +t) = CX(tl +t) = 
eat ( -c+ - KI1_) + KI1- < -c+, for u = 11-, 
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which contradicts the control law (5.15). If -c+ > KIL- and -c+ > KIL+ 
after the instant t = h, the trajectory will be governed by x(t) = eat(xI + 
ba-IIL+) - ba-IIL+. Next, if -c+ ::; KIL-, we also check that if -E'- 2: KIL+ 
holds, a unique solution exists for any initial condition. For -c+ ::; K IL-, if 
-c _ < K IL+, then a similar analysis leads to a unique solution for any initial 

condition if -E'- < KIL- also holds. So far, (i) is proved. 

Next we show (ii) and (iii). It is seen from the above that for L = 0, there 

is no limit cycle since the solution, if any, tends to K IL- or K IL+. For L > 0, 

if and only if K IL+ > -E'- 2: -c+ > K IL-, can the relay switch continuously. 

Moreover, any trajectory x(t) will traverse S_ and S+ at fixed points -c+/c 

and -c_/c, respectively. This proves (ii) and (iii). 

Proposition 5.2.2. Consider a RFS for the unstable process in the form 

(5.11) with T < ° (i.e., a> ° in (5.12) ). 
(i) A unique solution exists for any given initial condition if and only if any 

of the following holds. 

(a) L > 0, 

(b) L = ° and -€+ < min{KIL_, KIL+}, 

(c) L = ° and -E'- > max{KIL-, KIL+}, 

(d) L = ° and KIL+ 2: -E'- 2: -€+ 2: KIL-· 
(ii) A limit cycle exists if and only if K IL+ < -€+ ::; -E'- < K IL- and 

If this is the case, the limit cycle is unique with two switchings per period. 

(iii) If a limit cycle exists, then the limit cycle is locally stable, and the 

stability range is KIL+ < cx(o) < KIL-. Moreover, for the given process, the 
limit cycle is the common trajectory after the first switch, independent of the 

initial conditions in the stability range. 

Proof. We first show (i). For L > 0, it is easy to show that there exists a unique 

solution for any given initial condition. We now concentrate on the case L = 0. 

Let the initial state Xo satisfy cXo 2: -€+ and the relay start at IL-. Then the 

trajectory of x(t) will be governed by 

(5.20) 

Since a > 0, it is easy to see that if -€+ < K IL-, then for cXo 2: K IL-, the 

relay will remain IL- for all t 2: 0; and for cXo < K IL-, x( t) will intersect S_ at 

some instant iI > 0. However, if -€+ 2: KIL+, after t = tl, the trajectory x(t) 

cannot evolve. Otherwise, for t > 0, we have 
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for u = J.1+ 

for u = J.1-, 

which contradicts the control law (5.15). If -c+ < KJ.1- and c_ :S KJ.1+, 
after the instant t = h, the trajectory will be governed by x(t) = eat (Xl + 
ba-1 J.1+) - ba-1 J.1+. Next, if -c+ ~ KJ.1-, we check that if also -c_ :S KJ.1+ 
holds, a unique solution exists for any initial condition. For -c+ ~ K J.1-, if 

-c _ > K J.1+, then a similar analysis leads to a unique solution for any initial 

condition if -E- > KJ.1- also holds. So far, (i) is proved. 

Next we show (ii) and (iii). It is seen from the above that for L = 0, 

there is no limit cycle since the solution, if any, tends to +00 or -00, or is 

equivalent to KJ.1-/c or KJ.1+/c. We now concentrate on L > 0. Without loss 

of generality, assume that cXo > -c_. It is easy to see, as for the case L = 0, 

that if cXo ~ KJ.1-, then the trajectory x(t) starting from the initial condition 

Xo exists for all t ~ ° while it does not make the relay switch (i.e., u(t) == J.1-). 
Let the initial state Xo satisfy KJ.1- > cXo > -c_. Then the trajectory of x(t) 
will be governed by 

x(t) = eat(xo + ba-1J.1_) - ba-1 J.1_ 

until for some time h > 0, it satisfies cx(td = -c+. After t = h, due to the 

time delay L > 0, the trajectory will satisfy 

X(tl + t) = eat(x(tl) + ba-l J.1_) - ba-1J.1_, 0:S t:S L 

before the switch occurs at t = L. It is easy to check that CX(tl + t) < -c+ for 

all t E (0, L]. After time tl + L, the trajectory of x(t) will be governed by 

Similarly, the switch will occur if and only if 

cX(h + L) + cba- l J.1+ > 0. 

With some simple manipulation, we see that (5.22) is equivalent to 

0< L < -TIn K(JL+ - J.1-). 
-c+ - KJ.1-

(5.21) 

(5.22) 

(5.23) 

Under condition (5.23), for some time t2 > 0, the trajectory in (5.21) satisfies 

CX(tl + L + t2) = -c_. After time h + L + t2, due to the time delay L > 0, the 

trajectory will satisfy 

X(tl + L + t2 + t) = eat(x(tl + L + t2) + ba-1 J.1+) - ba- l J.1+, O:S t:S L 

before the switch occurs at h + L + t2 + L. Again, we can check that the next 

switch will occur if and only if 
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Also, with some simple manipulation, we see that (5.24) holds if and only if 

0< L < -rln K(f..L- - f..L+). (5.25) 
-c_ - Kf..L+ 

So, by combining (5.23) and (5.23), (ii) and (iii) are proved by noting that after 

time tl, the trajectory x(t) will be a limit cycle with two switchings per period. 

Moreover, any trajectory x(t) starting from Kf..L+ < cx(O) < Kf..L- will traverse 

S_ and S+ at fixed points -c+/c and -c_/c, respectively. 

Proposition 5.2.3. Consider a RFS for the integral process in the form 

G(s) = ~e-Ls (i.e., (5.12) with (5.14)). 

(i) A unique solution exists for any given initial condition if and only if any 
of the following holds. 

(a) L > 0, 

(b) L = 0 and 0> max{II:f..L-, 1I:f..L+}, 

(c) L = 0 and 0 < min{II:f..L_, 1I:f..L+}, 

(d) L = 0 and 1I:f..L- ~ 0 ~ 1I:f..L+. 
(ii) A limit cycle exists if and only if L > 0 and 1I:f..L+ > 0 > 1I:f..L_. If this is 

the case, the limit cycle is unique with two switchings per period. 

(iii) If a limit cycle exists, then the limit cycle is globally stable. Moreover, 

for the given process, the limit cycle is the common trajectory after the first 
switch, independent of the initial conditions. 

Proof. Noting that in this case the trajectories of x(t) and y(t) will be governed 

by 

x(t) = but + Xo, 

y(t) = lI:ut + cXo, 

the proof is similar to but simpler than those for the case a =f:. 0, and thus is 

omitted here. 

It can be checked that if there is a limit cycle for system (5.12), the relay 

switches at the instants when the trajectory y(t) = cx(t) reaches the peak 

values; see Figure 5.4. Based on the information on this and other points, we 

can derive expressions for the limit cycle amplitudes and periods and use them 

to find the parameters in the FOPDT model of the process. 

Parameter Estimation for Non-integral Processes Consider the case 

a =f:. 0 (Le., r =f:. 00). From (5.12) and Figure 5.4(a), we can see that 
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y 

-E_ 
----~--------~--~+-------------~~ 

(a) 

y 

-E~-__ _+--------~~~~----------------~ 
T+ -----~ 

(b) 

Fig. 5.4. Limit cycles for system (5.12) (a) a # 0; (b) a = a 

A_ = CXA_, 

aL( -lb) -lb XA_ =e x_+a J.L -a J.L, 

Taking into account (5.13), the above yields 

A_ = e-L / T ( -c+ - KIL) + K,L. 

Similarly, from 

cx+ = -c_, 

we have 

(5.26) 

(5.27) 

Let the time taken for the limit cycle to go from XA_ (resp. XA+) to XA+ (resp. 

XA_) be T_ (resp. T+). Then, we get 
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XA+ = e aL (XA_ + a-1bl-£+) - a-1bl-£+, 

CXA+ = A+, 

CXA_ = A_, 

which gives, by taking into account (5.13), 

e-L/T(_L - KI-£+) 
T_ = -TIn L/ . 

e- T( -c+ - KI-£_) + K(I-£_ -1-£+) 

Also, from 

XA_ = eaT+(xA+ + a-1bl-£_) - a-1bl-£_, 

CXA+ = A+, 

CXA_ = A_, 

we get 

e-L / T ( -c+ - KI-£_) 
T+ = -rln . 

e-L / T ( -L - KI-£+) + K(I-£+ -1-£-) 

(5.28) 

(5.29) 

Luyben (1987) proposed the following method for first-, second- and third

order process modelling (called the ATV method): (i) The ultimate gain and 
ultimate frequency are obtained by using Astrom's auto-tuning method. (ii) 

The dead time is read off from the initial response of the system to the auto

tuning test. (iii) The steady-state gain is obtained from a steady-state model of 

the process, or by using the step response method (Luyben, 1990). (iv) First-, 
second- and third-order transfer functions are fitted to the data at zero and 
the ultimate frequencies. 

Table 5.1. Parameter estimation from biased relay 

Case Process Biased relay New method ATV method 

K T L T+ T - A+ A_ K T L K T L 

1 1 2 2 2.79 3.91 0.859 -0.480 1.000 1.999 2.002 1 1.658 2 

2 1 1 3 3.50 4.18 1.241 -0.670 1.000 0.999 3.006 1 1.042 3 

3 1 5 2 3.44 5.46 0.497 -0.299 0.999 4.990 2.009 1 4.068 2 

4 1 5 1 2.15 3.65 0.318 -0.209 1.001 5.003 1.004 1 4.055 1 

In fact, the expressions (5.26)-(5.29) can be used to determine the three 

parameters in (5.11). However, they are coupled and nonlinear. Closed-form 

formulas for calculating the model parameters are not possible. Notice that 

for a biased relay, we can use (5.10) to find G(O) = K. Then, we obtain the 

normalized dead time, L = ~, from either (5.26) or (5.27), T from (5.28) 

or (5.29), and finally obtain L = TL. Simulation is carried out for processes 
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with different normalized dead time to illustrate the accuracy of the above 
identification method. The outputs of the biased relay are set at 1.3 and -0.7 

respectively, and the hysteresis of relay is made symmetrical and set at 0.1. 
The resultant limit cycles and model parameters are presented in Table 5.1. 

For comparison, the parameters obtained by the ATV (Luyben, 1987) are also 
given in Table 5.1, where it is assumed that the steady-state gain is known and 

the dead time is read exactly. 
In practice, many high-order processes can be well approximated by first

order plus dead time models. The proposed method can do so effectively. The 

results for some typical processes are listed in Table 5.2. The Nyquist curves of 
the real processes and the models are shown in Figure 5.5, and they are very 

close to each other over the phase range 0 to -7r . 

Table 5.2. FOPDT models for the high-order processes 

Case Process Model 

1 1 -28 ~e-2.938 
~e 4.0728+1 

2 1 -28 ~e-7.268 
~e 6.8098+1 

3 1 e-0 .58 ~e-2.1s 
8+1 )(8 2 +8+1 1.1528+1 

4 -8+1 -8 ~e-4.24s 
~e 2.998+1 

Integral Processes We now turn to the case a = 0 (i.e., T = 00), which 
implies integral processes. We compute as follows. It is obvious from Figure 5.4 

that 

A_ = Cb/.LL - c+, 

A+ = cbp+L - c. 

From 

A+ = cbp+T_ + A_, 

A_ = cblLT+ + A+ 

and taking into account (5.14), we have 

T_ = liL(p+ -/L) - c + c+, 
lip+ 

T+ = liL(f,L - p+) - c+ + c_ . 
lilL 

(5.30) 

(5.31) 

(5.32) 

(5.33) 
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Fig. 5.5. Nyquist curves of processes and their FOPDT models 
(a: real process; b: model) 

5.3 Robustness Enhancement 

It is well known that the difficulty in system identification is attributed to the 

existence of noise and disturbance. Noise is inevitable in practical situations 

and it contaminates the sampled data as picked up by the sensors. It is of so 

much a concern that once the samples are corrupted, there is basically no means 

by which they can be totally recovered. Distortions of the identification results 

are bound to arise when the samples used are subjected to random effects. 

Though it is true that recovery of the samples is not possible, many statistical 

methods, such as the stochastic least square algorithm employed in parameter 

estimation (Franklin et at., 1994), have been devised to account for the effect 

of noise in the identification procedure. They essentially make use of the mean 

and variance characteristics of noise in their computations. In consideration of 
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the growing popularity of the use of relays in performing system identification, 
effective ways to minimize the effect of noise will be of much importance. This 

is especially so in situations where the amount of noise has become so large 
that it can no longer be ignored. 

Before we can work on the relevant design, we need first to study the nature 

and characteristics of noise. In most applications, noise is modelled as white 
noise with zero mean. White noise is the most random type of signal possible, 

so that any samples taken at different instants are totally uncorrelated. If the 

white noise concerned has zero mean, then it is likely that the noise can appar

ently be rejected by use of averaging, although it cannot be removed from the 
associated signals, and this is the main idea behind the method introduced in 

this section. To test the validity of the concept, the accuracy of the process gains 

at the critical point and the static frequency are evaluated by taking different 

numbers of limit cycles in the relay experiment. It is found that as samples are 
averaged over a larger number of limit cycles, the relative error in the process 

gains at the two frequencies drops, and the results conform to expectations. 

Apart from noise, disturbances are another common source of error in many 

identification problems. They can appear in many different forms depending 

on their sources. Some of the types of disturbances are load disturbances, mea
surement errors and parameter variations (Astrom and Writtenmark, 1984). In 
this section, disturbances due to offsets in measurement and load disturbances, 
which are typically modelled as steps acting in the loop, are considered. 

Suppose that a SISO linear plant is subjected to a relay test as shown in 
Figure 5.6, where white noise n(t) of zero mean acts in the loop through the 
sensor at the output of the plant, and w(t) is a constant disturbance. Consider 
first the disturbance-free case, i.e., w(t) = O. With noise present in the system, 

the contaminated plant output y(t) is measured instead of the actual value 

y(t). If y(t) and u(t) are employed directly for identification, impaired results 

will be obtained. Since noise samples do not follow a traceable pattern and can 

assume any random value at different instants of time when they are picked 

up at different locations in the loop, they cannot be calculated or predicted 

from previous records and thus, the actual output is not recoverable from the 

corrupted samples. 

Despite the fact that signal corruption by noise is an irreversible process, the 

behaviour of noise can still be described by statistical measurements. Therefore, 

estimation of the actual signal y(t) from the infected y(t) to achieve more 

accurate identification results is always possible by examining the statistical 

properties of noise. We start by noting that the noise involved has zero mean. 
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Fig. 5.6. Relay feedback system with noise and disturbance 

This suggests that if a large number of samples extending over a sufficient 

number of periods (limit cycles) are collected and averaged out, it is possible 

to obtain a period of processed samples in which noise is significantly reduced. 

This is because noise attached to the different periods cancel each other and 

in the limit when the number of periods taken approaches infinity, the noise 

can be completely cancelled in the ideal situation. However, this is practically 

unattainable and it is usually sufficient to take up to a certain number of periods 

depending on the noise-to-signal ratio. 

Let the relay feedback system give rise to limit cycle oscillations and the 

oscillation frequency be We. Let fi(t) be an estimate of one period of y(t) from 

y(t) using the averaging method. The associated frequency response G(jwe ) 

can be obtained from fi(t) and u(t) using the equation 

(5.34) 

Since the static gain of the process can be attained at the same time in the same 

relay test with no extra effort if biased relays are used in place of symmetrical 

relays, the second frequency point is conveniently chosen to correspond to the 

d.c. component of the process. The relevant frequency response G(O) is obtained 

from the equation 

A J A(t)dt 
6(0) = Y(O) = Iperiod y 

U(O) I1Period u(t)dt" 
(5.35) 

It is, in essence, the ratio of the area of fi(t) over one period to that of u(t). 
Two observations can be made in performing the relay experiment described 

above. First, if the noise power is high, the relay will be easily switched by noise 

on top of the switchings by the actual process output y(t). To overcome this 

problem, a higher hysteresis level can be used for situations with higher noise 
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power. A convenient indicator of the noise power Pn is its standard deviation 

Un and the two are related by Pn = u;. It is found from simulation studies 

that correct switchings can be achieved if the hysteresis level is set at twice 

the standard deviation of the noise together with an upper limit equal to 0.95 

times the minimum of the on and off relay output level. 

The second observation concerns the reliability of judging the period of 

the limit cycles from the separation between two switching points of the relay 

output at high noise power. To derive a more accurate value for the period, 

samples taken during the transient are excluded from the entire span of u(t). 
The total number of switching points N is then counted. If N is even, the last 

point is retrenched so as to keep N odd. This is to make sure that a window 

size of an integral number of periods is used since an odd value of N implies 

an even number of separations and each separation denotes a half-period. The 

total time covering these switching points, T, is then recorded and the quotient 

2T / N is taken as the final answer for the period of the limit cycle. Since this 

method uses the average of the periods of all limit cycles, it is intuitively more 

credible in the presence of noise and is justified to be so in the simulation results 

to be presented later. 

The noise power and signal power are defined as 

respectively, where Ti and Tf are the corresponding initial and final time in

stants between which the samples n(t) and y(t) are taken for integration in the 

respective equations. The noise-to-signal ratio (NSR) may be measured by 

NSR= ~n. 
y 

The relative estimation errors at the two frequency points are defined as 

. O(jwc) - G(jwc) I 
for the point s = jwc, relatIve error = G(jwc) , 

for the point s = 0, relative error = 0(0) - G(O) 
G(O) 

The mean relative error (MRE) represents the average value of the errors in 

G(O) and G(jwc). By varying the noise power and hence the NSR, the number of 
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limit cycles used to produce a pre-specified mean relative error is calculated. In 

such a way, the relationship between NSR and MRE is established. In practice, 

this can be used to decide how many limit cycle periods are required to reach 
the pre-specified estimation accuracy in terms of MRE, i.e. how long the testing 

should last. 

Example 5.3.1. The proposed method is applied to a first-order plus delay 

process 

1 C(8) = __ e-3s . 
8+1 

The noise power is gradually increased to raise the noise-to-signal ratio. The 

results of the computations are shown in Table 5.3. It can be concluded from 

the results that 

• For the same NSR, as the number of limit cycles used increases, the relative 

errors decrease . 

• As the NSR increases, the same relative errors can be achieved if more limit 

cycles are used. 

It must be emphasized that the identification method used here serves only 

as a tool to show and verify the effectiveness of the proposed averaging method. 

The choice of method is entirely optional but the results found on the rela

tionship between the number of limit cycles adopted, the relative error in the 

frequency response and the noise-to-signal ratio are applicable in general to all 
relay-based identification methods. 

Consider next the situation where both noise and disturbance are present 

as shown in Figure 5.6. Apart from the white noise model net) encountered 

earlier, also appearing in the sensor is a constant value disturbance represented 

by wet) = w. Owing to the extra d.c. term introduced into the output signal by 

the disturbance and the fact that its value is uncertain and may change with 

time, the static component of the output due solely to the relay bias cannot be 

separated from yet) and hence the method described above for the estimation 

of C(O) will fail. Nevertheless, the calculation of C(jwc ) for the process is not 

affected since the disturbance contains no frequency content other than d.c. 

and therefore (5.34) remains applicable despite the unknown w. This can be 

verified mathematically by noting that 

J . y(t)e-jwctdt J . y(t)e-jwctdt - J . we-jwctdt 
Iperwd _ Iperwd Iperwd 

J . u(t)e-jwctdt J . u(t)e-jwctdt 
Iperwd Iperwd 
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Table 5.3. Required limit cycles vs NSR and MRE without disturbance 

Mean Relative Error 

10% 8% 6% 4% 2% 

0.0744 3 3 3 3 11 

0.1382 3 3 3 3 13 

0.1938 3 3 3 11 11 

NSR 0.2510 3 3 6 10 22 

0.3025 4 4 4 6 16 

0.3502 5 5 12 80 80 

0.3968 10 22 22 74 80 

0.4520 33 33 39 80 80 

Minimum number of limit cycles required 

J (y(t) - w)e-jwctdt 
= Iperiod = G( 'w ). 

J . u(t)e-jwctdt J e 
Ipertod 

(5.36) 

In the above equation, y(t) can be replaced by its average over a number of 

periods, in much the same way as in the averaging technique illustrated earlier. 
Therefore, although a measurement of the magnitude of the disturbance is not 
available, G(jwe ) can still be deduced by using the output samples y(t). 

Example 5.3.2. Simulations are performed using the same model with transfer 

function G(s) = S!l e-3s as in the previous example and details of the adjust
ment of the hysteresis level, the determination of the period of limit cycles, and 

the calculation of noise power and signal power follow precisely those stipulated 

there. The final results are given in Table 5.4. The same conclusions as in the 

previous example are obtained. 

5.4 Parasitic Relay 

To get more information on a process, identifying multiple points on the process 

frequency response from one relay test is more appealing than the use of several 

relay tests. A standard or symmetric relay can excite the process at the limit 

cycle oscillation frequency We, as well as 3we , 5we , ..• , where We is usually very 

close to the process critical frequency for which the process phase lag is 1r. Due 
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Table 5.4. Required limit cycles vs NSR and MRE with disturbance 

Mean Relative Error 

10% 8% 6% 4% 2% 

0.0819 3 3 3 3 3 

0.1499 3 3 3 3 4 

0.2144 3 3 3 3 7 

NSR 0.2665 3 3 3 3 9 

0.3165 3 3 6 9 16 

0.3649 8 8 8 18 18 

0.4076 18 21 27 27 42 

0.4489 28 28 28 28 28 

Minimum number of limit circle required 

to the low-pass nature of most practical processes, the signal-to-noise ratios 

at 3wc , 5wc , ... , are too low to enable meaningful estimation of the process 

frequency response at these points. Effectively, we can only get the critical 
point information from such a relay test. By adding a bias to the relay, we 

may obtain the process static gain as well. The frequency response information 

between zero and Wc is most important for an understanding of the process 

dynamics and its use in controller design. To estimate more points around this 
region in one relay test, a modified relay is proposed in this section. 

Our modified relay consists of a standard relay and a parasitic relay as 

shown in Figure 5.7. The standard relay operates as usual with amplitude of 

the sampled output uI(k) being MI, where uI(k) is the kth sample of UI(t). It 
is well known that this relay excites process mainly at frequency Wc. In order to 

provide additionally effective excitation to the process at frequencies other than 

Wc while maintaining the process output oscillation under such an arrangement, 

a parasitic relay with output amplitude aMI and twice the period of UI (k) is 

introduced and superimposed on UI (k). This implies that the output U2 (k) of 

the parasitic relay flip-flops immediately when every period of oscillations in 

UI (k) is reached. The parasitic relay is realized by 
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Fig. 5.7. Modified relay feedback system 

{
U2(0) = aJ.l1; 

u2(k) = -aJ.l1 . sign(u2(k -1)), if u1(k - 1) > 0 and u1(k) < 0; 

u2(k) = u2(k - 1), otherwise. 

y 

(5.37) 
The constant a should be large enough to sufficiently stimulate the process 
while it should also be small enough that the parasitic relay will not change 

the period of oscillation generated by the main relay by too much. According 
to extensive simulations, a is recommended to be 0.1 '" 0.3. The output of the 
modified relay test is thus given by 

and is sent to the process. In this way, the process is stimulated by two different 

excitations whose periods are Tc and 2Tc. The resultant process output y from 

the modified relay test is shown in Figure 5.8 and reaches a stationary oscil

lation of period 2Tc. Due to the two excitations in u, y consists of frequency 
t t 271" 71" d th' dd h . t 671" 1071" d 371" 571" componen s a Tc' Tc an elr 0 armonlCS a Tc' To' ... ,an Tc' Tc' ... , 

respectively. Let Ys and Us be a period (2Tc) of the stationary oscillations of 
u(k) and y(k) respectively. For a linear process, the process frequency response 

can be obtained by 

. 1~Tc Ys(t)e-jwitdt 
G(JWi) = 27: ' i = 1,2, ... , 10 c us(t)e-jwitdt 

(5.38) 

where 
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(2i - 1)271" 
Wi = 2lTc ' l = 0, 1, 

are the basic and odd harmonic frequencies in Us and Ys' Equation (5.38) can 
be implemented using the FFT algorithm as 

( . ) FFT(ys) 
G JWi = FFT(us)' (5.39) 

Since the method adopts spectrum analysis instead of the describing func

tion, it will lead to accurate process frequency response estimation. The pro
posed method employs the FFT only and the required computation burden is 

light. It can identify multiple points on the frequency response from a single 

relay test. Moreover, the method can easily be extended to find other points on 

the frequency response. You may flip-flop the parasitic relay every three or four 

periods of the main oscillations generated by the standard relay to get other 

frequency points. You may also use more than one parasitic relay in a relay test 

and find more points on the frequency response in one relay test. As discussed 
earlier, to estimate the static gain of a process, a bias has to be introduced to 

the relay input or output. 
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Fig. 5.8. Process input and output in the modified relay test 
(-u, ...... Ul,-U2) 

Reduction of Noise and Disturbance Effects on Estimation In a real

istic environment, the major concerns for any identification method are distur-
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bailce and noise. As in Section 5.3, it can be shown that our new identification 

is also unaffected by a step-like load disturbance w as shown in Figure 5.7. As to 

measurement noise in the relay test, the same anti-noise measures as presented 

in Section 5.1 for simple relays, such as the introduction of hysteresis and a 

low-pass filter, can be used for the master relay in the new scheme. To reduce 

the noise effect further, especially in the case of large noise-to-signal ratio, we 

can average several periods of the stationary oscillations to enhance estimation 

robustness; see Section 5.3 for details. With these anti-noise measures, the pro

posed method can reject noise very effectively, and provide accurate frequency 

response estimation at frequencies 0.5we , We and 1.5we . It should also be noted 

that a nonzero initial condition of the process at the start of a relay test has 

no effect on our estimation because only stationary oscillations Us and Ys after 

the transient are used in the estimation, where Us and Ys are independent of 

the initial condition. 

For assessment of identification accuracy, the identification error is mea

sured here by the worst-case error 

ERR = mfx {I G(jW&(;W~(jWi) I x 100%, i = 1,2,3 } , (5.40) 

where G(jWi) and G(jWi) are the actual and estimated process frequency re

sponses respectively. The process frequency responses at To' }: and ~: are 
considered since the frequency response in these region is especially important 

to controller design. To test estimation robustness against noise, the process 

output may be corrupted by some noise and the corrupted output used for 

identification. The noise level is judged, in the context of system identification, 
by the noise-to-signal ratio, which is usually defined as 

or 

Nl = N oise-to-Signal Power Spectrum Ratio 
mean power spectrum density of noise 

- mean power spectrum density of signal' 

N2 = Noise-Signal Mean Ratio 
mean(abs(noise)) 
mean(abs(signal)) . 

(5.41) 

(5.42) 

In order to test our method in a realistic environment, real-time relay tests were 

performed using the Dual Process Simulator KI 100 from KentRidge Instru-

ments, Singapore. The simulator is an analogue process simulator and can be 

configured to simulate a wide range of industrial processes with different levels 

of noise and disturbance. The simulator is connected to a PC via an AjD and 
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D/A board. The window-based DT VEE 3.0 from DataTranslation is used as 
the system control platform, on which the relay control code is written in C++. 
The fastest sampling time of the VEE system is 0.06 second. A few examples 

of real-time testing are presented below. 

0.5 0.5 

0 0 

-0.5 -0.5 

-~0.5 0.5 
-1 

-1 -0.5 0 

(a) (b) 

0.5 0.5 

0 0 

-0.5 ~. -0.5 

-1 -~0.5 -0.5 0 0.5 0 

(c) (d) 

Fig. 5.9. Estimation of frequency response with Nl = 10% noise 
(+ actual, x estimated) 

Example 5.4.1. Consider a first-order plus dead time process: 

1 G(s) = __ e-5s . 
5s + 1 

0.5 

0.5 

In our relay test, the standard relay amplitude is chosen as 0.5 and the parasitic 

relay height is set to 20% x 0.5. Without additional noise, the noise-to-signal 

ratio Nl of the inherent noise in our test environment is 0.025% (N2 = 4%). The 

identification error ERR is 2.57%. To see noise effects, extra noise is introduced 
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with the noise source in the Simulator. Time sequences of yet) and u(t) in a relay 
test under Nl = 10% (N2 = 31%) are shown in Figure 5.8, where t = a '" 12 
is the "listening period", in which the noise bands of yet) and u(t) at steady 

state are measured. At this noise level, the hysteresis is chosen as 0.3. With 

averaging of four periods of stationary oscillations, the estimated frequency 

response points at this noise level are shown in Figure 5.9(a). The result is 

pretty good. At noise level Nl = 1O%(N2 = 31%), real-time testing of the 

proposed method was also performed on other typical processes whose transfer 
functions are listed in Table 5.5. Figure 5.9 compares frequency responses of 

the actual processes and their respective estimates. The identification results 
are shown to be satisfactory. 

To ensure estimation accuracy at different noise levels, the number of sta
tionary oscillation periods adopted in average calculation should be different. 

The estimation error ERR vs the number of stationary oscillation periods 

adopted in th€ averaging is plotted in Figure 5.10, which can be used as a 

guide in deciding how many periods are needed to achieve a given estimation 

accuracy at a given noise level. Table 5.5 shows the identification accuracy of 

four real-time examples at different noise and disturbance levels. 

Em. 
~% .-----~----~--~~--~----~----~----~----~ 
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.. __ .. _---_ ...... _--- ...... _- ... _---- ... _-
OL-____ L-___ ~L---~ 

1 

number of stationary oscillations 

Fig. 5.10. ERR vs number of stationary oscillations adopted 
(- - - Nl = 0%, ..... Nl = 1%, - Nl = 10%) 

In this section, a new method for process frequency response identification 

has been developed in the context of the relay feedback test. The method has 
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several unique features. Firstly, it can estimate multiple points on the process 
frequency response simultaneously with one single relay experiment and this 

reduces testing time significantly. Secondly, the method is accurate since no 

approximation is made. The computations involved are simple so that it can 
be easily implemented on microprocessors. Thirdly, the method is insensitive 

to noise and step-like load disturbances, and nonzero initial condition. Various 

processes have been employed to demonstrate the effectiveness of the method 

in real time. The identified process frequency response is useful for process 

analysis and controller design. 

Table 5.5. Identification error (ERR) 

Disturbance d=O d=0.5 

Noise N 1=0% 1% 10% 10% 

N 2 =4% 11% 31% 31% 

Processes ERR 

(a) 1 -58 
58+1 e 2.57% 5.02% 6.83% 7.17% 

(b) 1 2.93% 5.46% 6.90% 6.35% (8+1)8 

(c) 1 -2.58 
(8+1)(58+1) e 5.01% 5.08% 5.41% 5.16% 

(d ) 1 8 -0.58 
(28+1)2(58+1) e 3.55% 5.17% 6.38% 5.13% 

5.5 Cascade Relay 

In the preceding section, one notes that the amplitude of the parasite relay 

cannot be chosen freely. It should be large enough to sufficiently stimulate the 

process while it should also be small enough that the parasite relay will not 

change the period of oscillation generated by the main relay by too much. Since 

the recommended value for it is small, the resultant estimation at O.5wc might 

be sensitive to measurement noise due to small signal-to-noise ratio there. In 

this section, cascade relay feedback is proposed as an alternative to parasitic 

feedback. The former can achieve almost the same objectives and results as the 

latter while the generation of limit cycles is less restrictive in the former than 

the latter. 

The proposed cascade relay feedback consists of a master relay in the outer 

loop and a slave relay in the inner loop, as shown in Figure 5.11. The slave relay 
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[ *e H Process f-+ y 

Slave Relay 

Fig. 5.11. Cascade relay feedback system 

is just a standard relay with amplitudes of the sampled output u2(k) being d2. 
With the inner loop closed, this relay can excite the process at the frequency We 

sufficiently. In order to provide additional effective excitations to the process at 

other frequencies while maintaining the process output oscillation, the master 

relay in the outer loop is introduced with its output amplitude of dl and bias 

of Ill, and operated at the frequency 0.5we. It is realized by 

{
-UI(k -1) + 21l1, if el(k -1) < 0 and el(k) > 0; 

uI(k) = uI(k - 1) - 2dl , if el(k - 1) > 0 and el(k) < 0; 

uI(k -1), otherwise. 

(5.43) 

The sampled output uI(k) from the master relay is a periodic stair wave with 

three amplitudes, 2dl + Ill, III and - 2dl + Ill, respectively. This relay is in
troduced to obtain persistent excitation at frequencies of 0.5we and 1.5we, in 
addition to We. In this way, the process is stimulated by two different excita

tions whose periods are Te and 2Tc. The waveforms for UI, U2, and the resultant 

output response are shown in Figure 5.12. The output reaches a stationary os

cillation with period 2Tc. The bias III is introduced to reduce possible unneces

sary switchings due to noise and disturbances. One can see that the difference 

between the master relay output and the process output determines the switch

ings in the slave relay. Since the output of the master relay has three possible 

values, 2dl + Ill, III and - 2dl + Ill, load disturbance noise will not cause any 

relay switching unless its amplitude is larger than Ill. Hence, a suitable III 

helps to establish robust oscillations in the process output at two fundamental 

frequencies. 

Due to the two excitations in the input, y consists of frequency components 
t 27r d 7r d th' dd h . t 67r 107r d 37r 57r a Tc an Tc an elr 0 armonlCS a Tc' Tc' ... , an Tc' Tc' ... , re-

spectively. This enables process frequency response estimation at these points. 
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y 

o 

u 

Fig. 5.12. Signals from cascade relay test 

The estimation formula and its implementation are given by (5.38) and (5.39), 

respectively. Moreover, the cascade relay shares the same properties of esti

mation robustness against noise and constant disturbances as in the master 

and parasite relay case, and can use some anti-noise measures as discussed in 

Section 5.4. 
lt should be pointed out that in principle, the proposed method can be 

extended to find other points on the frequency response. One can realize the 

master relay and generate Ul as a periodic stair wave which can enable y to 

have frequency components other than We, wcl2, and their odd harmonics. 

Another possible way is to use more than one cascade outer loop in a relay test 

and find more points on the frequency response in one relay test. Practically, 

the information about three points on the process frequency response available 

from the proposed cascade relay method is usually adequate to represent the 

process dynamics and to tune a good controller. Although more points can be 

identified from the extension as mentioned above, the structure will inevitably 

become more complicated, leading to implementation problems. 

Guidelines for Relay Parameter Selection Most processes in industry 

are open-loop stable, and it is conjectured (Astrom and Writtenmark, 1984) 

that most of them will exhibit a stable limit cycle with standard relay feedback. 

This is also true when the proposed cascade relay feedback is used. Extensive 
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simulation shows that stationary oscillation is obtained for most processes if 
the parameters are chosen properly. We are thus motivated to consider the 

parameter selection problem for the generation of stationary oscillation in the 

cascade relay test. 

To simplify the problem and gain insight into the solution, let us consider, 

as in Section 5.2, a first-order plus dead time (FOPDT) model, 

K O(s) = __ e-Ls . 
TS + 1 

(5.44) 

Lemma 5.5.1. For the cascade relay feedback system of Figure 5.11 with the 

process given by (5.44), if stationary oscillations at two different fundamental 
frequencies exist, then d2 K > 0 and 

(5.45) 

Proof. Refer to Figure 5.12 for the definition of k Consider for illustration 

that the output initial condition is Yo > 0 and that the slave relay switches to 

U2 = -d2 at t = O. Obviously, the other case can be proven similarly. y will 

decrease while e1 increases monotonically after a delay L. The output response 

for t ~ L is described by 

At t = h, y becomes 0, which causes U1 to switch to 2d1 + /-11 and U2 to d2 . 

Before U2 = d2 takes its effect on y, the output after h can be described by 

(5.46) 

where h can be calculated from y(td = 0, i.e., 

as 

However, y(t) will not respond to the positive switching U2 = d2 until it has 

continued its monotonic downward trend for a time L, as seen from (5.46). 

At t2 = h + L, y(t) reaches its first peak in the cycle, and its value can be 

calculated from (5.46) as 

(5.47) 
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For t > t2, the output response can be described by 

(5.48) 

The output increases monotonically. At time t = t3 , Y becomes 0 and Ul 

switches to iLl. For t3 < t < t4, y can still be described by (5.48) and it 

keeps increasing with decreasing e2. At t = t4, e2 becomes 0, which leads to 

the switching of U2 to -d2. t4 can be calculated from the following equation: 

or 

(5.49) 

However, y(t) will not respond to the negative switching of U2 until it has 

continued for a time L. Therefore, at t = t5 = t4 + L, y reaches its second peak 

point as 

y(t5) = y(t4 + L) 
= d2 K(1 - e-(t4+L-t2)/T) + y(t2)e-(t4+L-t2)/T 

= d2 K - (d2K - iLl)e-L/T. (5.50) 

The other two peaks in one cycle can be found similarly. Denote these four 

points as 

y(t2) = -d2K(1- e-L/T), 

y(t5) = d2K - (d2K - iLde-L/T, 

y(t6) = -d2K + (d2K + iLde-L/T, 

y(t7) = d2K(1 - e-L/T ). (5.51) 

To enable the slave relay in the inner loop to switch between two output levels 

while the master relay in the outer loop switches between the three output levels 

with two different fundamental frequencies indefinitely, the following condition 

holds: 

or 

It also follows from (5.49) that 
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i.e., 

This completes the proof of the lemma. 

Several remarks are now made regarding this lemma. 

• The condition therein provides a guideline for choosing the bias J-tl to obtain 

limit cycles. Other parameters can be chosen similarly to the standard relay 

case. In practice, the relay amplitude is adjusted so that the oscillation at 

the process output is about three times the amplitude of the noise. 

• Though Lemma 5.5.1 is derived for a hysteresis-free relay, it can easily be 

extended to relays with hysteresis. 

• For a process with negative steady-state gain, Ul and U2 have to change their 
signs to attain stationary oscillations. 

• The assumption Yo > 0 is made only for simplicity of illustration, and can be 

removed without affecting the derivation. In fact, as can be seen from (5.51), 

Yo has no influence on the four peaks. 

Simulation A few simulation examples are presented below, and a compari

son is made with the standard relay in Section 5.1 and parasite relay in Section 

5.4. The relay parameters in these three cases are chosen such that the resultant 

output oscillations have almost the same amplitudes. Performance is measured 

by the worst-case error, ERR, as defined in (5.40), and the noise-to-signal ratio 

in the form of (5.41) and (5.42) is also adopted here. 

Example 5.5.1. (Simple Dynamics) Consider a FOPDT process: 

1 G(8) = __ e-5s . 
58 + 1 

In our relay test, the slave relay amplitude d1 is chosen as 1, the master re

lay height d2 is set to 1, and its bias J-tl is 0.5. The responses are shown in 

Figure 5.13, where U is the input to the process. For multiple-point estimation 

evaluation, the parasite relay test sets its standard relay amplitude to 0.5 and 

the parasitic relay height to 0.2 x 0.5. For the standard relay test, its height is 

set to 1 and only one point We on the process frequency response is available 

and then used for calculating its ERR. In the noise-free case, the identification 

error ERR is 0.30% for the cascade relay test, 0.31% for the parasite relay 
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test and 11.19% for the standard relay test, respectively. Afterwards, noise is 

introduced using the band-limited white noise module in Matlab. Under this 

noise condition, hysteresis is set to 0.3 for all three relays. To reduce the noise 

effect, especially in the case of large noise-to-signal ratio, we use the average 
of the last two-four periods of oscillation as the stationary oscillation period, 

depending on the noise level. Further, the accuracy of the relay test depends 

on the reliability of judging the period of the limit cycles. To derive a more 

accurate value of the period, the averaging technique in Section 5.3 is adopted. 

With these noise rejection techniques, for Nl = 10%, ERR is 1.87% for the 

cascade relay test, 6.83% for the parasite relay and 10.01% for the relay test, 

respectively. By averaging four periods of stationary oscillations, the estimated 

frequency responses for noise levels of Nl = 10% and 20%, are shown in (a) of 

Figure 5.14 and Figure 5.15, respectively. 

u 
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-1 1--='='. 

o 50 

y,----------------------------------------------------. 
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-1 L-__________________________ ~ ________________________ ~ 

o 50 

Fig. 5.13. Responses obtained during various relay tests 
(- . - .-: standard; - - - : parasite; - : cascade) 

Example 5.5.2. (Complex Dynamics) Consider now three processes having 

different dynamics: 
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Fig. 5.14. Evaluation of G(jw) for N1 = 10% 
('+': cascade, 'x': parasite, '0': standard) 

1 
G(8) = (8 + 1)8; 

with a multi-lag high order, 

1 
G(8) = (8 + 1)(58 + 1) e-2.5s ; 

with different poles, and 

(5.52) 
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Fig. 5.15. Evaluation of G(jw) for N1 = 20% 
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('+': cascade, 'x': parasite, '0': standard) 

_ 1 - 8 -0.58. 

G(8) - (28 + 1)2(58 + 1) e , 

with non-minimum phase plus dead time. The actual and estimated frequency 

responses are shown in (b), (c) and (d) of Figure 5.14 and Figure 5.15, re

spectively. Table 5.6 shows the identification accuracy obtained under different 

relay tests with/without noise. The identification results are seen to be satisfac

tory for both parasite and cascade relays. For the noisy case, one can see from 



124 5. Relay Feedback and its Variations 

Table 5.6 that significant improvement is achieved by the cascade relay over 

the parasite relay for most processes. The processes used here for simulation 

are exactly the same as those in Section 5.4 and thus the results achieved with 

the cascade relay are typical and representative for the method. 

Table 5.6. Identification errors (ERR) 

Noise Different Processes 

levels relays e 5s 1 e 2.58 (1-s)e -v. os 

58+1 ~ ~s+1)(5s+1) (2s+1)2 (5s+1) 

N 1 =0% Cascade 0.30% 0.62% 0.41% 0.31% 

(N2 = 0%) Parasite 0.31% 0.62% 0.42% 0.32% 

w=O Standard 11.19% 0.53% 7.06% 3.71% 

N1 = 10% Cascade 1.87% 2.76% 5.38% 4.39% 

(N2 = 29%) Parasite 6.83% 6.90% 5.41% 6.38% 

w=O Standard 10.01% 3.70% 10.73% 9.37% 

N1 = 20% Cascade 5.80% 3.91% 12.61% 9.62% 

(N2 = 41%) Parasite 14.52% 6.12% 14.20% 16.96% 

w=O Standard 15.35% 7.41% 17.20% 25.31% 

N1 = 10% Cascade 2.01% 4.52% 4.93% 4.14% 

(N2 = 29%) Parasite 7.17% 6.35% 5.16% 5.13% 

w=0.5 Standard 17.28% 10.08% 36.91% 15.31% 

All real processes have some nonlinearity. If the nonlinearity is associ

ated with operating point change (which is the usual case), then the proposed 

method may be applied to each operating point with a linearized model and 

gain scheduling can be used to handle this change. When the nonlinearity is 

modest, our method can be applied without any gain adaptation. 

Example 5.5.3. (Nonlinearity) Introduce a nonlinearity into a linear model 

such that the process is described by 

1 
y = (s + 1)8 v, 

where v = k(u) and 

{
u, if lui> 0.2, 

k(u) = 
0, if lui :::; 0.2, 
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and u is the process input. Its input and output responses u(t) and yet) un
der the cascade relay test are processed as usual with the proposed method to 

give G(jw). Since the frequency response of a nonlinear process is not defined, 
the effectiveness of the proposed identification method is judged from the con
trol performance. For illustration, a multiple-point fitting method (Wang et 
at., 1998a) for PID tuning is designed with the resultant G(jw). The refined 

gain and phase method (Zhuang and Atherton, 1993), which uses only the crit

ical point on the process frequency response available from the standard relay 

feedback test, is also applied for comparison. The resulting closed-loop response 

is shown in Figure 5.16, where the solid line is for the proposed method, and 
the dashed line is for the standard relay feedback test with Zhuang's tuning 

method. The effectiveness of the proposed method for nonlinear processes is 

verified. 
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Fig. 5.16. Control performance for (S~1)8k(u) 

In this section, a new relay, the cascade relay, has been proposed for robust 

estimation of process frequency response. It shows some improvement over the 

master-and-parasite relay in terms of estimation results and the likehood of 

limit cycle generation. 
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5.6 Extension to MIMO Case 

We have so far dealt with SISO processes only. We are looking for extension to 

the MIMO case. Obviously, it is too tedious and also unnecessary to consider all 

the types of relays covered so far. Instead, we will illustrate such an extension 

for the simple relays of Section 5.1 only, and extract the process frequency 

response matrix at the critical and zero frequencies. When the relay technique is 

extended to an MIMO system, there are three possible relay feedback schemes. 

• Independent Single Relay Feedback (IRF'): Only one loop at a time is sub

jected to relay feedback while all others are kept open. 

• Sequential Relay Feedback (SRF'): A loop is closed with a simple controller 

once a relay test has been made on that loop. This is repeated until all the 

loops have been tested. 

• Decentralized Relay Feedback (DRF'): All loops are subjected to relay feedback 

simultaneously, as shown in Figure 5.17. 

+ e j 
J Relay I 

Uj Y 
I I 

j 

-
+ e2 ~ G(s) I Relay I . · -. · 

Urn · 
"'" ern J ---:<,/ I Relay I 

-

Fig. 5.17. Decentralized relay test 

Among the three relay feedback schemes, decentralized relay feedback is 

the most desirable and will be used as our test for process frequency response 

matrix estimation in this section. Note that DRF is a complete closed-loop test, 

meaning that for an m x m plant at any instant during a test, all the m outputs 

are simultaneously under feedback control, while IRF and SRF are only partial 

closed-loop tests. For IRF, only one loop is closed, with (m-1) open. For SRF, 

at the ith test, i loops are closed with (m - i) loops open. Closed-loop testing 
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is preferred to open-loop testing since a closed-loop test keeps outputs close 

to the set-points so that it causes less perturbation to the process and makes 

the linear model assumption (such as frequency response or transfer function) 

valid. 

Analysis of Decentralized Relay Feedback If a m x m process is con

trolled by decentralized relay feedback, its outputs usually oscillate in the form 

of limit cycles after an initial transient. Each output has its own oscillation 

frequency, denoted Wic, i = 1,2, ... ,m, and they are, in general, different. For 

instance, a 2 x 2 process consisting of two independent (or very lightly cou

pled) loops has different output oscillation frequencies. However, it was found 

in Atherton (1975) that for typical coupled multivariable processes, m outputs 

normally have the same oscillation frequencies, that is, Wl c = W2c = ... = Wmc , 

but different phases. For ease of reference later, we call this kind of multi

variable oscillation oscillations of a common frequency and the frequency as a 

process critical frequency, and denote it by Wc. 

The describing function method is extended in Loh and Vasnani (1994) to 

analyze multivariable oscillations under decentralized relay feedback control. 

In this context, it is assumed that the m-input and m-output process has low

pass characteristics in each element of its transfer function matrix and one of its 

characteristic loci has at least 1800 phase lag. Analysis of decentralized relay 

feedback based on the describing function provides a basic understanding of 

the behaviour of the resulting system and shows the effects of relay parameters 

on the behaviour so that insight and guidelines can be gained for the design 

of such relay tests. It is not intended to be comprehensive, but just to capture 

the major features of the system, as the analysis is approximate in nature. 

Therefore, for simplicity, suppose that each relay in the DRF is standard. Let 

the output amplitudes of standard relays be P,i, and the inputs to the relays 

have amplitudes ai. Then, the describing function matrix of such a decentralized 

relay controller is 

N(a,p,) = diag -" . {4W} 
1rai 

Lemma 5.6.1. (Loh and Vasnani, 1994). If the decentralized relay feedback 
system oscillates at a common frequency, then at least one of the characteristic 

loci of N(a, p,)G(jw) crosses the (-1 + jO) point on the complex plane, and the 

oscillation frequency corresponds to the frequency at which the crossing occurs. 

Further, if the process is stable, then the limit cycle oscillation is stable, the 

outermost characteristic locus of N(a,p,)G(jw) passes through the (-1 + jO) 
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point and the process critical frequency is the same as the critical frequency of 
the outermost characteristic locus. 

It is noted that the crossing condition and the oscillation frequency in 

Lemma 5.6.1 are related to N(a, /1), which cannot be calculated until the os

cillations are observed and the amplitudes ai of relay inputs measured from 

the oscillation waveforms. It would be useful if the frequency could be given 

in terms of the information on the process only but independent of the relay 

controller. To this end, consider an m x m multivariable process G(s) with row 

Gershgorin bands as shown in Figure 5.18. For each band, let Cil = gii(Wil) and 

Ci2 = gii(Wi2) be the centres of the circles which are tangential to the negative 

real axis, and (-(3il + jO) and (-(3i2 + jO) be the points at which the outer-rim 

and inter-rim of the ith Gershgorin band intersect the negative real axis re

spectively. If the ith Gershgorin band does not intersect the negative real axis, 

[Wil' Wi2] is defined to be empty. The following result gives an estimate for We 

in terms of Wil and Wi2. 

1m 

Re 

Fig. 5.18. Gershgorin bands 

Proposition 5.6.1. If the decentralized relay feedback system oscillates at a 

common frequency We, then there exists a k E {I, 2, ... , m} such that We E 

[Wkl' Wk2]. 
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Proof. By the Gershgorin theorem (Maciejowski, 1989), we know that the char
acteristic loci of G(s) lie in the union of its Gershgorin bands. The point at 

which the i-th characteristic locus Ai(jW) of G crosses the negative real axis 

if it exists can only lie in the union of circles with centres from Cil to Ci2. It 

follows that for Ai (jw), the critical frequency Wie at which the crossing occurs 

is in the range [Wil' wd. Suppose now that the transfer function matrix G(s) 
is multiplied by a diagonal constant matrix K = dia9 {ki } as 

Q = KG = ki9i 

where 9i, i = 1, ... ,m are the row vectors of G (s). The centres of the circles 

for the ith Gershgorin band of Q have now been shifted to ki9ii with the 

radii of the circles magnified ki times as shown in Figure 5.19. Since k i is 

constant, the centre ki9ii(Wil) has the same phase as that of Cil = 9ii(Wid 

and is on the straight line drawn through the origin and 9ii (Wil). Further, the 

magnitude Iki9ii(Widl differs from 19ii(Widl by a factor Ikil. Therefore, the 

distance between the point ki9ii(Wid and the negative real axis is Ikil times 

as large as that between the point 9ii(Wid and the axis, which is exactly the 
radius of the circle with centre ki9ii (wid. This implies that this circle is still 

tangential to the negative real axis and thus Wil for Q is equal to Wil for G. The 

same can be said for Ci2 and Wi2 = Wi2. It follows that the critical frequency Wie 

for the ith characteristic locus of Q (s) is still in [Wi!, Wi2J. Since the describing 

matrix N(a, J-L) is also a constant diagonal matrix, the critical frequency for the 

ith characteristic locus of N(a,J-L)G(s) is thus in [Wil' Wi2J. By Lemma 5.6.1, 

the limit cycle oscillation frequency must be in one of [Wil' Wi2], i = 1,2, ... , m 

and our result follows. 

In view of Lemma 5.6.1 and Proposition 5.6.1, the oscillation frequency We 

for a stable process depends on which characteristic locus of G (s) is moved to 

the outermost by the multiplication of the corresponding relay element describ

ing function Ni = ~. In general, one can enlarge the gain Ni by increasing 

the ratios of the relay amplitudes in the ith loop to those in other loops. We 

call this outermost loop the dominant loop. It is noted that the dominant loop 

remains dominant and the critical frequency varies very little with a fairly large 
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1m 

Re 

Fig. 5.19. Expansion of a Gershgorin band 

change of relay amplitude ratios unless an inner characteristic locus becomes a 

new outermost. As an example, consider the following typical process (Wood 

and Berry, 1973): 

G(s) = [ 

12.8e-' 
1+16.78 

6.6e- 7 • 

1+10.98 

-18.ge- 3• 1 1+218 

-19.4e- 3 • 

1+14.48 

Let J11 and J12 be the relay amplitudes in loop 1 and loop 2 respectively. 
When r := /'1 varies from 1 to 2 by 100%, the process always exhibits oscil-

/'2 

lations of a common frequency, and the process critical frequency We changes 

from 0.494 to 0.496, i.e., by 0.4%. This feature is addressed in the following 

proposition. 

Proposition 5.6.2. If the decentralized relay feedback system for a stable pro
cess oscillates at a common frequency and for some k, Nk > Nj3ij3i1, i = 

k2 

1,2, ... , m, i =I- k, then only the kth characteristic locus of N(a,J1)G(jw) crosses 

the (-1 + jO) point and the oscillation frequency satisfies We E [Wk1' wd. 

Proof. The conditions, Nk > Nj3,j3i1, i = 1,2, ... , m, i =I- k, guarantee that 
k2 

the kth Gershgorin band of N (a, J1)G (jw) is the outermost among all the m 

Gershgorin bands. Since the kth characteristic locus of N(a, J1)G(jw) is in this 

band, it is the outermost locus of N(a,J1)G(jw). It follows from Lemma 5.6.1 

that the kth characteristic locus of N(a,J1)G(jw) crosses the (-1 + jO) point 

and the oscillation frequency We is equal to Wke, which is in [Wk1' Wk2J. 
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By Proposition 5.6.2, if we vary the relay amplitudes such that the re

sulting describing function gain matrix N'(a, J.L) still satisfies N~ > 'J~:', 
i = 1,2, ... ,m, i i- k, then the resulting limit cycle oscillation frequency is ex

pected to be in the range [Wkl' Wk2) and thus close to the previous value if the in
terval [Wkl' Wk2) is small. In general, the condition Nk > N{3i{3i1, i = 1,2, ... ,m, 

k2 

i i- k, remains true if one increases the relay amplitude of the dominant loop 

or decreases one or more relay amplitudes in the other loops. 

Estimation of Process Frequency Response An m x m multivariable 

process can be described in the frequency domain as 

(5.53) 

We want to estimate the process frequency response G(jw) at the critical os

cillation frequency Wc. In order to additionally identify the steady-state gain 

matrix of the process, a biased relay instead of a standard relay should be used 

in the dominant loop to make the process inputs and outputs have nonzero 

means. Thus, a test as shown in Figure 5.17 with a biased relay in the dominant 

loop and symmetric relays in the other loops is applied to the process. When 

the process becomes stationary, the process stationary inputs Ui(t) and out

puts Yi(t), i = 1,2, ... , m, are all periodic, and can be expanded into Fourier 

series. If the oscillations in m loops have a common frequency WC, then the 
direct-current components and the first harmonics of these periodic waves are 

extracted as 

[ 
JoTc Ul (t)dt] 

U1(O) := : , 

JoTc um(t)dt 

[
JoTc Yl(t)dt] 

yl(O) := : 

JoTc Ym(t)dt 

(5.54) 

and 

1. ._ [JoTC Ul(t~e-jwctdtl 
U (]Wc ) .- : , 

JoTc Um(t)e-jwctdt 

1. ._ [JoTCYl(t~e-jwctdtl 
y (]Wc ) .- : . 

JoTc Ym(t)e-jwctdt 
(5.55) 

Then 

(5.56) 
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and 

(5.57) 

Since (5.56) and (5.57) are vector equations, they are not sufficient to de

termine G(jwe) and G(O) from yl and U1 only. Next, we slightly increase 
the relay amplitude of the dominant loop or decrease that of another loop, 

and repeat the above procedure until m tests have been completed. According 

to Proposition 5.6.2, the process is likely to have all the oscillation frequen

cies close to each other for the m tests. y2(0), U2(0), y2(jwe), U2(jwe), ... , 
ym(o), Um(O), ym(jwe), Um(jwe) are obtained subsequently. We have 

(5.58) 

and 

(5.59) 

While (5.58) is accurate for any decentralized relay test, (5.59) is only approx

imate since We is not exactly the same for all m tests. U i , i = 1,2, ... , m, are 
linearly independent since there is always a relay amplitude change for each 

test. It follows from (5.58) and (5.59) that the steady-state gain matrix G(O) 
and frequency response matrix G(jwe ) are determined, respectively, as 

(5.60) 

and 

(5.61) 

Our relay experiment thus consists of m decentralized relay tests and con

tinues from one to another without any stop in between. To design this ex

periment, one needs to specify relay amplitudes for each test. The following 

design parameters are recommended for use and are obtained through our ex

tensive case studies. For the first test, the relay amplitude for each loop is set 

as in the single-variable case (see Section 1). In most circumstances, stationary 

oscillations of a common frequency will result in the system. For subsequent 

tests, either the relay amplitude in the dominant loop is increased or the relay 

amplitude in one of the other loops is decreased by 5-20%. This usually leads 

to oscillations with frequencies close to the previous ones. 

It should be pointed out that m decentralized relays in our test scheme are 

reasonable and even necessary to identify an m x m system. Out test scheme 
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may actually need less time than those for IRF and SRF. To see this, our 
scheme uses m non-stop relays, while both IRF and SRF also contain m relays 

for a m x m system. Furthermore, between their m relays, there are additional 

(m - 1) control transients to bring outputs back to the set-points before the 

next relays can be performed. In the context of resonance approximations, the 

number of relays should be at least m in order to identify an m x m frequency re

sponse matrix G(jw), as explained above. In our opinion, the main shortcoming 

of the decentralized relay test is that it may cause complicated multi variable os

cillations (Atherton, 1975; Loh et al., 1993; Zhuang and Atherton, 1993), where 

three modes of multivariable oscillations have been observed. If there are no 

oscillations or the oscillations have different frequencies at different outputs, 

our method cannot be used and this is a restriction on it. However, oscillations 

with a common frequency is the mode most likely to occur (Atherton, 1975) 
when the process has significant interaction, which is the case considered in 

this section. 

Noise is an important issue in the identification problem. Like the SISO 

case, anti-noise measures such as hysteresis, low-pass filtering and multiple 

oscillation periods can also be used in the present case of a DRF for each relay. 

No further discussion is required. 

Example 5.6.1. Consider the well-known Wood/Berry binary distillation col

umn plant (Wood and Berry, 1973): 

[ 

12.Se-S _lS.ge- 3S j 
1+16.78 1+218 

G(s) = . 

6.6e- 7s -19.4e- 3s 

1+10.98 1+14.48 

It is a typical MIMO plant with strong interaction and significant time delays. 

For a tuning test, the relay in loop 1 is set as a symmetric relay with output 

switching levels of 1.00 and -1.00, and a relay with bias in its output giving 

switching levels 1.50 and -1.00 is used in loop 2. The system exhibits limit 

cycle oscillations having a common frequency with frequency w~ = 0.485. The 

switching levels of the relay in loop 2 is then changed to 1.80 and -1.20. 
The system exhibits limit cycle oscillations having a common frequency with 

w~ = 0.484 in this case. The steady-state gain matrix G(O) and frequency 

response matrix G(wc ) are computed from (5.60) and (5.61) as 

A [12.8 -18.9] A • [1.56e-1.92j 18.6eo.221j] 
G(O) = , and G(Jwc) = , 

6.60 -19.4 1.21e1.46j 2.7geo.260j 
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where We=~(W~ +w~)=0.485. They are very accurate, compared with their true 
values: 

G(O) = , and G(0.485j) = [
12.8 -18.9] [1.57e-1.93j 18.5eO.21j] 

6.6 -19.4 1.23e1.50j 2.75eo.26j 

Example 5.6.2. Consider the process in Palmor et al (1993): 

[ 
0.5 -1 1 (0.ls+I)2(0.2s+1)2 (0.lsH)(0.2sH)2 

G(s) = 
1 2.4 

(O.lsH )(0.2s+1)2 (0.ls+I)(0.2s+1)2(0.5s+1) 

There are large interactions in this process. Two decentralized relay tests are 

performed on it. The relay in loop 1 is symmetric with unit switching levels, and 

the switching levels of the relay in loop 2 are 1.40 and -0.933 in the first test 

and changed to 1.50 and -1.00 in the second. Both tests result in limit cycle 

oscillations with the same frequency We = 4.29. The estimated steady-state 

gain matrix 6(0) and frequency response matrix 6(jwe ) are 

A [0.500 -1.00] A [0.243e-2.25j 0.52ge1.31j] 
G(O) = , G(4.29j) = 

1.00 2.40 0.52ge-1.84j 0.537e-2.98j 

while the true values are 

[
0.5 -1] G(O) = , G(4.29j) = 
1 2.4 

[
0.24e-2.23J 0.53e1.32j.] 

0.53e-1.82J 0.54e-2.96J 

In this section, multivariable oscillations under decentralized relay feedback 

control have been investigated. In particular, it is shown that for a stable m x m 

process, the oscillation frequencies remain almost unchanged under relatively 

large relay amplitude variations. Therefore, if m decentralized relay feedback 

tests are performed on the process, their oscillation frequencies are close to 

each other so that the process frequency response matrix can be estimated at 

that frequency. A bias may be introduced into the relay to additionally obtain 

the process steady-state matrix. 
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In the preceding chapter, relay feedback has been employed to identify the 

process frequency response. It is, however, noted that the frequency response is 

obtained only at a few discrete frequency points. Essentially, only one point, the 

critical point on the process frequency response, is estimated from a symmetric 

relay test, and a few other points can also be estimated at the expense of 

possibly a longer testing time and a more complicated relay, such as biased, 

parasite or cascade relay. Fundamentally, this is because only the steady-state 

response, i.e., the limit cycle, is exploited for identification and this contains 

spectral information on the oscillation frequency and its higher harmonics only, 

and harmonics at high frequencies are practically not identifiable due to the 

low-pass nature of most process dynamics. Note that the transient responses 

of the process input and output are ignored although they are also available 

from a relay test and contain rich spectral information of the process. As a 

result, one can expect that use of the relay transient response in identification 

will produce more process information than an approach based solely on the 

steady-state response. To do so, time domain based least squares techniques 

may be utilized and good books on this topic are readily available (Ljung and 

Soderstrom, 1983), which is thus not pursued here. Instead, the goal of the 

present chapter is to show how to estimate the process frequency response 

from the system transient responses to a single and simple relay test. The main 

tool used is the fast Fourier transform (FFT). We demonstrate that direct 

application of the FFT to relay feedback system signals gives false results, and 

signal decomposition and weighting are necessary to yield correct results. 

6.1 Signal Analysis 

With a computer monitoring and control system in place, the signals collected 

from a process test such as a relay test are all discrete time. For spectrum 

analysis of discrete time signals, the discrete Fourier transform (DFT) may be 
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used and the fast Fourier transform (FFT) is an efficient and reliable method 
for computing the DFT. Since the FFT can be applied to arbitrarily windowed 

signals, it seems possible to obtain the process frequency response by taking 

the FFT of the process input and output directly. However, this idea is shown 

in this section to be false, and the remedy to this failure is highlighted. 

~ Relay 
u Process 

y 

-

Fig. 6.1. Relay feedback system 

Consider a SISO relay feedback system, depicted in Figure 6.1, where the 

process is a LTI system with the transfer function G(s), and the relay can be any 

type, but preferred for simplicity to be a symmetric one with nonzero hysteresis 

as an anti-noise measure and with bias if static gain estimation is extremely 

important. Suppose that the process is at rest, i.e., has zero initial conditions, 

and then a chosen relay feedback is applied to the process at t = o. Assume 

that the relay feedback system is stable and yields limit cycle oscillations as 

its steady state. The resultant process output response yet) and input response 

u(t) are sampled as y(kT) and u(kT) with the sampling interval T, respectively. 

Our task is to identify the process frequency response, G(jw), from the recorded 

samples, y(kT) and u(kT), k = 1,2,···. 

Let F{x(t)} represent the Fourier transform of x(t). Intuitively, estimation 

of the process frequency response, G(jw), seems straightforward, and could be 

G(" ) = Y(jw) = F{y(t)}. 
JW U(jw) F{u(t)} 

This may be approximated by applying the FFT to y(kT) and u(kT), k = 

1,2,··· , 

. Y(jw) T· FFT{y(kT)} 
G(Jw) = U(jw) ~ T. FFT{u(kT)}· (6.1) 

Unfortunately, it is wrong. 
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To determine the bugs in the formula, mathematically, y(t) and u(t) can 
be decomposed into the periodic stationary cycle parts ys(t) or us(t) and the 
transient parts Lly(t) or Llu(t) as 

y(t) = Lly(t) +ys(t) (6.2) 

and 

u(t) = Llu(t) +us(t), (6.3) 

as exhibited in Figure 6.2. Practically, when noise is not significant, the last 

stationary oscillation period of y(t) and u(t) are copied backwards to generate 

periodic stationary cycle parts ys(t) or us(t), and Lly(t) and Llu(t) are obtained 

by taking respective differences between the overall and stationary responses. 

Obviously, the transients parts, Lly(t) and Llu(t), decay to zero at steady state. 
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Thus, they are absolutely integrable and Fourier transformable. We obtain their 
Fourier transforms 

LlY(jw) = F{Lly(t)}, and LlU(jw) = F{Llu(t)}. (6.4) 

The FFT of a discrete signal, x(kT), k = 0,1,··· ,N - 1, where N is an 
even integer, is defined by 

N-l 

FFT{x(kT)} := L x(kT)e- jw/kT , 1= 1,2,··· ,M, (6.5) 
k=O 

where M = If and Wz = 27f1/(NT). Suppose that the signal x(t) decays to zero 
as time approaches infinity and it is a one-side signal, i.e., x(t) = 0, if t < 0; 

and x(t) ~ ° if t > Tf . If the FFT window is bigger than Tf, the FFT of the 
corresponding discrete decaying signal will give the scaled Fourier transform of 
x( t) at discrete frequencies as 

X(jw) = 1000 x(t)e-jwtdt ~ loT! x(kT)e- jwkT 

N-l 

~ T L x(kT)e- jwkT = T· FFT{x(kT)} , 
k=O 

(6.6) 

where N is an integer such that (N - 1)T = Tf. Equation (6.6) when applied 
to (6.4) implies 

LlY(jw) ~ T·FFT{Lly(kT)}, (6.7) 

and 

LlU(jw) ~ T·FFT{Llu(kT)}, (6.8) 

that is, the FFT of the transient's part Lly or Llu from the relay test is ap

proximate to its scaled Fourier transform. This fact is very important in FFT 

applications. 

Strictly speaking, the Fourier transform ofthe periodic parts ys(t) and us(t) 
actually does not exist since they are not decaying signals and thus not abso

lutely integrable, and are unable to yield the corresponding frequency response, 

Ys(jw) and Us(jw) as required in (6.1) together with (6.4). Nevertheless, taking 
the FFT of a periodic signal is a very common operation in signal processing. 

For a double-sided periodic signal x(t) with a period Te , its Fourier transform 

(Morrison, 1994) is 

00 

X(w) = 27f L Cn 8(w-nwe ), (6.9) 
n=-oo 
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where We = ~:, 8(w - nwc) is the Dirac delta or unit impulse, and en are the 
coefficients of the Fourier series of x(t) given by 

(6.10) 

where the FFT is taken over a period of x(t), indicating that the FFT of one 

period of the sampled x(t) gives Tcj?n, but not X(jw) as desired. 

To see what is wrong with (6.1), we apply (6.9) and (6.10) to the periodic 

parts ys(t) and us(t) and compare the results with (6.7) and (6.8). It is true that 

the FFT of the transient parts L1y and L1u do arrive at their respective scaled 

Fourier transforms. However, the FFT of one period (or multiple periods) of the 

periodic part Ys or Us will actually give the scaled amplitudes of impulses in its 

Fourier transform, or the coefficients of their Fourier series. Two FFT results 

have different meanings. Summing them together does not have any practical 

sense and will not produce the correct process frequency response. Therefore, 

directly applying the FFT to the process output and input and calculating the 

process frequency response by (6.1) is meaningless and will definitely lead to a 

wrong result. 

Since the FFT of the transient part L1y or L1u gives its scaled Fourier 

transform and the FFT of one period of the periodic part Ys or Us will actually 

give the scaled amplitudes of impulses in its Fourier transform, one may think 

that the process frequency response might be obtained by 

. Y(jw) T· FFT[L1y(kT)] + 21r 2:~=-00 Ysn8(w - nwc) 
G(Jw) = -- = 00 

U(jw) T· FFT[L1u(kT)] + 21r 2:n=-oo Usn8(w - nwc) 
(6.11) 

where Ysn and Usn are the coefficients of the Fourier series of Ys and Us re

spectively. However, this makes use of (6.9), which assumes that the signal is 

two-sided, while Ys and Us from a relay feedback test are one-side signals. For 

a one-side periodic signal which we have at hand, its Fourier transform usually 

contains two parts. One is obtained by simply setting s = jw in its Laplace 

transform while the other is a series of impulses at the singularity frequencies 

of the Laplace transform (McGillem and Cooper, 1984). If what one is inter

ested in is the Fourier transform at frequencies other than these singularity 

frequencies, the Fourier transform is determined by the first part only and can 

be obtained from its Laplace transform with the simple substitution s = jw. 
For this purpose, we have to make use of the following lemma. 

Lemma 6.1.1. (Kuhjitting, 1978). Suppose that x(t) is a periodic function 
with period Tc for t 2 0, i.e., 
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{ 
x(t + Te), t E [0, +(0), 

x(t) = 
0, t E (-00,0). 

Assume that the Laplace transform, L{x(t)} = Xes), exists. Then, 

liTe Xes) = _ T x(t)e-stdt. 
1-e s e 0 

(6.12) 

It follows that the corresponding Fourier transform at frequencies other than 

the singularity frequencies, w = mWe = m~:,m = 0,1,2,···, can be obtained 

as 

liTe . X(jw) = . T x(t)e-)wtdt. 
1 - e-)W e 0 

(6.13) 

Based on the above observations, two numerical techniques for multiple-point 

frequency response estimation from a single relay feedback test will be presented 

in the subsequent two sections. 

6.2 Decomposition Method 

The transfer function of a linear process is given by 

G( ) = Yes) 
s U(s). 

Laplace-transforming (6.2) and (6.3) gives 

G(s) = yes) = LlY(s) + Ys(s) , 
U(s) LlU(s) + Uses) 

(6.14) 

where LlY(s) and LlU(s) are the Laplace transforms of the transient parts 

Lly(t) and Llu(t) respectively, Ys(s) and Uses) are the Laplace transforms of 

the periodic parts ys(t) and us(t) respectively. By Lemma 6.1, (6.14) becomes 

LlY(s) + 1-/ aTe foTe Ys(t)e-stdt 
G(S) = T' 

LlU(s) + 1-/ aTe fo C us(t)e-stdt 
(6.15) 

where Te is the period of the process output stationary oscillation from the 

relay feedback test. Setting s = jw, (6.15) becomes 

. LlY(jw) + 1-e \wTe foTe Ys(t)e-jwtdt 
G0w) = T· 

LlU(jw) + 1-e \w1'e fo e us(t)e-jwtdt 
(6.16) 
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We wish to have a numerical scheme for computing (6.15) for practical appli
cations. Suppose that at t = Tf, y(t) and u(t) have nearly entered stationary 

oscillation status and after t = Tf, both Lly(t) and Llu(t) are approximately 

zero. Let N be an integer such that (N - 1)T ~ Tf. As discussed before, the 
Fourier transform of Lly(t) is approximated by 

roo rTf 
LlY(jw) = 10 Lly(t)e-jwfdt ~ 10 Lly(t)e-jwfdt 

N-l 

~ T L Lly(kT)e- jwIT = T-FFT{Lly(kT)}, (6.17) 
k=O 

where l = 1,2"" ,M, M = ~ and W = WI = 21flj(NT). 
Ys (jw) at discrete frequencies WI is computed using the digital integral: 

T Nc 
y. ( . ) L (kT) -jwlkT s JWI = 1 _. 'T' Ys e , - e JW l1c 

k=O 
l = 1,2"" ,M, (6.18) 

where M and WI are defined as before, and the integer Ne ~ (Te - T)jT, i.e., 

the summation is taken over one period. LlU(jwt) and Us(jw) can be calculated 

in the same way. Consequently, the process frequency response is obtained as 

G . FFT{Lly(kT)} + l-e 13WlTC Lf~o Ys(kT)e-jwlkT 
(Jwt) = T{ A ()} 1 ",N ( ) . kT' FF L1U kT + l-e 3WlTc L....k~O Us kT e-JWI 

l = 1,2"" ,M. (6.19) 

This method employs the FFT and digital integration only. The required com

putation burden is thus modest. It can identify multiple points on a frequency 

response from a single relay test. It is accurate in the absence of noise and 

disturbance. 

For real implementation of (6.19), we must give values for the time span 

Tf = (N - 1)T required in the FFT computations (6.17). It turns out that Tf 
or N is related to the number of the frequency response points to be identi

fied. Suppose that the number of the frequency response points to be identified 

from zero frequency to the process phase-crossover frequency We is M, where 

M is specified by the user. It follows from (6.17) that the M frequency re

sponse points recovered by the FFT method are at the discrete frequencies 

0, Llw, 2Llw,'" ,(M -1)Llw, where Llw = WI+! - WI = 21f jNT is the frequency 

increment. The definition of M means that We ~ (M - 1)Llw and 

21f 
We ~ (M -1) NT' (6.20) 
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On the other hand, one can measure the oscillation period Te on line when a 

relay test is performed and We can be estimated as 

21f 
Wc~-· 

Te 

Equations (6.20) and (6.21) yield 

N ~ (M _l)Te 
T 

(6.21) 

(6.22) 

where M should be specified a priori and be large enough to ensure that the 

stationary oscillation is reached. Then, N is determined from (6.22) and the 

corresponding time span is obtained as Tf = (N - l)T. 

Different identification methods are more or less sensitive to noise. It is ap

parent (Ljung and Soderstrom, 1983) that in almost all identification methods 

a low noise-to-signal ratio is required. Regarding measurement noise in the re

lay test, Astrom and Hagglund (1984b) pointed out that hysteresis in the relay 

is a simple way of reducing the influence of measurement noise. The hysteresis 

width should be bigger than the noise band (Astrom and Hagglund, 1988) and 

is usually chosen as twice the noise band (Hang et al., 1993b). Filtering is an

other possibility (Astrom and Hagglund, 1984b). Measurement noise is usually 

of high frequency, while the process frequency response of interest for control 
analysis and design is usually in the low-frequency region. In particular, the 

process frequency response in [0, we] is critical for controller design. We found 

in our experiments that the measurement noise is in a fairly high frequency 

region. Therefore, a low-pass filter can be employed to reduce the measure

ment noise. The cut-off frequency of the filter is determined with respect to the 

process frequency region of interest. A possible choice is 3we '" 5wc . To reduce 

the effect of noise further, especially in the case of large noise-to-signal ratio, 

one may also use the average of the last four or five periods of oscillation as the 

stationary oscillation period and copy this average period backwards to obtain 

Ys' With the above three anti-noise measures, the proposed method can reject 

noise quite effectively. 

When a relay feedback test is to be conducted, the process is first brought to 

the operating point before relay feedback tests start. After the process reaches 

a steady state, a 'listening period' (10-20 samples) begins. During this period, 

the steady state of the process input and output are measured. To prevent 

relay switching at the wrong instants, relay hysteresis is usually adopted. In 

the 'listening period', the peak value of noise is monitored, from which the 

hysteresis of the relay is determined. Usually, the hysteresis is chosen to be 

twice the peak value of the noise. After the 'listening period', the relay feedback 
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test is launched. The process input and output are sampled until the system 

reaches a stationary oscillation. The stationary oscillation can be detected by 

monitoring the relay output oscillation periods. 

For the assessment of identification accuracy, identification error is here 
measured by the worst-case error 

(6.23) 

where G(jWI) and G(jWI) are the actual and the estimated process frequency 

responses respectively. The Nyquist curve for phase ranging from 0 to -7r is 

considered since this part is most significant for control design. To test estima

tion robustness against noise, the process output may be corrupted by noise 

and the corrupted output used for identification. The noise level is judged, 

in the context of system identification, by the noise-to-signal ratio, which is 

usually defined as 

or 

Nl = Noise-to-Signal Power Spectrum Ratio 

mean power spectrum density of noise 
mean power spectrum density of signal' 

. . . mean(abs(noise)) 
N2 = NOIse-Signal Mean RatlO = ( b (. 1))' mean a s Signa 

Example 6.2.1. Consider a high-order plus dead time process: 

e-4s 

G(s) = (s + 1)5 

(6.24) 

(6.25) 

Relay feedback is applied to it and y(t) and u(t) are logged and then decom

posed into y = LJ.y + Ys and u = LJ.u + Us as in (6.2) and (6.3). With 1000 

samples per stationary cycle period and M = 15, the process frequency re

sponse is identified using (6.19) and is shown in Figure 6.3. The ERR is 0.32%. 

In order to test our method in a realistic environment, real-time relay tests 

were performed using the KI 100 Dual Process Simulator from KentRidge In

struments, Singapore, as shown in Figure 6.4. The simulator is an analogue 

process simulator and can be configured to simulate a wide range of industrial 

processes with different levels of noise. The simulator is connected to a PC via 

an AID and D I A board. The window-based DT VEE 3.0 is used as the sys

tem control platform, on which the relay control code is written in C++. The 

fastest sampling time of the VEE system is 0.06 s. It follows from our extensive 
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Fig. 6.4. Relay feedback system in the presence of noise 

tests that 200-300 samples per stationary cycle during the relay test are good 

enough for identification and control design. 

The filter in Figure 6.4 is selected as a Butterworth low-pass filter with 

cut-off frequency 3wc ,...., 5wc . Other anti- noise actions discussed earlier are also 
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Fig. 6.5. Real-time signals under relay feedback control 

taken. Without additional noise, the noise-to-signal ratio Nl of the inherent 

noise in our test environment is 0.06% (N2 = 2%). 

Example 6.2.2. Consider a first-order plus dead time process: 

1 G(8) = __ e-5s . 
58 + 1 

The identification error ERR is 5.41 %. To see the effects of noise, extra noise is 

introduced with the noise source in the simulator. The time sequences of y(t) 
and u(t) in a relay test for Nl = 1O%(N2 = 35%) are shown in Figure 6.5. The 

first part of the test in Figure 6.5 (t = 0 '" 30) is the "listening period", in 

which the noise bands of y(t) and u(t) are measured at steady state. 

The testing was also carried out for a variety of dynamics available on the 

simulator. The typical results are summarized in Table 6.1 with different noise 

levels. Estimation of process frequency response is generally good. It can be 

seen that our decomposition method can obtain multiple points on the process 

frequency response points simultaneously with one single relay experiment, and 

this greatly saves testing time. The method is accurate, especially in the critical 

frequency range [0, we], provided that the process is linear and no disturbance 

exists. The computations are simple, and easily implemented on microproces

sors. 
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Table 6.1. Identification error (ERR) for decomposition method 

Processes Noise Levels 

N1=1% 6% 10% 

N 2 =13% 25% 35% 
1 -58 

58+1 e 10.14% 12.79% 13.57% 
1 9.48% 12.46% 15.18% 
~ 

8+1 
1 e-2.58 
58+1 2 6.74% 7.98% 8.17% 

1-8 -8 

28+1 4 58+1 e 2.32% 6.00% 8.62% 

6.3 Weighting Method 

As revealed in Section 6.1, the signals in a relay feedback system are not directly 

Fourier transformable to obtain the process frequency response. The decompo

sition method in the preceding section decomposes the signals into the transient 

part and the stationary cycle parts. These parts are then transformed to their 

frequency responses using the DFT and digital integration respectively. An al
ternative way is to put a decay weighting on the signals such that the weighted 
signals do die off as time passes. 

Let y(t) and u(t) be the process output and input responses in a relay 
feedback system, respectively. A decay exponential e-o:t(a > 0) is introduced 

to moderate them: 

ii(t) = y(t)e-o:t , (6.26) 

and 

u(t) = u(t)e-o:t , (6.27) 

so that y(t) and u(t) decay to zero exponentially as t approaches infinity and 

become Fourier transformable. Applying the Fourier transform to (6.26) and 

(6.27) yields 

Y(jw) = 1000 y(t)e-jwtdt = 1000 y(t)e-o:te-jwtdt = Y(jw+a), (6.28) 

and 

(6.29) 
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The integral intervals in (6.28) and (6.29) are infinite, and digital computation 
of infinite interval integration is not trivial. However, due to the introduction of 

the decay exponential e-at , yet) and u(t) are approximately zero after a certain 

time. The infinite interval integration problem then becomes a finite integration 
one. Thus, Y (jw) can be computed at discrete frequencies, using the standard 

FFT technique. Suppose that y(kT), k = 0,1,2,··· , N - 1, are samples of 

yet), where T is the sampling interval. N is chosen such that y«N - l)T) has 

reached a stationary oscillation, and the decay coefficient 0: is selected such 

that y«N -l)T) formed from (6.26) has approximately decayed to zero. Then, 

we have 
T, N-l 

Y(jWI) >=::l r y(t)e- jwlt >=::l T L y(kT)e-jwlkT = T· FFT{y(kT)}, 
~ k=O 

l=1,2,···,M, (6.30) 

where Tf is the time when y(Tf) = y(NT-T) >=::l 0, M = 1¥- and WI = 27rlj(NT). 
U(jWI) can be similarly computed by taking the FFT of u(kT). Therefore, the 

shifted process frequency response G(jWI + 0:) is obtained as 

. Y(jWI + 0:) FFT{f} (kT)} 
G(JWI+O:) = U(jWI +0:) = FFT{u(kT)} , l = 1,2,··· ,M. (6.31) 

The identified shifted process frequency response may be directly used for pro

cess modelling and controller design. However, if G(jw) rather than G(jw + 0:) 
is needed, one can first take the inverse FFT of G(jWI + 0:) as 

g(kT) := FFT-l(G(jWI+O:)) = g(kT)e-akT , 1 = 1,2,··· ,M. (6.32) 

It then follows that the process impulse response g(kT) is 

g(kT) = g(kT)eakT . (6.33) 

Applying the FFT again to g(kT) would result in the original process frequency 

response 

G(jWI) = FFT(g(kT)). (6.34) 

For implementation of (6.31), values must be assigned to the decay factor 0: 
and the time span Tf = (N - l)T required in the FFT computations (6.30). 

Consider first the selection of Tf . Following a similar argument to that in the 

preceding section on Tf , we also reach (6.22) and for easy reference we repeat 

Tc 
N>=::l (M -1)

T 
(6.22) 
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where M should be specified a priori, and should be large enough to ensure that 
the stationary oscillation is reached. Then, N is determined from (6.22) and 

the corresponding time span is obtained as Tf = (N - l)T. Practically, if M 

is large, the computational load increases, but the points in a small frequency 

range may not necessarily give additional information on the process dynamics. 

The number of frequency response points M is usually selected to be around 

10-20. To cover the entire transients of yet) and U(t) with such an M, the 

process inputs and outputs samples may be screened, or one taken from a few, 

equivalently making a bigger T. 
The value of the decay coefficient a should be such that yet) and u(t) decay 

nearly to zero when the time approaches Tf , regardless of the nonzero yet) 
and u(t). It is this decay coefficient a that enables the infinite integral of the 

Fourier transform to be replaced by the finite digital integral of the FFT. To 

make (6.30) a good approximation, the decay coefficient a should satisfy 

or 

Inc 
a>--

- Tf' 

(6.35) 

(6.36) 

where E: is the specified threshold, and usually takes a value of 10-4 ""' 10-6 . 

On the other hand, a should not be too large, better kept a less than 0.1-0.2 

to prevent losing too much information when forming yet) and u(t). 
For noisy data, all the anti-noise measures discussed in Section 6.2 are also 

applicable to this weighting method. The identification error EER as defined 

in (6.23) is used for assessment of the estimation accuracy. 

Example 6.3.1. This example is adopted from Li et al. (1991): 

e-2s 

G(s) = lOs + 1 

The model estimated by Li et al. (1991) is 

6(s) = 0.988e- 2S , 

8.02s + 1 

and its identification error is ERR = 22.32%. In Li's method, the dead time is 

assumed to be known. For our weighting method, relay feedback is applied to 

the process. The process output and input are logged. yet) and yet) of the relay 

test are shown in Figure 6.6(a), while u(t) and u(t) are given in Figure 6.6(b). 

The frequency response identified is shown in Figure 6.7. The ERR is 0.26%. 

This indicates that the proposed method provides a much more accurate result. 
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Fig. 6.6. Signals under relay feedback control 

Example 6.3.2. In order to test the method in a realistic environment, real

time relay tests were also performed on the KI 100 Dual Process Simulator. 

The description of this process simulator and its experimental set-up for iden

tification has been given in the preceding section. The same low-pass filter and 

other anti-noise actions as discussed in Example 6.2 were also taken. Table 6.2 

presents the identification results of four typical examples at different noise lev

els. The accuracy is satisfactory. This weighting method yields slightly better 

estimation results, compared with the decomposition method. 

6.4 Testing on Pilot Plants 

In the preceding two sections, we have presented two methods for identifying 

multiple points on the process frequency response with one single relay feedback 
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Table 6.2. Identification error (ERR) for weighting method 

Processes Noise levels 

N1=1% 6% 10% 

N2=13% 25% 35% 
1 -58 

58+1 e 6.14% 7.96% 9.67% 
1 7.42% 8.97% 9.85% ~ 

1 e-2.58 
8+1 )(58+1 2 3.75% 6.52% 8.65% 

1-8 -s 
28+1 4 58+1 e 2.93% 4.48% 8.69% 

experiment, and demonstrated their effectiveness by numerical simulation and 

real-time implementation on an analogue simulator. In this section, we test 

them on real plants. Since the two methods produce similar results, we will 

show only one method, the weighting method, for illustration. An essential 

difference between this physical test and the previous ones is that for a real plant 

no true frequency response is available to assess our identification results. In the 

context of control engineering, process identification is ultimately for process 

control. Control performance can easily be measured. Thus, we shall, in this 
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section, combine our identification method with some simple PID controller 

tuning methods to form an auto-tuner and then compare the resultant control 

performance with the standard relay auto-tuner for PID controllers, to see if 

an improvement can be achieved with the new technique. 

These multiple points on the process Nyquist curve can be used to tune a 

better PID controller, compared with those using the critical information only. 

Systematic techniques for the design of various controllers are covered in detail 

in Part III of this book. For this section, we present only a simple PID tuning 

method. 

Consider a conventional negative feedback control system with a given pro

cess G (s) and controller K (s). The controller is to be designed such that the 

actual closed-loop transfer function is best fitted to the objective closed-loop 

transfer function H from r to y. The objective open-loop frequency response 

profile can be properly selected according to the user's requirements, such as 

gain and phase margins, bandwidth, robustness, etc. One simple solution is to 

choose H as 

(6.37) 

where L is the apparent dead time of the process that can be read off from the 

relay test. wr> and ( dominate the behaviour of the desired closed-loop response. 

We must give values for the objective damping rate ( and natural frequency 

Wn in (6.37). If the control specifications are given in terms of the phase margin 
rpm and gain margin Am, the <.; and Wn in H are approximately determined 

(Wang et al., 1996) by 

and 

(= 
1 - cos2 rpm 

4 cos rpm 

tan- 1(¥,) 
p -1 

Wn = , 
pL 

where p is the positive root of equation 

In general, we choose relatively large gain and phase margins for fast loops and 

choose small ones for slow loops. The default settings for the parameter ( and 

wnL are ( = 0.707 and wnL = 2, where the corresponding phase margin is 60° 
and gain margin is 2.2. 
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With H determined, the open-loop transfer function Q corresponding to the 

desired closed-loop transfer function H, 

Q 
H= 1+Q' 

can be obtained as 

H 
Q = 1- H· 

The controller K is designed such that the actual G K is fitted to the desired 

transfer function Q in the frequency domain as well as possible. This is achieved 

by minimizing the cost function: 

M 

min L IG(jwI)K(jwI) - Q(jWIW, (6.38) 
1=1 

with respect to K, where M is chosen such that WM is slightly greater than the 

critical frequency of Q. With G and Q given, a solution for K is obtained by 

its structure selection and parameter calculation. As the majority of regulators 

used in industry are of PID type, a controller having PID structure is considered 

here. For a PID controller in the form 

(6.39) 

the least squares solution to (6.38) is 

(6.40) 

where 

A= [ Re(~) 1 ' - [ Re(il) 1 B- , 
Im(lJ!) Im([l) 

G(jW1) G(jWl) jw1G(jwd jWl 

G(jW2) G(jW2) jW2G(jW2) 
\[1= j W2 [l= 

and 

X* = [x* x* x*)T := [K* ~ K*T* )T. 
123 cTt cd 
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Note that the above development computes PID settings from G(jw). How

ever, by replacing jw with jw + 0: in (6.38), a PID controller can also be calcu
lated using the same frequency response fitting idea from G(jw + 0:), which is 
the early result of the weighting method in Section 6.3, so that the conversion 

G(jw + 0:) to G(jw) is unnecessary for this PID tuning. 
The multiple-point identification and multiple-point PID fitting design have 

thus been married together to form a new relay auto-tuner. The implemented 

tuner was tested on a number of physical plants and its performance (solid line 

in the figures to come) is compared with the standard relay tuner (dotted line) 

(Astrom and Hagglund, 1995). 
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Fig. 6.8. Process and subsequent performance 
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Example 6.4.1. (Dual Simulator) It is interesting and useful to test our 

tuner on the Dual Simulator as described in Section 6.2 for simple verification 

of the results, as we know everything about it. Besides the test environment 

noise, extra noise was introduced with the noise source in the Simulator to see 

the effect of noise. This was in form of pseudo-white noise generated using the 

random number generator, and was inserted in the process output to act as 
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measurement noise. The noise peak value was set on the simulator to be 50% 

of the relay signal amplitude, which is 0.5V. This is equivalent to a noise-to

signal power spectrum ratio about 10-20%. For illustration, the simulator is 
configured into a first-order plus dead time process 

1 G(8) = __ e-5s . 
58 + 1 

Image 

0.2 * . 
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x: 
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Fig. 6.9. Process frequency response G(jw + a) 
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The complete auto-tuning process and subsequent control performance are 

shown in Figure 6.8. The process was in the steady state of 2.5V before the relay 

feedback test began. The resultant input and output transients were sampled 

and the multiple points on the process frequency response estimated by the 

identification method in Section 6.3. Figure 6.9 shows the estimated process 

frequency responses G(jWi+a) from real-time tests with and without additional 

noise. 

The apparent dead time L in (6.37) was estimated as 4.877, which was 

quite close to the real value of 5. With defaults of ( = 0.707 and wnL = 2, 

the PID controller in (6.39) was tuned to Kc = 0.6738, Ti = 6.1099 and Td = 

0.3941 using (6.40). The PID control was then commissioned and the system 
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Fig. 6.10. Auto-tuner performance for Gp(s) = 5s~1 e- 5s 

settled down. The auto-tuning process was thus completed. The standard relay 

tuner gave PID controller parameters Kc = 0.5699, Ti = 11.6287 and Td = 

2.9072. To see the closed-loop performance, a set-point change of IV and a 

load disturbance of 0.5V were introduced afterwards. The control performance 

of the new auto-tuner (faster) and standard relay tuner (slower) are shown 
in Figure 6.10. It is observed that the response of the proposed auto-tuner 
is excellent. The performance under standard relay control is acceptable but 

shows a sluggish response. 

Example 6.4.2. (Coupled Tank) Fluid level control is popular in the process 
industry. It aims at keeping the fluid level at a user-defined value in storage 

tanks, chemical blending and reaction vessels. Normally, the dynamics of fluid 

level systems is relatively long. For a single tank, although nonlinearity exists 

in this process, it can be approximated by a first-order linear process around 

the operating point. However, things become complex when multiple tanks are 

linked together. The water level in multiple storage tanks, in which one tank's 

output is another tank's input, shows a high-order dynamics. The proposed 

relay tuner was tested using the coupled tank system shown in Figure 6.11. 

The schematic diagram of the coupled tank is shown in Figure 6.12. The inflow 

(control input) is supplied by a variable speed pump which pumps water into 

Tank 1 through a long tube. Tank 1 and Tank 2 are coupled to each other 
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Fig. 6.11. Coupled-tank water level control system 
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Fig. 6.12. Schematic diagram of coupled tank 

Signal Conditioning 
circuit 

through an orifice at the bottom of the tanks. In the test, the water level 

in Tank 2 was controlled by regulating the drive voltage to the pump. The 

performance of the coupled tank under the proposed tuner control is shown in 
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Figure 6.13, in which the process response under standard relay tuner control 

is also presented. The proposed tuner gives better closed-loop responses. 
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Fig. 6.13. Auto-tuner performance for coupled-tank level control 

Example 6.4.3. (Heat Exchanger) A heat exchanger is a common installa

tion in industry, where heat generated from one process is used in other part of 

the plant. Heat exchanger applications can be found in oil refineries, chemical 

processing plants, and in heating and cooling systems for buildings. Many differ

ent types of heat exchanger are available and the shell-and-tube heat exchanger 

is one of the most common. The pilot-scale shell-and-tube heat exchanger, 

shown in Figure 6.14 is used as a test bed. Figure 6.15 shows the schematic 

diagram of the heat exchanger. The heat exchanger is a steam-heated system 

in which water flows inside the tubes surrounded by steam flowing through 

the shell. Steam is generated by a relay-controlled steam generator. The out

let hot water is subsequently collected in a level-controlled tank. The flow of 

cold water into the heat exchanger is controlled by pneumatic valve PVl. The 

flow of steam into the heat exchanger is controlled by pneumatic valve PV2. 

The flow rate and pressure of the steam is measured by the differential pres

sure flow transducer (FT) and pressure sensor (PT). At the outlet flow of the 
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Fig. 6.14. A pilot scale shell-and-tube heat exchanger 

heat exchanger another platinum resistance thermometer (TT) measures the 

temperature of the water going into the hot water tank. 
For the test, the opening of cold water supply valve PVl was kept constant, 

while the opening of the steam supply valve PV2 was selected as the manipu

lated variable to regulate the temperature of the outlet water. The cold water 

supply valve was 40% open and the steam supply valve was 50% open with the 

system under open-loop control. At steady state, the temperature of the outlet 

water was 72°C with a voltage value of 5.5V. The proposed auto-tuner was 

then applied to the heat exchanger. The sampling interval Ts was 0.5 second. 

The relay test was performed and the PID parameters obtained. A set-point 

change of 0.5V was then made to the closed-loop system. Figure 6.16 shows the 

control performances of the proposed tuning method and the standard relay 

tuning method. The proposed method works quite well. Because the capacity 

of the boiler is not sufficient, when cold water refills the boiler under relay con

trol, the steam pressure drops. This periodic drop acts as a disturbance which 

can be seen clearly in the plot. 
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Fig. 6.16. Auto-tuner performance for a heat exchange application 

6.5 Extension to the MIMO case 

We have so far considered single-variable systems only. But the methods devel

oped are readily extendable to the multivariable case. An m x m multivariable 

process may be described in terms of its frequency response matrix as 

(6.41) 

There are basically three different schemes for conducting multiple relay tests 

on a multivariable process. See a detailed discussion on this in Chapter 5. The 

sequential relay test scheme is addressed in Chapter 8. This scheme essentially 

leads to SISO-like problems, and the extension is easier, compared with the 

decentralized relay scheme. The sequential relay test is only a partial closed

loop method. A decentralized relay feedback test as shown in Figure 6.17 is 

a more desirable tuning test since it is a complete closed-loop method for a 

MIMO system. It causes less perturbation to the process, and tends to have the 

shorter test duration since all loops are closed simultaneously. The extension of 

the SISO methods to decentralized relay feedback is thus more challenging, 

and we shall concentrate on this for the rest of this section. 
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+ G(s) 

+ 

Fig. 6.11. Decentralized relay feedback 

For ease of presentation, we first consider a 2 by 2 process: 

(6.42) 

Assume that the system is at rest at t = O. Decentralized relay feedback as 

shown in Figure 6.17 is then applied to the process. We wait for the system 

to reach a stationary oscillation at t = h, then change the relay amplitude of 

one loop and continue the relay test until all process outputs reach stationary 

oscillation again, at t = t2' The process inputs Ui (t), i = 1,2 and outputs 

Yi(t), i = 1,2, from t = 0 to t = t2 are recorded. The data after t 2: t2, can be 

duplicated due to the periodic nature of the signals if they are needed. 

The signals Ui(t) and Yi(t) are multiplied by a decay exponential e-at to 

form 

Applying the Fourier transform yields 

and 
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which satisfies 

(6.43) 

Like the SISO case in Section 6.3, Yi(jw) and Ui(jw) can be computed at 

discrete frequencies w = WI, l = 1,2"" ,M using the standard FFT technique 
from ili(t) and Ui(t), where M is the user-specified number offrequency response 

points. 
Since (6.43) is a vector equation, it is obvious that it is not sufficient to 

determine the process shifted frequency response G(jw + 0:). We now look into 

the signals Ui(t) and Yi(t) again. If the relay amplitude were not changed at 
t = h, we can expect that the subsequent process inputs and outputs would 

continue the stationary oscillation with the previous period. We extract the 

process inputs and outputs data for t ~ tl from Ui(t) and Yi(t) and duplicate 
inputs and outputs data for t > h to get a new series of process inputs u~(t) 

and y~(t) as ifthere were no change in the relay amplitude at t = tl' Applying 
the Fourier transform to them results in 

[ ~{(jW)] = [91l(jW + 0:) g12(jW + 0:)] 

Y~(jw) 921(jW + 0:) 922(jW + 0:) 
[ ~{(jW)]. 
U~(jw) 

(6.44) 

In view of (6.43) and (6.44), the shifted frequency response matrix G(jw + 0:) 
of the multivariable process is obtained as 

[ ~{(jW) ~1(jW)]-1 
U~(jw) U2(jw) 

(6.45) 

from which, the process frequency response G(jw) may be recovered by using 

(6.32)-(6.34) elementwise. 

It should be noted that our method is not confined to the relay feedback 

case. It can also be applied to many other input excitative signals such as steps 

and ramps. In the proposed method, no iteration calculation is performed, no 

prior knowledge of the process is required, and as many points on the process 
frequency response as desired can be identified. 

The proposed identification method can be extended to a general m-input 

and m-output system with obvious modifications as follows. A decentralized 

relay test with m - 1 relay amplitude changes during the test is performed 

on the process, and the resultant process inputs and outputs which contain 
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m stationary oscillation limit cycles are recorded as uHt) and yf(t). From the 

uHt) and yf(t), m - 1 series data {ur(t),··· ,ui(t)} and {y;(t),··· ,yi(t)} 
can be constructed as before, which contain 1,· .. ,m - 1 stationary limit cy
cles respectively. They are processed with the proposed transform to obtain 
{U1(jw),··· ,um(jw)} and {Y1(jW),··· ,ym(jw)}. The shifted frequency re

sponse matrix of the process is then given by 

(6.46) 

from which we then compute the frequency response G(jw) if necessary. 

Example 6.5.1. Consider the well-known Wood/Berry binary distillation col

umn plant (Wood and Berry, 1973): 

G(s) = 1+16.78 1+218 . [ 
12.8e-S _18.ge- 3s 1 
6.6e- 7s -19.4e- 3s 

1+10.98 1+14.48 

For our method, a decentralized relay test with the same unit relay amplitudes 

in both loop 1 and loop 2 was performed first. The relay amplitude of loop 

2 was increased to 3.0 at t = 60 and the test continued. The resulting Ui(t) 
and Yi(t) were recorded, and ui(t) and y~(t) generated. The frequency response 

identified by the proposed method is shown in Figure 6.18. For this example, 

the ERR for elements 9n(S), 912(S), 921(S) and 922(S) are respectively 2.4%, 

0.59%, 0.62% and 0.58%. The accuracy of the proposed method is evident. 

The fitting method for SISO PID tuning in the preceding section can also 

be extended to the MIMO case. Consider a multivariable control system in a 
conventional feedback configuration with a multivariable process G(s) and a 

multivariable cross-coupled PID-type regulator K(s) given by 

(6.47) 

One can choose the objective closed-loop transfer function matrix as 

(6.48) 

Then, the objective open-loop transfer function matrix is given by 

Q (s) = diag {qd = diag { 1 :i h)· (6.49) 

With the process frequency response matrix G available and objective loop Q 
given in (6.49), the multivariable regulator K is designed such that GK is fitted 
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Fig. 6.18. Process frequency responses (+estimated; -actual) 

to Q as well as possible. A matrix version of the linear least squares frequency 
response fitting can be used to determine K. For multivariable processes with 
high dimensions, the matrix version of the linear least squares tends to be time 
consuming. To simplify this matrix fitting into a set of scalar fitting problems, 

the relationship between the diagonal and off-diagonal elements of a multivari

able controller which achieves complete decoupling is investigated. For ease of 

presentation, we partition an m by m system as 

(6.50) 

where Y2(8), [;2(8), G12 (8), G21 (8), G22 (8) are matrices with dimensions (m-
1) x 1, (m - 1) x 1, 1 x (m - 1), (m - 1) x 1, (m - 1) x (m - 1) respectively, 

and the multivariable controller matrix as 

K(8) = [~11 ~12l ' 
K21 K22 

(6.51) 
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where 1(12, 1(21, 1(22 are matrices with dimensions 1 x (m - 1), (m - 1) x 1, 

(m -1) x (m -1) respectively. For complete decoupling of GK, its off-diagonal 

elements at column 1 have to satisfy 

(6.52) 

or 

(6.53) 

supposing non-singularity of (h2. It follows that the diagonal element of G K 
at position (1,1) is 

(6.54) 

We regard au as a generalized process. Matching aUKll to q1 in the frequency 

domain yields 

(6.55) 

for l = 1,2,··· , M. This is a SISO frequency response fitting problem as solved 

in Section 6.4, and the standard least squares method can be used to determine 

the controller parameters (kpu , kIll, kDll). 
With G21 , G22 and Kl1 available, the same frequency response fitting 

method is applied to (6.53) to obtain each element of 1(21, i.e. one needs to 

solve the following fitting problem: 

(6.56) 

for each element of 1(21. Similarly, we determine other columns of K. 

Example 6.5.1 (cont'd). Based on the process frequency response matrix identi

fied earlier, the generalized process au is obtained from (6.54). The apparent 

dead time L1 is 1.06. Choose gain margin and phase margin AmI = 5 and 

'Pm1 = ~, respectively, then we have (1 = 0.61 and Wn1L1 = 0.33. Solving 

(6.55) yields 

1 
kll(s) = 0.0942+0.0483--0.0237s. 

s 

The parameters of k21 are then obtained by solving (6.56) using a least squares 

method to get 
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Fig. 6.19. Autotuning process (-proposed method, - - -BLT tuning method) 

1 
k21(8) = -0.0463+0.0221-+0.03478. 

8 

Similarly, with (2 = 0.707 and Wn2L2 = 2 for loop 2, we get 

and 

1 
k22(8) = -0.0371-0.0117-+0.1138, 

8 

1 
k12(8) = 0.0855-0.0156-+0.1408. 

8 

The whole tuning process and the resultant performance are shown in Figure 

6.19, where the set-point change of loop 1 and loop 2 occur at t = 141.5 and t = 

301.5 respectively. For comparison, the BLT tuning method of Luyben (1986) is 

also considered. For this multivariable process, the method gives the parameters 

of multiloop PI controllers as Kc = (0.375, -0.075) and Ti = (8.29,23.6). Its 

set-point change responses are also shown in Figure 6.19. One sees that the 
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proposed method gives significant improvement both in the system decoupling 

and the diagonal loop performances. 

Example 6.5.2. Consider the 3 x 3 plant in Loh and Vasnani (1994): 

[ 

11ge-5s 

21.78+1 

G( ) = 77e- 5s 

S 508+1 

93e- 58 

508+1 

40e- 5s 

3378+1 

76.7e- 3s 

288+1 

_36.7e- 5s 

1668+1 

_2.1e-
5s 1 108+1 

_5e- 5s 

108+1 

-103.3e- 4s 

238+1 

With the default values (i = 0.707 and WnLi = 2 for all three loops, the 

multivariable PID controller is obtained with our MIMO PID tuner as 

K(s) = 

[ 

0.0218 + 0.000995; + 0.00967s -.0959 - 0.000131} - 0.0004778 -0.00108 - 0,0000153; - 0,00113.'1] 

-0.00841 - 0.000760'; + 0.0126.9 0.0720 + 0.00256'; + 0.02548 -0.00462 - 0.0000397; + 0.00607 s • 

0.00776 + 0.000747; - 0.00419,9 -0.00355 - 0.000330; + 0.002668 -0.0343 - 0.00142; - 0.01768 

The responses for a set-point change in loop 1, 2 and 3 are shown in Figure 

6.20. The results show that our closed-loop is nearly decoupled and the diagonal 

loops have excellent performances. 
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7. Transfer Function Modelling 

The preceding two chapters indicate that relay identification usually yields 

information on process frequency response. However, most modern control de

signs make use of parametric models. Transfer functions might be the most 

welcome parametric model. Fitting parametric models to frequency data is thus 

important (Ninness, 1996). Most existing methods for transfer function identi

fication are for delay-free processes (Ljung, 1985; Sagara and Zhao, 1990; Pin

telon et ai., 1994; Tugnait and Tontiruttananon, 1998) or assume that the delay 

is known a priori. It has long been recognized that the inclusion of a time-delay 

term in a transfer function can drastically reduce the model order and facilitate 

cheap and more efficient implementation of both conventional and model-based 

controllers (Taiwo, 1999). A frequently used method for dealing with unknown 

delays has been to use a shift operator model with an expanded numerator 

polynomial (Kurz and Goedecke, 1981). Another popular approach is based on 

the approximation of the dead time by a rational transfer function such as the 

polynomial approximation (Gawthrop and Nihtila, 1985), Pade approximation 

(Souza et at., 1992) or Laguerre expansion (Malti et at., 1998). Such approaches 
require estimation of more parameters because of the increased model order, 

and could result in large unacceptable approximation errors, especially when 

the system has a large delay. These methods have been developed for discrete 

systems while continuous systems are more familiar to practising control engi
neers. Pintelon and Biesen (1990) present a Gaussian frequency domain max

imum likelihood estimator of the transfer function of linear continuous time 

systems with time delay based on a test using a multisine input signal. 

Model reduction is closely related to this transfer function modelling prob

lem as the frequency response of a given high-order model can be used as 

a nonparametric model for the latter problem. Reduced-order models are of

ten required to simplify the design and implementation of control systems. A 

reduced-order model is usually adequate, provided it has dynamic character

istics close to those of the original high-order system in the frequency range 

which is most relevant to control system design. For plants with rational trans-
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fer functions, balanced truncation and the optimal Hankel norm approximation 
are popular model reduction methods. However, transfer functions encountered 

in the process industry usually contain time delay and may not fit into the form 

of a rational function plus time delay, due to multivariable interactions (see, 

for example, Chapter 9 of this book). 

In this chapter, we present two methods for transfer function modelling 

from the frequency response. One is to match the given frequency response to 

a transfer function response using recursive least squares fitting in the frequency 

domain. The other identifies a transfer function model from the time domain 

step response constructed from the given frequency response. The models under 

consideration are in the form of a rational function plus possible time delay. 

Great attention is paid to the preservation of stability for the resulting transfer 

function models. These two methods are applicable provided that the transfer 

function or frequency response is available. The design philosophy which Part 

III of this book takes is to first find an ideal controller which can achieve 

the best possible performance in some sense but could be too complicated or 

even not physically realizable, and then to exploit the methods in this chapter 

to get a much simpler yet good approximation to the ideal one for actual 

implementation. 

7.1 From Frequency Response 

Consider a single-variable system of possibly complicated dynamics with its 

transfer function G(s) (probably non-rational) or frequency response G(jw) 
available. The problem at hand is to find an nth-order rational function plus 

dead time model 

(7.1) 

such that the approximation error e defined by 

M 2 

e = L IW(jWi)(G(jWi) - G(jWi» I (7.2) 
i=i 

is minimized, where the interval [Wi, WM] defines the frequency range ofinterest 

and W(jWk) serves as the weighting. Note that (7.1) contains the unknown time 

delay L to be estimated and this makes the problem nonlinear. The solution to 

our model reduction is obtained by minimizing the approximation error over 

the possible range of L. This is a one-dimensional search problem and can be 
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easily solved if an estimation of the range of L is given. A reasonable search 
range for L is 0.5 '" 2.0 times Lo which is the initial estimate of the time delay 

of G(s), and evaluate 15 '" 20 points in that range to find the optimal estimate 
L. An alternative is to use a Newton-Raphson type of algorithm to search for 

the optimal L (Lilja, 1989), which requires no prior range for L. 
If the time delay L is known, then the problem becomes to approximate a 

modified plant go(s) = G(s)eLs with a rational transfer function 

such that 

M 

eo ~ L IW(jWi) (go (jWi) - 90(jWi))1 2 (7.3) 
i=l 

is minimized. Equation (7.3) falls into the framework of transfer function iden

tification in the frequency domain. For this identification, a number of methods 

are available (Pintelon et at., 1994); the recursive least squares (RLS) algorithm 

is simple and effective and is briefly described as follows: 

M 
(k) ~ ~ IW- (k){ (. )[(.)n (k) (. )n-l (k)(.) (k)] eo - L...J i go JWi JWi + an - l JWi + ... + a l JWi + a o 

i=l 

(7.4) 

where 

acts as a weighting function in the standard least squares problem in braces. 

Equation (7.4) is re-arranged to yield 

M 
(k) ~ ~ 1 (k) _ ,j,(k)T ll(k) 12 eo - L...J 'fJi 'l-'i u , 

i=l 

where 

(k) _ (.) (. )nw- (k) 'fJi - -go JWi JWi i' (7.6) 

(7.7) 

(7.8) 
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Then, we have the recursive equation for ()(i) as 

()(k,i) = ()(k,i-l) + K(k,i) c:(k,i) , i = 1,2, ... ,M, 

where 

c:(k,i) = 7J~k) _ ¢~k)T ()(k,i-l) , 

K(k,i) = p(k,i-l) ¢~k) (J + ¢~k)T p(k,i-l) ¢~k) )-1, 

p(k,i) = (I _ K(k,i)¢~k)T)p(k,i-l). 

(7.9) 

(7.10) 

(7.11) 

(7.12) 

Once the above RLS in (7.9)-(7.12) has been completed, the resultant param
eter vector ()(k) = ()(k,M) is used to update W?) to 

W(k+l) = 1 , 
• (jWi)n + a~~l (jWi)n-l + ... + a~k) (jWi) + a~k) 

(7.13) 

and (7.9)-(7.12) are repeated to calculate ()(k+l). On convergence, the resultant 

parameter vector will form one solution to (7.3). 

Different weighting functions are employed in the various methods (Pintelon 
et al., 1994). For simplicity, it is recommended that WiCk) is chosen as 

1 

Simulation shows that the most important frequency range for model reduction 

is a decade above and below wg , where Wg is the unity gain crossover frequency 
of the transfer function GO(8). Therefore, the frequency range [WI, WM] in 
the optimal fitting problem (7.3) is chosen to span M logarithmically equally 
spaced points between O.lwg and 10wg. 

Once a reduced-order model G(8) is found, the following frequency response 

maximum relative estimation error can be evaluated: 

(7.14) 

The following criterion is used to validate the solution: 

ERR::; E, (7.15) 

where E is the user-specified fitting error threshold. E is specified according to 

the desired accuracy of the RLR approximation to the original dynamics G (8). 

Usually E may be set between 1% and 10%. If (7.15) is met, the procedure 

stops. Otherwise, n is increased by 1 to the smallest integer n that satisfies 

ERR::; E. 
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Algorithm 7.1 Seek a reduced-order model O(s) of order n in (7.1) given 
G(s) or G(jw), approximation threshold f, initial time delay Lo and parameter 
vector (}o. 

Step 1. Choose N between 15 and 20, set L1L = l.~o, and obtain Lk = 0.5Lo+ 

kL1L, k = 0,1"" ,N. 
Step 2. Start with O(s) as in (7.1) with n = 1. 

Step 3. For each Lk, find the nth order rational approximation solution 90(S) to 

the modified process go(s) = G(s)eLkS with the RLS method in (7.9)

(7.12) and evaluate the corresponding approximation error ERR in 

(7.15) for O(s) = 90(s)e- LkS • 

Step 4. Take as the solution O(s) that yields the minimum error ERR and 

ERR:::; f. Otherwise, n + 1 -+ n and go to Step 3. 

The preservation of stability is a crucial issue in frequency domain based 

model reduction. Let O(s) = 90(s)e- Ls be the value that yields the smallest 

approximation error e in (7.2). It should be pointed out that Algorithm 7.1 with 

zero initial parameter vector might result in unstable 0 (s), especially for high

order models, even though G(s) is stable. One can use stability tests and the 

projection algorithm (Ljung and Soderstrom, 1983) to constrain the poles of the 

model to be in the stable region. However, simulation shows that this method 

can slow down convergence of the recursive least squares considerably, and may 

result in large modelling error if the dynamics of the transfer function to be 

modelled is complicated. Here, we notice that since the problem of minimizing 
(7.2) is nonlinear, Algorithm 7.1 may give different local optimal solutions if it 

starts with different initial settings. Among those solutions, only stable O(s) 
models are required, given a stable G(s). If we initiate the algorithm with 

a stable model, the algorithm is likely to reach a stable approximate upon 

convergence. 

When n = 1, we set the initial model of 0 (s), 

G' - (30 -Los o---e , 
s + 0:0 

(7.16) 

as follows. Matching Oo(jw) to G(jw) at w = 0 and w = We, where We is the 

phase crossover frequency of G(s), i.e., LG(jWe) = -7[, we obtain 

(7.17) 

When n = 2, one may adopt the following structure: 



174 7. Transfer Function Modelling 

G' - (30 -Los 
0- e 

s2 + alS + ao 
(7.18) 

Similarly, match Go(jw) to G(jw) at the two points w = Wb and w = We, where 

L.G(jWb) = -~ and L.G(jwe) = -1r. It then follows (Wang et al., 1999d) that 
the parameters (30, aI, ao and Lo can be determined as 

(7.19) 

For the cases n > 2, we can set the initial model Go(s) of the respective orders 

with (30, aI, ao and Lo determined as in (7.19), while all the remaining high

degree coefficients are set to O. Extensive simulations show that this technique 
works very well. 

Example 7.1.1. Consider a high-order plant (Maffezzoni and Rocco, 1997): 

G(s) = 2.15 (-2.7s + 1)(158.5s2 + 68 + 1) e-14s. 

(17.58 + 1)4(208 + 1) 

With zero initial parameter vector, Algorithm 7.1 gives a reduced-order model 

G(8) _ -0.027582 - 0.00108 - 0.0001 e-63.20s 

- 83 - 0.012982 - 0.00298 - 0.0001 ' 
(7.20) 

which is unstable. When the parameters obtained from (7.19) are adopted for 
the initial model, we get 

G(8) = 0.468782 + 0.00388 + 0.0024 e-41.90s 

83 + 1.216082 + 0.06658 + 0.0011 ' 
(7.21) 

which is stable with ERR = 2.71%. The frequency responses of the actual and 

estimated models are shown in Figure 7.1. 

7.2 From Step Response 

In this section, we present a simple yet robust algorithm for the identification of 

linear continuous time-delay processes from step responses. New linear regres

sion equations are derived from the solution and its various-order integrals of 

the process differential equation. The regression parameters are then estimated 
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Fig. 7.1. Frequency domain model reduction 

(-- actual process; * * * unstable model; - 0 - 0 - stable model) 

without iteration, and explicit relationships between the regression parameters 

and those in the process are given. Due to use of the process output integrals in 

the regression equations, the resulting parameter estimation is very robust in 
the face of large measurement noise in the output. The method is first detailed 

in Subsection 7.2.1 for a second-order plus dead time model (SOPDT) with 

one zero, which can approximate most practical industrial processes, covering 

monotonic or oscillatory dynamics of minimum-phase or non-minimum-phase 

processes. Such a model can be obtained without any iteration. A general model 

is addressed and theoretical supports are provided in Subsection 7.2.2. This is 

followed by implementation issues in Subsection 7.2.3 and simulation and real

time testing in Subsection 7.2.4. 

7.2.1 Second-order Modelling 

This subsection focuses on SOPDT modelling. It serves for motivation of the 

general method to be described in the next subsection and recommended for 

use in applications since such SOPDT models essentially cover most practical 

industrial processes (Luyben, 1990). 

Assume that a stable process is represented by 
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(7.22) 

Assume also that the process has distinct (possibly complex) poles and that 

the input is of step type, Le., U (8) = h / 8. Then the process output is 

(38 + 1 -Ls 
Y(8) = KphA1A2 ( A)( A) e 88+ 1 8+ 2 

( ao a1 a2) -Ls = -+--+-- e , 
8 8 + A1 8 + A2 

(7.23) 

where ao = Kph, a1 = -KphA1A2 >'11;:=~2) and a2 KphA1A2 >'~;:=~2)' 
Under zero initial conditions, the output time response is 

if t < L; 

if t ~ L. 
(7.24) 

In real applications, such a step test is conducted on the process. The result

ing input and output responses, {u(t), y(t), t = t1 , t2, ... }, are logged for the 

identification of model (7.22). The static gain, K p , is easily found from the 

steady-state response as 

Kp = y(oo). 
h 

The output transient response, Lly(t) = y(t) - y(oo) = y(t) - Kph, can then 

be obtained from (7.24) as 

if t < L; 

if t ~ L. 

For any time t ~ L, one integrates Lly(t) once and twice to give 

t Lly(rddr1 = -KphL _ a1 e->'l(t-L) _ a2 e->'2(t-L) + a1 + a 2, 
io A1 A2 A1 A2 

(7.25) 

(7.26) 

rt ('2 Lly(rddr1dr2 = ~KphL2 _ KphLt + ~~ e->'l(t-L) + ~~ e->'2(t-L) 
io io 1 2 

_ a~ _ a~ + (al + a 2 )(t _ L). (7.27) 
A1 A2 Al A2 

Equations (7.25) and (7.26) are combined into the matrix form: 

[ Lly(t) 1 [1 1 1 
J;Lly(rl) dr1 - -11 -12 [ -K hL ~ Q.l. + C>2] 

P >'1 >'2 
:=Ax+B. (7.28) 
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One notes that the matrix A is nonsingular due to the assumed distinct Al and 
A2, and thus (7.28) is solvable for x. Substituting the solution x of (7.28) into 
(7.27) yields 

(7.29) 

Define 

'Y(t) = -lot 1072 .c1Y(TddT1dT2' 

T 

<p(t) = [.c1y(t), J: .c1Y(TddTl' Kph, Kpht] , 
T 

()= ['\1\2' 11 + 12, '\1\2 - !L2 +f3L, 11 + 12 +L-f3] . (7.30) 

Then, (7.29) can be expressed as 

Invoke (7.29) for t = ti ~ L, i = 1,2"" ,N, to form the regression: 

r = p(), (7.31) 

'Y(tN)]T, and tJj = [¢(td, ¢(t2), "', ¢(tN)]T. 

One can readily see that four columns in P are independent of each other 
and pT pis nonsingular (the formal proof is given in the next subsection). Thus, 
the ordinary least squares (LS) can be applied to (7.31) to find its solution: 

(7.32) 

The first question which arises from (7.32) is whether or not the estimate {} is 

consistent when there is measurement noise. To address this, suppose that the 

actual measurement of the process output yet) is corrupted by measurement 

noise vet), which is assumed to be a strictly stationary stochastic process with 

zero mean; then we have 

yet) = yet) + vet), 

or 

for t ~ L. 
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Equation (7.31) will accordingly be changed to 

</!fJ = r + .1, (7.33) 

6(tN)Vand 

It follows from Soderstrom and Stoica (1989) that in such a case, the ordinary 

LS estimate in (7.32) is not consistent, because .1(t) is now correlated with 

</!(t). One solution is to use the instrumental variable (IV) method (Young, 

1970; Strejc, 1980). 

Proposition 7.2.1. For the system in (7.33), if the instrumental variable ma
trix Z is chosen to satisfy the following two limiting properties (Soderstrom and 
Stoica, 1989): 

(i) the inverse of limN-+oo kZT </! exists; 
(ii) limN-+oo kZT.1 = 0, 

then the estimate given by 

is consistent. 

There might be many choices for Z. The condition number, 

(7.34) 

may be used as a criterion for choosing a suitable Z, where Q.( ZT </!) and a( ZT </!) 

are the smallest and largest singular values of the square matrix ZT P, respec

tively. With these requirements in mind, we choose Z as 

1 1 t2 t3 
t'f tr 1 1 

1 1 t~ t~ 
Z= ij" tI (7.35) 

1 1 t2 t3 
t"t"NN N N 

The formal proof that it satisfies conditions (i) and (ii) is given in the next 

subsection. 
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Once () is found from (7.34), one has to recover ai, bi and L to obtain the 

process model (7.22). It follows from (7.30) and simple algebra that 

al ()2/ ()l 

a2 1/()1 
(7.36) 

(3 ±J2(()3 - ()1) + (()4 - ()2)2 

L ()4 - ()2 + (3 

A negative (3 corresponds to a non-minimum-phase process and causes an in

verse response, i.e., the output step response first moves in an opposite direction 

to its final value. A positive (3 corresponds to a minimum-phase process. Thus, 

by observing the output time response, one is able to determine (3 from 

{
-J2(()3 - ()d + (()4 - ()2)2, if inverse response is detected; 

(3= 
J2(()3 - ()t) + (()4 - ()2)2, otherwise. 

This rule always works well if the underlying process is of second order or is 

second-order dominated. 

Remark 7.2.1. It is also noted that the number 2(()3 - ()l) + (()4 - ()2)2 may 

sometimes be negative if the process behaves much differently from second

order dynamics. This gives rise to complex (3 and L, which is unacceptable. 

Usually, a higher-order model should be utilized in such cases and the problem 

is then overcome. If, on the other hand, a SOPDT model is still preferred 

for practical reasons (say, fixed hardware and software structure in the given 

controllers), the problem can formally be formulated as an LS estimation with 

the constraint 

or 

min J = (r - cf>()f (r - cf>()) 
(J 

s.t. 2(()3 - ()d + (()4 - ()2)2 ~ 0, 

min J = (r - cf>()f (r - cf>()) 
(J 

s.t. ()T A() + B() ~ 0, 

where 

A= 

o 0 0 0 

o 1 0-1 

o 0 0 0 

0-10 1 

B=[-2020]. 

(7.37) 
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The resulting solution guarantees real values for (3 and L, but requires more 
complicated calculations. A practical and natural choice for (3 is to simply 

take (3 = 0, and this leads to L = 04 - (11 + 1), or L = y'2(A1A2 - 03 ), 

A suitable choice for L could be One that minimizes the total squared error 
(rT - pO)T(rT - pO). 

One can conclude from the development presented above that a SOPDT 

model can be identified from a process step response by applying a LS or IV 

algorithm only Once without any iteration. The simulation and real-time im

plementation in Subsection 7.2.4 further show that the proposed identification 

is also very robust in noisy environments. It is thus appealing to extend this 

method to the general case of nth-order modelling. 

7.2.2 nth-order Modelling 

Suppose that a time-invariant stable process with distinct poles (possibly com

plex) is represented by a NOPDT model: 

where 

k = 1,2, ... ,n - 1; 

bn = Kp TI~=l Ai· 

(7.38) 

(7.38a) 

Assume that the input is of step type, i.e., U(s) = his, then the process output 

becomes 

aD a1 a2 an -Ls Y(s) = (-+--+--+ .. ·+--)e , 
s s + A1 S + A2 S + An 

(7.39) 

where 

n TI,?,-1(1-(3X) 
K hIT \ ,-1 , 3 

aj=- p Ai A. TI,?, . . (A.-A.)' 
i=l 3 ,=1"#3' 3 

j = 1,2"" ,no (7.40) 

Under zero initial conditions, the output time response is 
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{a, 
yet) = 

K h + "n a·e-Ai(t-L) 
p L.....=1· , 

if t < L; 

if t ~ L. 
(7.41) 

Suppose that the static gain, K p , is obtained first and separately from the 
output steady state as 

K _ y(oo) 
p - h . 

Otherwise, refer to Subsection 7.2.3 for our modification for simultaneous 

estimation of all the parameters. The output transient response, Lly(t) = 

yet) - y(oo) = yet) - Kph, can be written as 

{
-Kph, 

Lly(t) = "n . -Ai(t-L) 
L....i=l a.e , 

For an integer m ~ 1, define 

m 

Lemma 7.2.1. 

if t < L; 

if t ~ L. 
(7.42) 

(7.43) 

Proof. The proof is by induction. For m = 1, the integration of Lly in (7.42) 
gives 

if t < L, 

if t ~ L, 

which coincides with (7.43) for m = 1. Suppose now that (7.43) holds for m. 

By definition, we have J[b~~l) Lly = J; J[~ rJ LlydT. For t < L, one sees that 

l (m+l) it 1 1 
Lly = (-,KphTm)dT = - ( l),KphtmH . 

[0, tj 0 m. m + . 
(7.44) 

For t ~ L, it follows that 
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m 

- 1 K hLm+1 "'" 1 K hLm+1-i(t L)i 
- - ( 1)' p - ~ "( 1 - ')' p -m + . i=l Z. m + z . 

n (_l)m+l 
+ "'" Q.[ e-Ai(t-L) 
~ t x~n+1 
i=l t 

( l)m m (l)k-l 1 
+ --- + "'" - (t - L)m+1-kj 

,\:~n+1 ~ (m + 1 - k)! ,x~ 
t k=l t 

mIn (l)m+l 
= - L "( + 1 _ ')' KphLm+1-i(t - L)i + L Qi[ ~m+1 e-Ai(t-L) 

z. m z . . i=O i=l t 

m+l (l)k-l 1 
+ L - -(t - L)m+l-kj. (7.45) 

k=l (m + 1 - k)! 'xf 

Formulas (7.44) and (7.45) verify (7.43) for m+ 1. The proof is thus completed. 

For any time t ~ L, n + 1 equations in (7.42) and (7.43) for m = 0,1, ... ,n, 
are arranged into 

[ f ] [A] [q] () = x+ , 
J[O~t] .!1y pT /l 

where 

f = [.!1y, 
T 

fr(l) fr(n-l) .!1 ] 
[O,t] .!1y, '[O,t] y, 

1 1 1 

1 1 1 

A= 
- A1 - A2 - An-1 

1 

1 
- An 

(7.46) 

(7.47) 



7.2 From Step Response 183 

q= O K hL '"' ai '"' 1 K hLn- 1- i ( L)i [ 
n n-2 

, - p + ~ Ai' - ~ i!(n - 1 - i)! p t-

T 
n n-l (_l)k-1 1 1 

+ ~ a il{; (n _ 1 _ k)! Af (t - L)n-I-kj , 

n-l 1 .. n n (_l)k-1 1 
/1= - L "( _ .),KphLn-t(t-LY+LadL ( -k)' Ak(t-L)n-kj. 

i=O z. n z. i=l k=l n . i 

Lemma 7.2.2. The matrix A in (7.47) is nonsingular if Ai, i = 1,2"" ,n, 
are distinct. Its inverse is 

All A21 ... AnI 

A-I = __ 1_ AI2 A22 ... An2 
det(A) 

(7.48) 

where 

det(A) = (7.48a) 

1 1 1 1 
Aij =(-l)n-j IT (-:x+-.r-) L :X-"'X-:-' 

I~k<l~n I k l~j,< ... <jn_i~n j, In-i 
(7.48b) 

k,IO/-j j1"" ,jn-i#-] 

Proof. Note that matrix A is a Vandermonda-like matrix and its determinant 
(Broyden, 1975) is thus given by (7.48a). It is non-zero in the case of distinct 

Ai, i = 1,2"" ,n. A-I is given formally by (7.48), where Aij is the cofactor of 
the (ij)th element of A. 

Introduce an auxiliary matrix: 

1 1 1 1 1 
1 1 

P 
1 1 

- A1 - Aj_1 - Aj+1 - An 

-( 11 )i-2 ... _(_1_)i-2 pi-2 _(_1_)i-2 . .. -( ...Lt-2 
M(p) = Aj_1 Aj+1 An 

-U1 )i-1 _(_1_)i-1 pi-1 _(_1_)i-1 _(...L )i-1 
Aj-1 Aj+1 An 

_(..l.. )i 1 i pi 1 i _(...L )i 
-( Aj_1 ) -( Aj+1 ) 

... 
A1 An 

-C\t-1 ... _(_1_)n-1 n-1 _(_1_t-1 . .. _(...L t-1 
Aj_1 p Aj+1 An 
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One immediately sees 

(7.49) 

where Mij is the cofactor of the (ij)th element of M(p). Since M(p) is again a 

Vandermonda-like matrix, its determinant is given by 

1 1 1 
det[M(p)] = { II (- Al + Ak)}{ II (p- Ak n· 

I~k<l~n I~k~n 

(7.50) 

k,l#j k#J 

For this polynomial in p, the coefficient of pi-I is 

(7.51) 

On the other hand, one may also apply the Laplace expansion theorem to the 

jth column of M (p) to find its determinant: 

Collecting (7.49) - (7.52) yields (7.48b). 

Since A is invertible, x is solved from the first n rows in (7.46) as 

and is substituted into the last row in (7.46) to give 

l (n) 
t1y = pT A-I j+(J1.- pT A-Iq). 

[O,t] 

After lengthy but straightforward algebra, one reaches 

t ~ L, 

for k = 1,2, ... ,n; 

(7.52) 

(7.53) 

. '""' (3- (3- _. -(3- for k = n + 2, -.. ,2n, L.,1~i1 <i2<-·-<ij~n-1 21 22 2j' 
(7.54) 
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are dependent of the parameters of the NOPDT model in (7.38), and 

¢(t)T 

Do [A () r(1) A r(n-i) A K h K h 1 K h n-i] = -wy t, J[O,t] -wy, "', J[O,t] -wy, p, p t, "', (n-i)! P t , 

can be obtained from the output response. Equation (7.53) for t = ti ~ L, i = 
1,2"" ,N, ti < t2 < ... < tN, is arranged into the matrix form: 

.po = r, (7.55) 

where 

T 
r= [,,(T(td,·'?(t2)'oo, ,,,(T(tN)] , .p= [¢(td,¢(t2),OO. ,¢(tN)] 

T 

Lemma 7.2.3 . .pT.p is nonsingular if the process is of nth or higher order with 
distinct poles and the sampling number satisfies N ~ 2n. 

Proof. For simplicity, we consider only the uniform sampling case, i.e., ti+i -

ti = Ts, i = 1,2"" ,N -1, where Ts is the sampling period. The proof can be 
extended to the case of different sampling intervals. 

or 

Suppose that there are real Ci E lR, i = 1,2, ... ,2n, such that 

r(n-i) L1 
J[O,t,l Y 
f(n-I) L1 

J[o,t,l y 

r(n-I) L1 
J[O,tN 1 Y 

=0, 

+ ... + C2n 

I K htn - I 
(n-I)! P I 

I K htn - I 
(n-I)! P 2 

I K htn - I 
(n-I)! P N 

(7.56) 

where LlYi = Lly(ti), i = 1,2"" ,N. If not all Ci, i = 1,2"" ,n, are zero, 
subtracting the (k-1)th row in (7.56) from the kth row, k = N, N -1,," ,3,2, 

yields 
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fr (n-I) Ll 
[O,t,] Y 

fr (n-I) Ll - fr(n-I) Ll 
[0,t2] Y [0,t1] Y + Cn+1 

fr (n-I) Ll fr(n-I) Ll 
[O,tN] Y - [0,tN_1] Y o 

I K htn- I 
(n-I)! P I 

+ Cn+2 + ... + C2n 
_I_K h(tn- I _ tn-I) 
(n-I)! P 2 I 

= O. (7.57) 

I K h(tn- I tn-I) 
(n-I)! P N - N-I 

Extract the last N - 1 rows in (7.57) and subtract the (k - l)th row from the 
kth row, k = N, N - 1, ... ,4,3, to give 

LlY2 - LlYI 

LlY3 - 2LlY2 + LlYI + ... + 

LlYN - 2LlYN_I + LlYN-2 

fr (n-l) Ll - fr(n-l) Ll 
[0,t2] Y [O,t,] Y 

Ir~~t~t) Lly - 2 J[~~t~t) Lly + Ir~~t~t) Lly 

fr (n-l) Ll 2 fr(n-l) Ll + fr(n-I) Ll 
[O,tN] Y - [O,tN -1] Y [O,tN -2] Y 

_I_K h(tn- I _ tn-I) 
(n-I)! P 2 I 

_I_K h(tn- I _ 2tn- I + tn-I) 
(n-I)! P 3 2 I 

o I K h(tn- I 2tn- 1 tn-I) 
(n-I)! P N - N-I + N-2 

Repeat this operation n - 2 more times to produce 

LlYn+l - G)LlYn + G)LlYn-l + ... + (-l)n(~)LlYl 
LlYn+2 - G)LlYn+l + G)LlYn + ... + (_1)n(~)LlY2 

+ ... + 

= O. 
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J[~'~~+1J J1y - (~) J[~,~~J J1y + G) J[~'~~_1J J1y + ... + (_l)n (~) J[~,~:J J1y 

J[~'~~+2J J1y - G) J[~'~~+1J J1y + G) J[~,~~J J1y + ... + (_l)n C) J[~,~:J J1y 

J[~,~~ J J1y - G) J[~'~~_1J J1y + G) J[~'~~_2J J1y + ... + (_l)n (~) J[~'~~_nJ J1y 

(7.58) 

which has (N - n) rows left, where (~) = "( n~ ')" 
t z. n z. 

Suppose that the order of the true process is n and note from (7.41) that 

n 
L1y(t) = y-Kph = I.>~ie->'i(t-L), for t 3 L. 

i=1 

With a tedious but straightforward calculation, one can express (7.58) as 

(_l)n-l ""n (i e-(N-n-l)>'iTs 

L..~=1 ~ 

=0, (7.59) 

where 

i = 1,2"" ,no 
Under the assumed n 3 nand N 3 2n, the first n rows in (7.59), after Guassian 
elimination, become 

1 - ;1 ... (- ;1 )n-l 

1 _..L ... (_..L)n-l 
>'2 >'2 =0, (7.60) 

and thus Ci, i = 1,2, ... ,n, are zero since Ai, i = 1,2, ... ,n, have been assumed 

to be distinct. Therefore, (7.56) reduces to 

Kph Kphh 1 K htn- 1 
(n-l)! p 1 

Kph Kpht2 1 K htn- 1 
Cn+l +Cn+2 .. '+C2n 

(n-l)! P 2 
=0, 

Kph KphtN 1 K htn- 1 
(n-l)! p N 
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or 

1 h 1 tn-1 
(n-l)! 1 Cn+l 

1 t2 
_l_tn-l 

Cn +2 
Kph 

(n-l)! 2 
=0 

1 tN··· _l_tn-l 
(n-l)! N C2n 

The n columns of the coefficient matrix are linearly independent, which leads 

to Ci = 0, i = n+1,n+2,··· ,2n. Thus, all Ci, i = 1,2,··· ,2n, are zero and the 
columns of ip are linearly independent. Since the matrix ip has 2n independent 
columns, ipT ip is nonsingular (Broyden, 1975). 

The least squares solution of (7.55) for () which minimizes the following 

equation error: 

miner - ip()f (r - ip()), 
f} 

is given by 

(7.61) 

In practice, the true process output f} is corrupted by measurement noise 

vet) as 

y = f}+v. (7.62) 

Here v is assumed to be a strictly stationary stochastic process with zero mean. 

In this case, (7.55) is modified to 

ifj() = r +.:1, (7.63) 

1 1 1 
ti t 3 t n + 1 

t'i ~ ... t~n-l 1 1 

1 1 1 t 2 t 3 t nH 
t2 ~ ... t~n-l 2 2 2 

(7.64) z= 

1 1 1 t2 t3 ... tnH tN t~+l ... tt'-l N N N 
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Lemma 7.2.4. For the system (7.63), the matrix Z in (7.64) is an instrumen
tal variable matrix which satisfies the conditions in Proposition 7.2.1. 

Proof. Partition Z and <P as 

Z = [Zl' Z2,'" ,zNf, <P = [4>1, (h,'" ,4>Nf· 

Denote 

if k ~ n, 

if k > n, 

where i = 1,2,," ,N and k = 1,2"" ,2n, we have 

N N T 

ZT<p = L Zi4>f = L [1f'J1,i, 1f'J2,i,'" ,1f'J2n,i] 
i=l i=l 

= [2:~1 1f'J1,i, 2:~1 1f'J2,i, ... , 2:~1 1f'J2n,i] 

T 

Suppose that there are Ci E JR, i = 1,2, ... ,2n, such that 

N N N N 
C1 L 1f'J1,i+" ,+cn L 1f'Jn,i+CnH L 1f'JnH,i+" '+C2n L 1f'J2n,i = 0, 

i=l i=l i=l i=l 

or 

N 

(7.65) 

~ [t- n t-(n+1) t-(2n-1) t2 tn+1] "T - 0 L C1 i + C2 i + ... + Cn i + Cn+1 i + ... + C2n i 'Pi - . 
i=l 

Since i1y is corrupted by measurement noise v, 4>;' i = 1,2, ... ,N, are linearly 

independent with probability one, (7.65) leads to 

t - n t-(2n-1) t 2 t n+ 1 0 
C1 i + .. ,+cn i +Cn+1 i + .. '+C2n i =, i = 1,2··· ,N, 

or in matrix form: 

1 1 1 t2 t 3 tn +1 
t~ 

tf1'T ... t~n-l 1 1 1 C1 

1 1 1 t2 t3 tnH 
tz t;+l ... t;n-l 2 2 2 C2 

= O. 

It is clear that the columns of the coefficient matrix are linearly independent. 

This implies Ci = 0, i = 1,2"" ,2n, and therefore all columns of ZT <p are 

linearly independent. 
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Let g(N) be a function of N. Denote O(g(N)) '" Nk (k is an integer) if 
limN-too g~:£l -t c, a nonzero constant. Noting that Lly(t) meets (7.43) and is 
corrupted by zero-mean stochastic process vet), it follows that 

1 T 
lim -z ~ 

N-too N 

= lim 
N-too N 

N Ll.y. 
L:i=l t~n21 

L~l t~~Yi 

O( N,!+I ) O( #rr) 
O( N,!+2) O( zv;tn-) 

O(~) 0(N2LI)· 

O(N) 0(N2) 

0(N2) 0(N 3 ) 

"t:' t~+l J(n-l) Ll.y. "t:' K ht~+l ... (nK_Plh).1 ",t:' __ l K p ht 2,.n 
L...l=l l [O,tNJ 1. L...l=l P l L. 

O(-;b) 

O(~) 
O( N,!-I) 

0(";") 

O( N,!n) O( N2,';-I) O( N2,';-2) . 

O(Nn) 0(N2) 0(N 3 ) 

0(N n +1 ) 0(N 3 ) 0(N4) 

O( Nnl_2) 

0(N n +1 ) 

0(N n +2 ) 

For the above matrix, it can be seen that the product of any n elements, 
one from each row (or column), is of the same order as NO, i.e., 0(1). The 
determinant of this n x n matrix involves the sum of all such n! products. 

Therefore, 

det( lim N1 Z(Nf peN)) = 0(1), 
N-too 

and the inverse of limN-too "*,Z(N)T peN) exists. 

By the assumption, v is a strictly stationary random process, and its statis

tics are unchanged by a time shift in the time origin. Equivalently, its distri

bution of all orders are independent of the time origin (Barkat, 1991). This 

indicates that c5(t) and the elements in Z are independent. Therefore, the in

strumental variables are un correlated with Z, or 

. 1 T 
hm NZ .1=0. 

N-too 

In view of the above development, we can establish the following theorem. 

Theorem 7.2.1. For a linear time-invariant process of nth or higher order 
with distinct poles, if the noise in the output measurement is a zero-mean 
strictly stationary stochastic process and the number of output samples N meets 
N ~ 2n, then the estimate given by 
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is consistent, where Z is given in (7.64). Under noise-free circumstances, Z 

may be replaced by P. 

Once () is estimated from (7.66), one has to recover the process model (7.38). 

It follows from (7.38a) and (7.39) that 

and 

{
a - I1k+l 

k - 11k ' 
_ 1 

an -~, 

Kp 
bn = 0;' 

k = 1,2,··· ,n - 1; 

(_1)n+l n 1 n-l (_1)n+l-i n-i 
()n+l = ()l + n! L + bn [~ (n _ i)! L bn- i], (7.67) 

(_1)n-k 1 n-k+l (_1)n-k-i . 
() - () + Ln-k+l [ ~ Ln-k-.+1b 1 

n+k - k (n _ k + 1)! + bn f:t (n - k - i + 1)! n-i , 

For k = n, (7.68) gives 

()l 
()2n = ()n + L - Kbn-1, 

p 

k = 2,3,··· ,no 

from which bn - 1 can be expressed as a linear function of L as 

Kp 
bn- 1 = 0;(()n+ L -()2n). 

(7.68) 

Substituting this expression into (7.68) for k = n - 1, bn - 2 can be expressed as 
a linear function of Land L2. Repeat this operation for all other k in (7.68); 
each bi can then be expressed as a linear function of L, ... ,Li, i = 1, ... ,n - l. 

Further substituting all these expressions into (7.67), an nth degree polynomial 

equation in L is derived, from which n roots of L can be easily found. In 
determining a suitable solution, a rule of thumb is to choose the one that leads 

to the following minimal estimation error standard deviation between the actual 

step response recorded from the actual process, y(kTs), and the step response 

of the estimated model, fj(kTs), where the estimation error standard deviation 

is defined by 

1 N 
err = N L[y(kTs)-fj(kTsW. 

k=l 

(7.69) 
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Remark 7.2.2. In the proposed algorithm, instead of using noise-accentuating 
derivative operations on noisy signals, numerical integration is used to make 

this method robust to noise. Using the IV method, the proposed method also 

gives consistent estimates when the output is corrupted by measurement noise. 

Remark 7.2.3. The efficiency of an estimator can be evaluated by its closeness 

to the Cramer-Rao Lower Bound (CRLB). However, for our algorithm, we are 

unable to do so. To our best knowledge, the methods available for calculating 

CRLB assume additive noise, where the noise is supposed to be white Gaussian 

noise or colored noise (Kerr, 1989; Kay, 1993; Ghogho and Swami, 1999). The 

noise part .::1 in our case is, however, a nonlinear transformation of v, where v is 
assumed to be a strictly stationary stochastic process with zero mean. There

fore, the existing methods cannot be applied directly to calculate CRLB. Fur

ther, the statistical properties hold for the parameter B, but not for the original 

transfer function parameters, since the transformation from B to model param
eters is nonlinear. The efficiency of the estimator for B does not necessarily 

imply efficiency for the transfer function parameters and it is hard to address 
statistical properties for the latter. In view of these difficulties, CRLB is not 

calculated or checked here. Instead, the effectiveness of the proposed method 

is demonstrated by simulation examples as well as implementation tests. 

Remark 7.2.4. It should be pointed out that numerical integration techniques 

introduce errors, especially close to the Nyquist frequency. Numerical integra
tion has been extensively studied in the literature. In general, there is no fixed 
rule for deciding which numerical integration method is the best, and it de
pends mainly on the integrands and the individual problem itself (Dai and 
Sinha, 1991). To match the ideal integrator characteristics as closely as possi

ble within the frequency band of interest, digital filter design methods (Pintelon 

and Schoukens, 1990) can be applied. 

Remark 7.2.5. In practice, most processes are inevitable of high order with 

inherent nonlinearity, and it is rare to have duplicated or even close poles in 

the reduced-order model. However, complex symmetric mechanical structures 

may have multiple complex poles (mUltiple resonance frequencies), which are 

very close to each other. This will cause bad numerical conditioning and is a 

topic for future work. 

7.2.3 Implementation Issues 

In this subsection, several practical issues concerning implementation of the 

proposed algorithm are discussed. 
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Choice of tl It is noted from the above development that the first sample 

y(td should not be taken into the algorithm until tl ~ L, when the output 

deviates from the previous steady state. In practice, the selection of the lagged 

y(t) after ti ~ L can be made as follows. Before the step test starts, the process 

output is monitored for a period called the 'listening period', during which time 

the noise band Bn can be found. After a step change in the process input is 

applied, the time t at which y(t) satisfies 

abs(mean(y(t - T to t))) > 2Bn 

is considered to meet t > L, where T is a user-specified time interval and is 

used for averaging. 

Choice of tN The initial part of the step response contains more exten

sive frequency information than the later part. In fact, the part of the response 

after steady state contains only zero frequency information, i.e., at w = O. 

Therefore, it is meaningless to use more data in the algorithm after the steady 

state, and tN should satisfy 

L < tN < T set , 

where Tset is the settling time, defined as the time required for the process to 

settle within ±2% of its steady state. 

For most processes, the frequency response usually shows higher gain at 

the low frequencies than at the high frequencies. Also, a step test excites slow 

dynamics more effectively. Thus, the relative error of frequency response iden

tification is likely to be dominated by high frequency errors. It can be seen 

that the transient part of the time response truncated at smaller tN contains 

more information at high frequencies, and identification based on best fitting 

will naturally lead to smaller error in frequency response estimation at high 

frequencies and thus over the whole frequency range. In such a case, however, 

time response beyond this time is not taken into account and thus the time 

domain error in identification measured over the whole time response period 

will become larger due to possibly poor matching of data outside the span. In 

view of this analysis, there exists a trade-off between the estimation accuracy 

in frequency and time domains. After extensive simulations, it is recommended 

that tN be set at O.8Tset . 

Choice of N The computational effort becomes heavy if too many sam

ples are taken into consideration, leading to large .p. Moreover, .pT.p or ZT.p 
may tend to become ill-conditioned for very large N and this may cause com

putational difficulty in estimating e. Therefore, N has to be limited. For the 
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case with a large number of recorded data points, the default value of N is 
recommended to be 200, and ti may be set as 

i-I 
ti=tl+~{tN-tl)' i=I,2,···,N. 

Computation of Solution The solution formulas (7.32), (7.34), (7.61) 

and (7.66) are used for theoretical purposes only. In real applications, to com
pute the solution in a numerically stable way, QR decomposition or single-value 

decomposition methods are applied to get the solution of the linear equation 
system: 

for the LS problem, or 

ZTpO = zTr 

for the IV problem. 

Recursive Solution The LS solution in (7.61) and IV solution in (7.66) 

are non-recursive and require matrix inversion. Alternatively, one can easily 

cast them into a recursive version that requires no matrix inversion (Young, 

1970; Strejc, 1980; Soderstrom and Stoica, 1983). This is a standard practice 
and thus requires no further discussion. 

Model Order In general, the order of the process is unknown. For most 

identification schemes, a model of known order is assumed (Strejc, 1981). Our 
method may also follow such a strategy. Alternatively, the model order may be 

pre-set to two since a SODPT model with a zero introduced, as discussed in 
Subsection 7.2.1, can describe most dynamics well. If the mean square error in 

(7.69) is too large, the model order is increased by one and a higher-order model 

is estimated following the general identification method in Subsection 7.2.2. 

Estimation of Kp It is common practice in process control to read off 

Kp directly using the steady-state output as Kp = y(oo)/h. However, there do 

exist cases in which the step test stops before the steady state is reached, or 

the user wishes to estimate all parameters together in a consistent way. Then, 

with obvious modifications to the derivation in Subsection 7.2.2, the following 

regression equation can be derived: 

pO = r, 
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L:l~il < ... <ik_l ~n Ail .. , Ai k _ 1 £ k 1 2 
ITi=l Ai or = , ,"', n, 

K ",n-l (_1)n+l- j Ln-j '" (3. (3. '" (3. 
p L....,j=O (n-j)! L....,l~il <i2< .. ·<ij~n-l ~1 ~2 ~j' 

for k = n + 1, 
K ",2n+l-k (_l)2n-k- j L 2n+1-k-j", (3. (3. '" (3. 

p L....,j=o (2n+l-k-j)! L....,l~i} <i2< .. ·<ij~n-l ~1 ~2 ~j' 

for k = n + 2, ... ,2n, 

K p , for k = 2n + 1, 
T 

r - [fr(n) fr(n) fr(n)] 
- - [O,h] y, - [O,t2] y, ... ,- [O,tN] Y , 

and 

iJ>= 

( ) fr (n-l) fr(n-l) h 
y h [Oh] y... [Oh] Y htl 

( ) fr (n-l) fr(n-l) h h y t2 [O,b] y... [O,t2] Y t2 

1 htn-l 
(n-l)! 1 

1 htn-l 
(n-l)! 2 

(t ) fr(n-l) fr(n-l) h ht 1 htn- l y N [O,tN] Y ... [O,tN] Y N ... (n-l)! N 

Thus, a LS-like algorithm can be applied and Kp can be estimated simultane

ously with other parameters. 

Data Screening In the course of a step test, it is possible that the 

process is perturbed by a sudden rapid disturbance. This corrupts the process 
response and the corresponding samples are obviously unreliable and should 

not be used for identification. For the proposed identification method, a data 

screening technique, i.e., discarding those bad samples and retaining only the 
reliable ones, is applicable since essentially hand tN can be any time between 
Land Tset . To see this, the proposed algorithm before calculating {j is applied to 
each batch of good data to form respective iJ>i, ri , i = 1,2. They are combined 
to form 

which is already in the normal regression form and used to find O. This feature of 

data screening is quite attractive and time saving, especially for slow processes 

frequently encountered in process control. 

Impact of Offset Errors Low frequency noise and offset errors could 

cause estimation errors to the proposed method. This is a common problem to 

any identification method using step tests. As stated in Schoukens and Pintelon 

(1991), the test signal should enable us to inject as much energy as possible, 

or a high signal-to-noise ratio is required. This implies that offsets should be 
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small. The current control engineering practice is that any control test has to be 
carefully planned and prepared to ensure that the process is in a good steady

state condition with all major inputs well controlled or monitored before a test 

is actually applied. In other words, practising engineers try to avoid any signif

icant disturbances coming into the process during the test, and will be alerted 

when a significant disturbance is detected (this usually requires the test to be 

redone). If there exist inherent offsets, they may cause significant estimation 

error in K p , which further leads to estimation errors in other parameters. In 

such a case, the problem can be solved if Kp is known or obtained a priori. 
Sometimes, the steady-state gain may be found from physical/chemical princi

ples. If Kp is not available, techniques such as the relay test (Hang et al., 1993a) 

may be employed to get an accurate Kp. With a known K p, the effect of the 

offset on the step response can be eliminated from the recorded data, and the 

proposed method is then applied to the modified step response. 

7.2.4 Simulation and Real-time Test 

The proposed step identification method is now applied to several typical pro

cesses. Without loss of generality, a unit step is employed in all the simulations 

below. For a better assessment of its accuracy, identification errors in both the 
time domain and the frequency domain are considered. This is because some 

step identification methods are found to be able to fit the process response well 

in the time domain, but the frequency response of the model sometimes devi

ates too far from the real process frequency response. To achieve better control 

performance, the estimation error should be small in both time and frequency 

domains. Comparison is made with the area method and graphical methods, 

to show the performance enhancement. 

The time domain identification error is measured over the transient period 

by the standard deviation, err as defined in (7.69). Once the identification is 

carried out, the model G (s) is available and the frequency domain identification 

error is measured by the worst-case error, ERR as defined in (7.14), where, the 

frequency range [0, we] is considered with L.G(jwe) = -7r, since this range is the 

most significant for controller design. To test the robustness of the proposed 

method, noise is introduced into the process output. In the context of system 

identification, noise-to-signal ratio defined (Haykin, 1989) by 

NSR = mean(abs(noise)) 
mean (abs (signal)) , 

is used to represent noise level. 

(7.70) 
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Example 7.2.1. Consider a high-order monotonic process: 

1 
G(8) = (8 + 1)5 

A unit step test is performed, and the process input and output step response 
are recorded. In the noise-free case, the model estimated with the proposed 

method is 

A e-1.4491s 

G(8) = 4.398882 + 3.44998 + 1 

for the default tN = 0.8Tset ~ 8.478, where the errors are err = 1.1034 x 10-4 

and ERR = 4.5728%. To see the effect of tN on identification, smaller and 

larger values of tN are tested as follows. If tN is set to 0.7Tset ~ 7.41s, the 
errors become err = 1.8294 x 10-4 and ERR = 4.5063%. If tN is set to 

be Tset ~ 1O.59s, the identification errors become err = 7.1736 x 10-5 and 

ERR = 9.5715%. As stated in the previous subsection, a smaller tN leads to 
a larger err and a smaller ERR, while a larger tN gives a smaller err and a 

larger ERR. The recommended tN here is a good trade-off. 
For comparison, the area identification method and the graphical methods 

are also applied. The area method gives 

A e-2.6400s 

G(8) = 2.37728 + l' 

with err = 1.9276 x 10-3 and ERR = 50.1586%, and the graphical method 
gives 

A e-1.3526s 

G(8) = 4.714382 + 3.57748 + l' 

with err = 1.1215 x 10-4 and ERR = 7.6723%. 
To improve the accuracy, the proposed method yields a third-order model: 

0(8) = 0.271182 + 0.19538 + 1 e-1.3264s 
2.622283 + 5.266882 + 3.88708 + 1 

with err = 1.0858 x 10-6 and ERR = 1.5359%, and a fourth-order model: 

0(8) = 0.007683 + 0.172282 + 0.29488 + 1 e-O.8365s 

1.773284 + 5.904883 + 7.634482 + 4.47828 + 1 

with err = 6.0577 x 10-7 and ERR = 1.3001%. The results are quite accurate 

and the effectiveness of the proposed method is obvious. 

The identification results for a variety of different dynamics are listed in 

Table 7.1, and the effectiveness of the proposed method is evident. 
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Example 7.2.2. To demonstrate the robustness of the proposed method, step 

tests with measurement noise NSR = 3%, 5%, 10%, 15%, 20%,30%,40% or 

50%, were performed for the process: 

G( ) -48 + 1 -8 
8 - e 

- 982 + 2.48 + 1 . 

The results are listed in Table 7.2. The robustness of the proposed method 

with the IV solution is obvious. To compare the LS and IV methods, consider 

NSR = 10% for instance; the LS solution is 

0(8) = -3.81198 + 1.0248 e-1.32528 

7.499882 + 2.22738 + 1 ' 

with err = 5.47 x 10-2 and ERR = 16.63%, while the IV method produces a 

better solution: 

0(8) = -3.86108 + 1.0248 e-1.0457s 

9.003582 + 2.42078 + 1 ' 

with err = 3.11 x 10-2 and ERR = 4.04%. 

Example 7.2.3. To see the applicability of the proposed method to nonlinear 

systems, consider the system (Slotine and Li, 1991): 

With NSR = 10%, the SOPDT model is estimated as 

~ ) _ 5.4676 -2.0784s 
G(8 - 4.718482+3.17808+1e . 

The step responses of the process and estimated model are shown in Figure 

7.2. The effectiveness of the proposed method can be observed. 

Example 7.2.4. The proposed identification method for the SOPDT model 

was applied to a pilot plant, a coupled-tank control apparatus, made by Ken

tRidge Instrument Ptd. Ltd, Singapore. The equipment consists of two small 

tower-type tanks mounted above a reservoir which functions as storage for the 

water (Figure 7.3). In this implementation, the bafHe between the two tanks is 

raised to allow water to flow between the tanks. The objective is to control the 

water level in the second tank by manipulating the voltage to the pump in the 
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5 

_1L-__ ~ __ ~ __ ~ __ -L __ ~ __ ~ ____ L-__ L-__ ~ __ ~ 

o 5 10 15 20 25 30 35 40 45 50 

Fig. 7.2. Step responses for Example 7.2.3 
(- - -: actual process; ~-: estimated model from the proposed method) 

Fig. 7.3. Coupled-tank level control system 

first tank. Using the proposed identification method, the process was modelled 

as 

6( ) = 1068.56388 + 62.2012 e-1.4292s 
8 626.537982 + 66.80888 + 1 ' 

and the response for this 6(8) under the same step input is shown with the 

solid line in Figure 7.4, where the dashed line is from the actual process. The 

effectiveness of the proposed method is clear. 
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14) y(rrj1 

1:D 

100 

4) 

LL-_"_'---_--' __ ~ __ ___L __ _L __ ____'__ __ ~ __ _'t( .. 
50 1 00 150 :DO 2;0 3)0 :EO 4)0 

Fig. 7.4. Step response of coupled-tank 
(- - -: from process; --: from model) 

7.3 A Hybrid Approach 

The method described in Section 7.1 cannot guarantee the preservation of sta

bility of transfer function models. This is a typical problem associated with 

frequency domain methods. On the other hand, with the time domain ap

proach it is easier to deal with stability preservation. One sees that the step 

response of a stable G(8) will remain finite while that of an unstable 0(8) will 

tend to infinity. The squared error between them will diverge, and an unstable 

0(8) must be excluded from the solutions to the problem of minimizing such 

an error, in other words, the solution must be stable. Based on this idea, we 

present a time domain transfer function modelling algorithm in this section. 

This algorithm not only preserves stability but also enables non-iterative esti

mation of all model parameters including the time delay. It constructs the step 

response from the frequency response and then uses the identification algorithm 

described in the preceding section to obtain the transfer function model. 

Construction of Step Response from G(s) or G(jw) Suppose that 

the plant is stable with G(s) or G(jw) given. Let the plant input u(t) be of step 

type with size h. Then the plant output step response in the Laplace domain 

is 

h 
Y(8) = G(s)-. 

8 
(7.71) 
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It seems very easy to obtain the corresponding time response yet) by simply 
applying the inverse Fourier transform (F-1). However, since the steady-state 

part of yet) is not absolutely integrable, such a calculation is inapplicable and 

meaningless (Wang et al., 1997c). To solve this problem, yet) is decomposed 

into 

yet) = y(oo) + Lly(t) = G(O)h+Lly(t). 

Applying the Laplace transform to both sides gives 

yes) = G(O) +C{Lly(t)}. 
s 

Bringing (7.71) in, we have 

C{Lly(t)} = h G(s) - G(O). 
S 

Applying the inverse Laplace transform yields 

Lly(t) = hC-1{G(s) - G(O)}. 
S 

Thus, the plant step response is constructed as 

yet) = h[G(O)+F-1{G(jw).- G(O)}], 
JW 

(7.72) 

(7.73) 

where F-1 may easily be implemented by the inverse fast Fourier transform 
(IFFT). 

Identification from Step Response Apply the algorithm in Section 

7.2 to the step response yet) in (7.73) to get 

O(s) = b1sn- 1 + b2 sn- 2 + ... + bn-1s + bn e-Ls . 

Sn + alSn- 1 + ... + an-iS + an 
(7.74) 

Example 7.3.1. Reconsider the high-order plant in Example 7.1.1. The output 

step response is first constructed using the IFFT. The area method (Rake, 1980) 

gives the model: 

G~ ( ) = 2.15 -53.90s 
s 46.69s + 1 e , 

with err = 1.15 x 10-2 and ERR = 60.87%. The FOPDT model estimated by 

our hybrid algorithm in this section is 

G~ ( ) = 0.0396 -49.9839s 
s s + 0.0184 e , 
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with err = 8.6 x 10-3 and ERR = 48.12%. Our SOPDT model is 

0(8) = 0.0011 e-28.8861s 
82 + 0.03438 + 0.0005 ' 

with err = 4.0631 x 10-4 and ERR = 5.81%. For a third-order plus dead time 

model (TOPDT), we have 

0(8) = 0.205982 + 0.00058 + 0.0001 e-31.9265s 

83 + 0.996982 + 0.03828 + 0.0001 ' 

with err = 2.0009 x 10-4 and ERR = 1.27%. It can be seen that the results 
from our algorithm are consistently better than that of the area method. The 
estimation errors decrease with model order n. Especially from FOPDT to 

SOPDT, errors decrease dramatically, but the error decrease slows down from 

SOPDT to TOPDT. In this case, an SOPDT model is good enough. Step and 
frequency responses of the actual and estimated models are shown in Figure 

7.5. 

The proposed method is also tested for many other examples. Typical re

sults are given in Table 7.3. They show that consistent enhancement of the 
reduced-order model accuracy is achieved with the proposed method over the 

recursive least squares method of Section 7.1 if the latter starts with zero ini
tial parameters. The former does always preserve stability, as expected, while 

the latter is not capable of that. However, the recursive least squares method 
is simpler in implementation, and with those stability measures introduced in 
Section 7.1, the chance of getting stable models is quite high for low-order 

modelling, though not guaranteed. 



-1.5 

" /, 

'b , . 
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(a) Time responses 

j~5--~----~--~--~~--~--~--~--~'.5 

(b) Frequency responses 

Fig. 1.5. Model reduction via hybrid algorithm 

(-- actual process; ... area method; - . - . -. proposed FOPDT;- - - proposed 
SOPDT; * * * proposed TOPDT) 
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8. A General Identification Approach 

Chapters 5 through 7 have covered in detail process frequency response esti

mation using relay feedback and conversion of frequency responses to transfer 
function models. The methods developed there are very useful in applications. 

There are, however, a few other issues which deserve attention. First, many 

industrial control systems already run in closed-loop before an identification 

test and/or controller retuning is carried out. In some cases, performing identi

fication experiments under closed-loop conditions may be necessary for safety 
or economic reasons, or if the system contains inherent feedback mechanisms 

(Forssell and Ljung, 1999). It is thus desirable not to disconnect the existing 

controller during the test. This gives rise to the closed-loop identification prob

lem, requiring that a test be conducted on a closed-loop system, but not on the 
process itself. 

Second, the types of test signals could be other than relay, say, pulse, pseudo

random binary sequence, step, ramp and sinusoidal functions (Unbehauen and 

Rao, 1987). Of all these tests, the step test is probably the simplest. The step 
test needs little equipment, can be performed manually and dominates in pro
cess control applications. Chapter 7 presented an algorithm for transfer func

tion identification from open-loop step responses. Its extension to closed-loop 
testing and multivariable systems is appealing. 

Third, most industrial processes are multivariable in nature. The control of 
such multivariable systems has always been a challenge due to its complex in

teractive nature. Control techniques such as model predictive control (Richalet 

et al., 1978) and internal model control (Garcia and Morari, 1982) explicitly 

require a process model. SISO identification techniques based on relay or step 

tests need to be modified to cope with multivaribale nature. 

There is thus a great demand for a general identification scheme for multi

variable systems that can cover many different experimental tests in a unified 
framework. In this chapter, a novel robust multivariable process identification 

method is presented. From the recorded process inputs and outputs, the fre

quency response matrix is calculated using the fast Fourier transform (FFT), 
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the step response is further constructed using the inverse fast Fourier transform 
(IFFT) and the transfer function is determined using an algorithm from Chap

ter 7, in an elementwise way. This method is applicable to any kind of test and 
pre-tuned controller regardless of the transient type, provided that the system 

is stable and the responses are not chaotic. We present the SISO version in 

Section 8.1 to motivate the general MIMO version in Section 8.2. Section 8.3 

deals solely with unstable processes, which necessitate a different technique. 

8.1 SISO Systems 

Consider the conventional feedback control system shown in Figure 8.1. The 

SISO process G(s) is under the control of the SISO controller K(s). 

r + y 

Fig. 8.1. Feedback control system 

8.1.1 The Method 

The idea behind our method is to always estimate the process frequency re
sponse first, regardless of test type, and then to convert it to the step response 

from which a transfer function model can be obtained using an algorithm from 

Chapter 7. 

Test Suppose that a given process G(s) is stable and already runs in 

closed-loop with a pre-tuned controller K(s). Suppose that the system has been 

brought to a constant steady state. A test is conducted either in open-loop or 

closed-loop (user defined) so that a change in the manipulated variable u(t) for 
the open-loop test, or a change in the reference r(t), is activated. It should be 

pointed out that such a signal can be of any type. Suppose that the closed-loop 

system is stable and produces a steady state at the end of the applied test. The 

steady state can be a constant or some form of stationary oscillation. During 
the test, the manipulated variable u(t) and the process output y(t) are recorded 

until the steady state occurs. 
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Process Frequency Response In our method, except for an open-loop 

step test, for which this and the next steps are skipped, the frequency response 

of the process is first calculated. The open-loop relay test has been thoroughly 

discussed in Chapter 6. The analysis and techniques developed there are also 
applicable to other tests. The point to emphasize here is that the frequency 

responses Y(jw) and U(jw) of y(t) and u(t) cannot be obtained directly by 

taking the Fourier transform of these recorded y(t) and u(t). Here, we adopt 

a technique from Chapter 6, the decomposition method, and generalize it to 

cover all other tests, provided that the test yields a final finite steady state. 

Let y(t) and u(t), respectively, be decomposed into transient parts L1y(t), 
L1u(t), and the steady state part or the periodic stationary cycle parts ys(t), 
us(t) as 

y(t) = L1y(t) +Ys(t), 

u(t) = L1u(t) + us(t). 

The definition of the transfer function gives 

G(s) = Y(s) = Ys(s) + L1Y(s) , 
U(s) Us(s) + L1U(s) 

and the process frequency response is formally 

G( . ) _ Ys(jw) + L1Y(jw) 
JW - . 

Us(jw) + L1U(jw) 

Note that L1Y(jw) and L1U(jw) can be obtained using the Fourier transform 
since the transient parts L1u(t) and L1y(t) decay to zero exponentially. In prac

tice, they are calculated using the FFT. Thus, it follows that 

G(. ) '" Ys(jw) + FFT(L1y(t)) 
JW '" Us(jw) + FFT(L1u(t))· (8.1) 

If the test (say, a step test) gives a constant steady state output y(oo) we 

have 

Y.( . )_y(oo) 
s JW - . . 

JW 
(8.2) 

On the other hand, if the test (e.g. relay) causes stationary oscillations, it 

follows (Chapter 6) that 

Ys(jw) = 1 ~. T {Tc Ys(t)e-jwtdt, - e JW c io (8.3) 
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where Tc is the period of the stationary oscillations in the process output Ys. 

Similarly, the following expression can be obtained: 

U ('w) - jw' {~ sJ - 1 T. "t 
1-e 3w1c fa C us(t)e-JW dt, 

step test; 

relay test. 
(8.4) 

With (8.2) or (8.3) and (8.4), the process frequency response can be calculated 

from (8.1). 
It should be pointed that the formula (8.1) assumes zero initial conditions. 

If the system has a nonzero operating point of y(O) and u(O), then y(t), y(oo), 

u(t) and u(oo) should be replaced by y(t) - y(O), y(oo) - y(O), u(t) - u(O) and 

u(oo) - u(O), respectively. 

Construction of Process Step Response Imagine that the process 

input u(t) is a unit step function, then 

1 
Y(s) = G(s)-. (8.5) 

s 

It seems very easy to obtain the corresponding y(t) by simply applying the 
inverse Fourier transform to Y(jw). However, since the the output response, 

y(t), is not absolutely integrable, such a calculation is meaningless as discussed 

in Chapter 7. To solve this problem, y(t) is decomposed into 

y(t) = y(oo) + Lly(t) = G(O) + Lly(t). 

Applying the Laplace transform to both sides gives 

Y(s) = G(O) +C{Lly(t)}. 
s 

(8.6) 

Bring (8.5) in, we have 

C{Lly(t)} = G(s) - G(O). 
s 

Applying the inverse Laplace transform yields 

Lly(t) = .c-1{G(s) - G(O)}. 
s 

Thus, using the inverse fast Fourier transform (IFFT), the process step response 

is constructed as 

y(t) ~ G(O) +IFFT(G(jw). - G(O». 
JW 

(8.7) 

Process Transfer Function The stable step response constructed above 

is fitted into the following model: 
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The algorithm in Section 2 of Chapter 7 is adopted here to obtain a stable 6(8) 
from such a step response. No further discussion is needed. 

Remark 8.1.1. Compared with existing closed-loop identification methods, the 
proposed one is more robust because it makes use of all the recorded data. It 

can also be applied to a wide range of tests, and the controller is not limited 
to PID types only. Moreover, it can produce a general transfer function model, 

but is not restricted to first or second order. These advantages make it more 
appealing than its counterparts in many aspects. 

Remark 8.1.2. The combined use of the FFT and IFFT is crucial for enhance
ment of the identification performance. It looks possible and reasonable to esti

mate the process frequency response with the FFT and then obtain a transfer 

function using the response directly, say the recursive least squares method 

of Chapter 7. However, simple tests such as step or relay cannot excite the 
process effectively and uniformly over the whole working frequency range and 

the error in frequency response estimation varies with frequencies. This may in 

turn cause poor identification of the transfer function model. We find that the 
error inherent in the process frequency response with the FFT is neutralized 

or compensated for by the later IFFT, so that the process step response can be 

recovered accurately, which leads to a better transfer function model, as will 

be demonstrated in our simulation below. 

8.1.2 Simulation 

The proposed identification method is now applied to several typical processes. 
For better assessment of its accuracy, identification errors in both the time 
domain and the frequency domain are considered. This is because some closed

loop identification methods are found to be good in the time domain, but the 

frequency response of the model sometimes deviates too far from the real pro

cess frequency response. To achieve better control performance, the estimation 

error should be small in both time and frequency domains. 

The time domain identification error is measured over the transient period 

by standard deviation: 

1 N 
err = N I)y(kT) -Yc(kT)]2, (8.9) 

k=l 
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where y(kT) is the recorded output response of the actual process to a given 
test, while fj(kT) is the output response of the estimated model under the 

recorded same control signal. The frequency domain identification error is mea

sured by the worst-case error: 

(8.10) 

where G(jWi) and G(jwi) are the actual and estimated process frequency re
sponses respectively. ERR is evaluated over the frequency range with phase 

from 0 to -7r, since this range is most important for control design. 

In practice, measurement noise is generally present. To examine the robust

ness of our algorithm against noise, noise is introduced into the output for these 

simulation studies. The noise level is measured by the following noise-to-signal 

ratio (Haykin, 1989): 

NSR = mean(abs(noise)) . 
mean ( abs (signal) ) 

Example 8.1.1. Consider a process 

e- S 

G(8) = -12-s-2-+-8s-+-1 

Comparison is made with the method in Suganda et al. (1998) since it is the 
latest method available of its kind. In Suganda's method, different sets of PI 
parameters are tested for these examples, which give different dynamics, corre
sponding to under-damping, median dampling and over-damping, respectively. 
For the different kinds of dynamics, different formulas are applied to give a 
transfer function for the closed-loop system. Since the proposed method is gen

eral and consistent for all these different scenarios, it is not necessary to test 

all these cases. Here, one sets the controller so as to give an under-damped 

response for the process; the other cases are shown for two extra processes in 

Table 8.1. 

G in this example is a second-order plus dead time (SOPDT) process, and 

should be estimated by a SOPDT model without model error in the noise-free 

case. A unit step is performed in closed-loop on the system with a PI controller 

(Kc = 0.4 and Ti = 2). Using the proposed method, the estimated SOPDT 

model is 

A 1.000le-o.9963s 

G(8) = 12.064382 + 8.01088 + l' 
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which is almost identical to the actual process. The identification errors are 
err = 4.91 x 10-4 and ERR = 0.35%. Under the same test condition, Suganda's 

method gives the model: 

A 1.0000e-O.9945s 

G(8) = 12.040982 + 7.98108 + l' 

where the identification errors are err = 2.85 x 10-3 and ERR = 0.45%. The 

improved accuracy is obvious, and this accuracy holds for other scenarios (see 

Table 8.1). 

It can be seen that Suganda's method works well for those cases where 

the controller has been well tuned. It is possible that the controller is badly 

tuned. To test the effectiveness of the proposed method in such a situation, the 

following examples are presented. For these examples, there are no solutions 
using Suganda's method. In fact, using their graphical method, complex coeffi

cients result when trying to find a SOPDT transfer function for the closed-loop 

system. 

Example 8.1.2. Consider a high-order oscillatory process with large dead 

time: 

l.08e-IOs 
G(8) = (8 + 1)2(28 + 1)3' 

The result from the proposed method is shown in Table 8.2, and the estimated 
model is very close to the actual process. Other examples are also shown in 

this table. 

Table 8.2. Identification results 

G(8) G(8) err ERR 
1.08e- 1Os 1.08e- 12 .81 • 

0.69 2.14% (8+1)2 (28+1)3 7.548 2+5.268+1 

-48+1 -8 
982 +2.48+1 e 

-3.988+1.00 e-1.078 
8.8682 +2.398+1 

0.11 0.82% 

1 1.00e 1.328 
0.97 9.28% (8+1)5 4.758 2 +3.288+1 

Since the proposed method makes use of many points rather than one or 

two points on the process response and adopts a least squares or instrumental 

variable method, it is expected to be robust to noise. The identification results 

of the process with different noise levels are listed in Table 8.3, indicating that 

the proposed method works well even when there is large measurement noise 

present. 
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Table 8.3. Identification results with different NSR 

NSR 0(8) err ERR 
0 1.0801 -12.81108 

7.540382 +5.26128+1 e 0.69 2.14% 

3% 1.0828 -12.68478 
7.22388 2 +5.1499.+1 e 11.23 3.44% 

5% 1.0823 -12.5564. 
7.48938 2 +5.1953.+1 e 21.44 4.29% 

10% 1.0808 -12.4387. 
7.65438 2 +5.17548+1 e 42.08 5.97% 

15% 1.0794 -12.13508 
8.488182 +5.17128+1 e 94.30 9.67% 

20% 1.0780 -11.95648 
9.053982 +5.2606.+1 e 131.98 10.59% 

30% 1.0908 -10.3358. 
15.5858.2 +5.5866.+1 e 325.63 24.35% 

40% 1.0932 -10.6667. 
16.459382 +4.94068+1 e 572.71 32.22% 

so 100 ISO 

O.S 

°OL-------------------SLO-------------------1OLO------------------~,~ 

Fig. 8.2. Closed-loop response for G(8) = 12.i~~8+1 with NSR = 3% 

Example B.l.3. To illustrate Remark 8.1.2, a step test is done for 

G = e- s 

1282 + 88 + 1 

with N SR = 3%. The response for the closed-loop system is shown in Figure 

8.2. From the corrupted output and control signal, the proposed method gives 

A 1.0100 e-l.0144s 

G(8) = 11.309782 + 7.98308 + 1 . 
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1.4 ,.:y---r----,----..----,----.,.-----r---.,.----, 

1.2 

-O-20~---1.,..O------:2.,..O------:3.,..O---4":O------:5:':O---S:':O,---------:7~O,----------:'80t 

Fig. 8.3. Process step responses 
(- . - . -.: actual process; - - -: constructed using FFT and IFFT; --: estimated 
model) 

The process step responses are shown in Figure 8.3, where the dash-dot line 

is for the actual process, and the dashed line is constructed from the FFT 
and IFFT method, while the solid line is from the estimated model with the 

proposed method. The effectiveness of the proposed method is clearly observed. 

It is also noticed that the constructed process step response using the FFT and 

IFFT techniques is very close to the actual one. Figure 8.4 shows Bode plots 

of the actual process (dash-dot line), the FFT-based estimation using (8.1) 

(dashed line) and the final model (solid line). The estimation error between the 

FFT-based approximation and the actual process is 77.77%, while that between 

the final model and the actual process is 3.08%. For this SOPDT process, the 

FFT gives a large approximation error in the high frequency part. However, 

accurate estimation is recovered after using the IFFT. 

8.2 MIMO Systems 

We want to extend the SISO method of the preceding section to the multivari

able case. Only square systems will be addressed. 
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Fig. 8.4. Comparison of frequency responses 
(- . - . -.: actual process; - - -: FFT-based estimation; --: final model) 

8.2.1 The Method 

Let an m x m linear process be described by 

Yes) = G(s)U(s), (8.11) 

with output vector 
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T 
YeS) = [Y1 (s) Y2 (s) ... Yrn(s)] , 

input vector 

T 
U(s) = [U1 (s) U2 (s) ... Urnes)] , 

and process transfer function matrix G = {Gij(s)}, i,j = 1,2, .. · ,m. The 
process may be in the feedback system depicted in Figure 8.1 with an m x m 

controller, K (s). For later use, partition the m x m identity matrix I as 

(8.12) 

Similar to the SISO case in the preceding section, the idea of our MIMO method 

is to calculate the process frequency response G(jw) using the FFT, construct 

for each entry of G(s) its step response from Gij(jw) using the IFFT, and 
estimate a transfer function from such a response. But before these descriptions, 

we need to discuss the different tests to which our identification method is 

applicable. 

Test Some test has to be conducted on a given process to enable identi

fication. Various aspects of the test should be considered. The first is the type 

of test signal. The most popular are step and relay. The second consideration 
is the operating mode during the experimental test. It could be in open-loop 
mode without a controller or in closed-loop mode with a controller operating. 
The third consideration is how to configure the test for a multivariable process, 
as there could be three possible schemes: 

(i) Independent test: A test is applied to only one loop at a time and released 

once a steady state, i.e., constant steady state or stationary oscillations 

(Chen, 1993), is reached, and is repeated until all m tests on each loop 

have been performed. 

(ii) Sequential test: A test is applied to the first loop while all other loops 

are kept unattached. Then a test is made on the second loop while the 

previous change in the first loop is still in place. The procedure is repeated 

until the mth loop has been tested. 

(iii) Decentralized test: All m test signals are applied to m loops simultane

ously. 

Independent testing is quite time consuming since each test can be activated 

only after the process has been brought back to its original steady state follow

ing the previous test. Decentralized testing may generate complicated responses 

(Loh, 1994), which are difficult to analyze and predict. This has been addressed 
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in Chapters 5 and 6. The sequential test is thus considered in this chapter. With 

such a scheme there are four typical combinations of test: 

Case 1: Open-loop (sequential) step test; 

Case 2: Closed-loop (sequential) step test; 

Case 3: Open-loop (sequential) relay test; 

Case 4: Closed-loop (sequential) relay test. 

(8.13) 

Diagrams of open-loop and closed-loop sequential relay feedback tests are shown 

in Figure 8.5 and Figure 8.6 for illustration, respectively. It should be stressed 

that the identification method to be presented below is not restricted to these 

four cases only, but also applicable to other cases provided that each test leads 

to a steady state. 

: 

+1- I '1 U1 I 
'<.Y I Relay I 

-'2 + J I U2 
I Relay I 

: : 
'i + -

I I Ui 
I Relay I G(s) 

U i+1 

: 
urn 

Fig. 8.5. Open-loop sequential relay feedback Test 

To unify the presentation for all cases, we introduce a vector v(t): 

{
U(t), open-loop test, 

v(t) = 
r(t), closed-loop test, 

Yl 

Y2 

Yi 

Yi+l 

Yrn 

where u(t) is the input to the plant and r(t) is the set-point for the closed

loop of Figure 8.1. Let l(t) and p(t) be a unit step function and relay function 
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1 i I -~ 
rl YI 

'U' 'U' 

Relay 
r, y, 

Relay 
r, 

~ 
y, 

K(s) G(s) 

'i+l Yi+l 

rm Ym 

Fig. 8.6. Closed-loop sequential relay feedback test 

with unity magnitude, respectively. The types of test signal are reflected by the 

elements of v ( t) : 

step, 

relay, 
(8.14) 

where C¥i and f3i are the size and amplitude of the step and relay, respectively. 
Then the m tests Vi in a sequential experiment over the time span [to, tmJ with 
respective test periods [ti-l, ti], i = 1,2, ... ,m, can be expressed as 

to = 0 ~ t < tl, 
(8.15) 

ti-l ~ t < ti, i = 2,3, ... ,m, 

where ei is the ith column of the m x m identity matrix defined in (8.12), and 

to = 0 is the start time for the experiment while ti is the end time for the ith 

test when the system has entered the steady state. 

The sequential experiment on an m x m process is actually executed as 

follows: 

Initialization: Bring the process to constant steady states y(O) and u(O) at 

to = O. Specify the step sizes C¥i or the relay amplitudes f3i, i = 1,2" .. ,m. 
Test 1: Apply a test of the given type and magnitude to the first input 

Vl, while keeping all other inputs Vi unchanged, that is, v = vl . Wait for 
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the system to settle down at t = h, that is, the output y has reached a 
constant steady state during the step test or stationary oscillations during 
the relay test. 
Test i: Let v = Vi as shown in (8.15) and apply it to the system at 

t = ti-l, i = 2,3, ... ,m, until the system settles down again at t = ti. 

Regardless ofthe different test cases (8.13), we always collect the process output 
and input responses from all m tests, and denote them by {u(t), y(t), t E [to, tm ]}. 

Process Frequency Response This and the following steps of our 

method are to find the step response for every entry of the process transfer 

matrix. They are not required for Case 1 where such step responses are already 

available. It can be seen from (8.11) that if one has m independent output and 
input frequency response vectors yi(jW) and (ji(jW) , the process frequency 

response matrix G(jw) can then be obtained from the equation: 

Our task now is to construct m independent time response vectors fji(t) and 

ij,i(t) from the recorded process output and input responses y(t) and u(t) such 

that for each i, fji(t) and ij,i(t) have zero initial conditions at the start and 

steady states at the end, so that their frequency responses yi(jw) and (ji(jw) 
meet yi(jW) = G(jw){ji(jw). For Case 2 of a step test, the ith test starts 

usually with nonzero initial conditions y(ti-l) and U(ti-l), and ends with new 

constant steady states y(ti) and U(ti). If the output and input have their initial 
conditions subtracted, the resulting signals will have zero initial conditions at 

t = ti-l and constant steady states at t = ti. Thus we form from y and u the 
following modified signals: 

fji(t) = y(t)-y(ti-l), 

ui(t) = u(t)-u(ti-d, 

ti-l ~ t < ti, i = 1,2, ... ,m, 

ti-l ~ t < ti, i = 1,2,··· ,m. 

(8.16a) 

(8.16b) 

For experiments which lead to stationary oscillations (e.g., Case 3 and Case 

4), making fj(ti-d = 0 only is not enough since its derivations could still be 

nonzero. Instead, let us imagine that for each i, the ith test lasts beyond t = ti 

until t = tm without activating the subsequent tests, then the last cycle of 

stationary oscillations y!(t) and u!(t) sustained before t = ti will be repeated 

until t = t m . One can thus define for each i 

yt t = . 
_.() {y(t) - y(O), 0 ~ t < ti, 

y~(t) - y(O), ti ~ t ~ tm , 
(8.17a) 
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and 

u'(t) = . 
. {U(t) - u(O), 

u~(t) - u(O), 
(8.17b) 

Note that in the step case fi and ui have different time spaces [ti-l, til while 
in the relay case they have the same space [0, tml. 

Like the 8180 case in the preceding section, decompose the responses into 
transient parts and steady state parts as 

f/(t) = Llyi(t) +y!(t), i = 1,2, ... ,m, (8.18a) 

(8.18b) 

For each i, yi(t) and ui(t) have almost entered the steady states at t = ti, 
and both Llyi(t) and Llui(t) are approximately zero afterwards. The Fourier 

transform of Llyi(t) then gives its frequency response: 

(8.19) 

In practice, (8.19) is approximated by 

(8.20) 

where the start time t~ and the end time tk are defined as 

t~ ~ {t'_" Case 2, 

0, Case 3 or 4, 
(8.21a) 

and 

tk ~ {t" Case 2, 

t m , Case 3 or 4. 
(8.21b) 

(8.20) can be computed at discrete frequencies using the standard FFT tech

nique. 

For y! (t) and u~ (t), if the test (say, a step test) gives a constant steady state 

output, y!(ti), we have 

yi(. ) = iJ!(ti) 
s JW ., 

JW 
i = 1,2,··· ,m. (8.22) 
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On the other hand, if the test (e.g. relay) causes stationary oscillations, it 

follows that 

yi(jW) = 1. ifi fji(t)e-jW(f+Ti-f;)dt 
s 1 - e-JWTi fi-Ti S , 

(8.23) 

where Ti is the period of the stationary oscillations of fj!. Similarly, the following 

expression can be obtained: 

{ 
ii!(fi) t t t 

fJi(.W) = jw' s ep es, 
S J 1 ffi iii (t)e-jW(t+Ti -fi) dt relay test. 

l-e JwTi Jti -Ti S , 

(8.24) 

For each test i, it follows from (8.11) that the following frequency response 

relation holds: 

where 

yi(jW) = Llyi(jw) + y;(jw), 

fJi(jw) = LlfJi(jw)+fJ;(jw) 

i = 1,2,'" ,m, 

are obtained from (8.19)-(8.24). Collecting (8.25) for all i gives 

Y(jw) = G(jw)U(jw), 

where 

Y(jw) = [yl(jw) y2(jW) ... ym(jw)] , 

U(jw) = [fJ1(jw) fJ2(jw) ... fJm(jw)] . 

(8.25) 

(8.26a) 

(8.26b) 

(8.27) 

If the inversion of U(jw) exists, the process frequency response matrix G(jw) 
can then be found from (8.27). The task now is to determine if U(jw) is invert

ible or not. 

For the dosed-loop tests v = r (Case 2 or Case 4), it follows from Figure 

8.1 that 

U(s) = K(s)[I +K(s)G(S)tl R(s) ~ Q(s)R(s). (8.28) 

with nonsingular Q(s), or in the frequency domain, 

U(jw) = Q(jw)R(jw). (8.29) 

For Case 2, R(jw) is the frequency response of 
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f ~ [1'1 1'2 ... 1'm] 
~ [rl r2 _ rl ... rm _ rl _ r2 _ ... _ r m - 1] , " 

and is given by 

R(jw) = 
o CX2fjW··· o 

o 0··· cxmfjw 

which is nonsingular at any w E (0,00). U(jw) is thus invertible for w E (0,00). 

For Case 4, the nature of the sequential experiment (8.15) indicates that 

!31P(t)1(t) !31P(t)1(t) 

rl(t) = 
0 

r2(t) = 
!32p(t)1(t - td 

0 0 

!31P(t)1(t) 

rm(t) = 
!32p(t)1(t - td 

!3mp(t)l(t - tm-d 

thus f ~ [rl r2 ... rm] has an upper triangular form and so has its frequency 

response R(jw). It then follows from (8.29) that U(jw) is nonsingular for w E 

[0,00). 

Case 3 is an open-loop test with v = u. Like Case 4, its sequential nature 

gives an upper triangular U(jw), which is nonsingular for w E [0,00). 

In view of the above analysis, all three cases (2,3,4) give an invertible U, so 

that the process frequency response can be calculated using 

G(jw) = [Llyl(jW) + Y}(jw) ... Llym(jw) + ysm(jw)] 

. [LlU1(jw) + U;(jw) ... LlUm(jw) + U;n(jw)r 1 , (8.30) 

which is valid at all w E [0,00) for Cases 3 and 4, and at w E (0,00) for Case 

2. For w = 0 in Case 2, we can determine the static gain of the process from 
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output and input steady states by 

(8.31 ) 

Step Response Construction and Transfer Function Modelling 

Once the frequency response matrix G(jw) of the process is obtained, the step 

response of each entry can be constructed separately and can be used to obtain 

a transfer function which matches the step response best. These two steps are 

exactly the same as for the SISO case described in Section 8.1 and thus are not 

detailed here. Just do them in an elementwise way. 

Identification Algorithm We can summarize the above development 

into the following algorithm: 
Initialization: Bring the process to the constant steady states. Specify 

the test type (relay or step), their sizes and the test mode (open-loop or 

closed-loop) . 

Step 1: Perform the sequential experiment and record all the process input 

and process output responses. 

Step 2: For Case 1, go to Step 4 directly. Otherwise, calculate the fre

quency response G(jw) from (8.30). 

Step 3: Construct the step response from (8.7), one for each entry G (j w ) . 
Step 4: Determine a transfer function model from the step response using 

the algorithm in Section 7.2 of Chapter 7, one for each entry G(s). 

8.2.2 Simulation 

In this subsection, the proposed identification method is applied to four typical 

industrial processes to show the effectiveness. Both time domain error, err as 

defined in (8.9), and frequency domain error, ERR as defined in (8.10), are 

evaluated for each entry of the model to assess estimation performance. 

Example 8.2.1. Consider the Vinante and Luyben plant (Luyben, 1986): 

[ 
-2.2e-S lo3e- O.3s ] 

G ~ 78+1 
(s) = _2.8e-1. 88 4.3e- O.358 • 

9.58+1 9.28+1 

An open-loop sequential step test (Case 1) is applied. The model estimated 

with the proposed method is 

[ 

_2.2000e-l.0009s lo3000e-o.29878] 
G 7.00508+1 7.00508+1 

(s) = _2.8000e-1.8009s 4.3000e-O.3487s ' 
9.50508+1 9.20508+1 
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where the errors are 

[
3.7445 x 10-7% 0.9661%] 

err = , 
2.8127 x 10-7% 0.9690% 

and 

[
0.1709% 0.6973%] 

ERR = , 
0.1037% 0.5959% 

respectively, they are both very small. 

Example 8.2.2. Consider the 3 x 3 plant in Orgunnaike and Ray (1979): 

G(s) = [ 

0.66e-2.6s 
6.7s+1 

lolle- 6 .58 

3.25s+1 

_34.68e- 9.2s 
8.15s+1 

_0.61e- 3.58 
8.64s+1 

-2.36e- 38 
5s+1 

46.2e- 9.4s 
10.9s+1 

-0.004ge- s 1 9.06s+1 
_0.01e-1.28 

7.09s+1 

0.87(llo618+1)e- 8 

(3.89s+ 1 )(18.88H) 

An open-loop sequential relay feedback test (Case 3) is applied. According to 

(8.17a) and (8.17b), iii(t) and ui(t) are constructed by duplicating the final 

cycles of their respective stationary oscillations before t = ti over t E [ti, tm ]. 

Figure 8.7 shows the first output iii, iii and iJr. The proposed method is then 
applied to produce 

[ 

0.6600e-2.59998 
6.70748+1 

O(s) = loI078e-6.5287s 
3.18838+1 

_34.6121e-9.2548s 
8.01358+1 

_0.6100e-3.4994s 
8.6487s+1 

_2.356ge-3.0194s 
4.95578+1 

46.1028e-9.42328 
10.81718+1 

_0.004ge-0.99778 1 
9.07308+1 

-0.009ge -1.2056s 
7.03028+1 ' 

(9.81048+0.8684) e -1.0062s 
70.746282 +22.26688+ 1 

with errors: 

and 

[

1.0631 x 10-4% 1.6949% 1.3163%] 

err = 0.0045% 1.0160% 0.8386% , 

0.1585% 2.2145% 2.0277% 

[
0.1031% 0.0898% 0.3450%] 

ERR = 0.7785% 1.0260% 0.6729% , 

1.0572% 0.4151 % 0.8779% 

respectively. The resultant model is almost identical to the actual process. 
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'" ,., 

-0.5 
0 50 100 150 200 250 300 

0.5 

co ,., 

-0.5 
0 50 100 150 200 250 300 

Fig. 8.7. yi(t) constructed from the sequential relay test 

Example 8.2.3. Consider the Doukas and Luyben plant (Luyben, 1986): 

_9.811e-1.59. 0.374e- 7.75s _2.368e-27.33s _11.3e- 3.79• 
11.368+1 22.228+1 33.38+1 (21.748+1)2 

5.984e- 2.24s _1.986e- O.71s 0.422e- 8.72s 5.24e- 6Os 

G(s) = 14.298+1 66.678+1 (2508+1)2 4008+1 
2.38e- O.42s 0.0204e- O.59s 0.513e- s _0.33e- O.68s 
(1.438+1 J2 (7.148+1)2 8+1 (2.388+1)2 

_11.3e- 3.79s _0.176e- O.48s 15.54e- s 4.48e- O.52s 
(21.748+1)2 (6.98+1)2 8+1 11.118+1 

under the control of the decentralized PI controller (Luyben, 1986): 

-0.084(1 + 383) 0 0 0 

0 -5.16(1 + 1;.5) 0 0 
K(s) = 

0 0 0.305(1 + 1;.0) 0 

0 0 0 0.529(1 + 1:'2) 

A closed-loop sequential step test (Case 2) is activated. Applying the proposed 

method yields 
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O(s) = 

_9.8111e-1.5867s 
11.41068+1 

0.3740e-7.7555s 
22.26588+1 

5.9975e-2.2277s _1.984ge-0.7108s 
14.45278+1 66.66878+1 

2.3800e- 0.4164s 0.0204e-0.5882s 
2.057882+2.86958+ 1 51.013282+ 14.28858+ 1 

_l1.3000e-3.7347s (-0.00518-0.1760)e-0.5032s 
474.905282+43.58178+1 47.707682+13.81128+1 

_2.3678e-27.3198s _l1.299ge-3.7318s 
33.32318+1 475.058682+43.58338+1 

0.3993e-8.6505s 5.2268e- 60 .4408s 
5922182+4718+1 397.43228+1 
0.5130e-1.0012s _0.3300e-0.6853s 

1.00458+1 5.643682+4.76118+1 
15.5400e -1.0010s 4.4800e -0.5211s 

1.00498+1 11.11468+1 

with the errors 

err = 

and 

ERR = 

4.7829 x 10-4 % 0.9211% 

0.1343% 1.1127% 

0.8915% 

1.8566% 

0.8239% 

2.8123% 

8.2181 x 10-3 % 0.1204% 1.9589 x 10-3 % 0.0738% 

0.0013% 2.4990% 0.3676% 

0.5085% 0.2513% 0.0635% 0.7372% 

1.1258% 0.1598% 5.3791% 0.4579% 

0.6353% 0.1221% 0.5281% 0.3321% 

0.7047% 0.3921% 0.5328% 0.2944% 

1.4204% 

respectively. The effectiveness of the proposed method is clearly shown. 

Example 8.2.4. Consider the well-known Wood/Berry (WB) binary distilla

tion column plant (Wood and Berry, 1973): 

G(s) = 16.78+1 218+1 . [ 
12.8e-S _18.ge- 3s 1 
6.6e- 7s -19.4e- 3s 
10.98+1 14.48+1 

Suppose that the process is under the control of a decentralized PI controller 

(Luyben, 1986): 

K(s) = [0.38 + 0.045 0 1 
o s -0.075 _ 0.0~32 

With the controller in action, a closed-loop sequential relay feedback test (Case 

4) is applied and the proposed method is used to give the estimated model: 



6(8) = [ 

12.8000e-1.0009s 
16.70508+1 

6.6000e-7.0009s 
10.90508+1 

_18.9000e-3.0009S] 
21.00508+1 

_19.4000e-3.0009s ' 
14.40508+1 

where the errors are 

[
0.000279% 0.1199%] 

err -
- 0.000287% 0.03411 % ' 

and 

[
0.1458% 0.0562%] 

ERR = , 
0.0563% 0.0639% 

respectively. 

OJ 

-100 

<[:-200 
~ 

~ -300 

-400 

Frequency OJ 

Fig. 8.8. Bode plots for G 11 with NSR=30% 
(- - - plant; -- model; 'x' FFT only; '0' Melo) 
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To demonstrate robustness, the process is again tested under different noise 

conditions. For comparison, Melo's method (Melo and Friedly, 1992) for the 
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<C 
a> 

j 

200 

15 

100 

50 

a 
-50 

-100 

10-1 

Frequencyro 

Fig. B.9. Bode plots for G22 with NSR=30% 
(- - - plant; ~- model; xxx FFT only; 000 Melo) 

estimation of the process frequency response is also tested under the same 
conditions. The results are listed in Table 8.4. The robustness of the proposed 
method is evident. Figure 8.8 and Figure 8.9 show the Bode plots for Gll 

and G22 of this plant with NSR = 30%, respectively, where the dashed line 

is for the actual plant, solid line for the model from our method, 'x' for the 

FFT algorithm without further IFFT and transfer function modelling, and '0' 
for Melo's method. As stated in Remark 8.1.2, the FFT alone gives a large 

approximation error in the high frequency part. However, accurate model is 

restored after using the IFFT and transfer function modelling. 

8.3 Unstable Processes 

The method presented so far uses step responses as an intermediate step. It will 

fail if the step response goes to infinity or the underlying process is unstable. 
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For unstable processes, we thus need a different technique for its identifica
tion. Consider an S1SO unstable process. Suppose that some test like those 
mentioned in Section 8.1 is performed on it. The resulting input and output 

responses are recorded. They are employed to find a transfer function model 

for the process. 

Let an unstable process be represented by 

G(s) = bn_1sn- 1 + bn_2sn- 2 + ... + b1s + bo e-Ls 
sn + an_1sn-1 + ... + a1S + ao ' 

(8.32) 

or equivalently by 

y(n)(t) + an_1y(n-1)(t) + ... + a1y(1)(t) + aoy(t) = 

bn- 1 u(n-1)(t - L) + bn_2u(n-2) (t - L) + ... + b1 u(1) (t - L) + bou(t - L), 
(8.33) 

where L > O. 
For an integer m ~ 1, define 

{(m) h = (t rm ... r2 h(TddT1 ... dTm. 
i[o,t] io io io 

Under zero initial conditions, if the time delay L is known, integrating (8.33) 

n times gives 

1(1) 1(2) 1(n-1) l(n) 
y(t) = -an-1 Y - an-2 y . .. - a1 Y - ao y 

[O,t] [O,t] [O,t] [O,t] 

1(1) 1(2) 1(n-1) l(n) 
+bn- 1 u+bn- 2 u···+b1 u+bo u. 

[O,t-L] [O,t-L] [O,t-L] [O,t-L] 
(8.34) 

Define 

{
'Y(t) = y(t), 

T _ (1) (n) (1) (n) cp (t) - [- f[o,t] y, ... , - f[o,t] y, f[o,t-L] u, ... ,f[o,t-L] u] , 

(}T = [an- 1, ". , ao, bn- 1, ... , bo] . 

(8.35) 

Then (8.34) can be expressed as 

'Y(t) = cpT (t)(), if t ~ L. 

Choose t = ti and L ~ it < t2 < ... < tN, Then 

r = ~(), (8.36) 
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T T 
where r = ['Y(tl), 'Y(t2), ... , 'Y(tN)] , and P = [¢(td, ¢(t2), .... , ¢(tN)] . 

In (8.36), the () which minimizes the following equation error, 

miner - p())T (r - p()), 
fI 

is given by the least squares solution: 

(8.37) 

Note that the above algorithm requires the unknown time delay L to be 

estimated. One way of solving this problem is to find the optimal solution of 

the parameters in (8.32) over the possible range of L. This is a one-dimensional 

search problem and can easily be solved if an estimate of the range of L is given. 

A reasonable search range L is 0.5 '" 2.0 times Lo, which is the estimated L in 

the FOPDT model, and we evaluate 15 '" 20 points in that range to find the 
optimal estimate t. 

Simulation has been carried out on a number of processes to illustrate the 

identification algorithm. The identification results of different processes under 

different noise levels are given in Table 8.5, indicating good accuracy and ro

bustness for the proposed method. 
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Table 8.5. Transfer function modeling 

Process NSR Model err(%) 

0% 3.9902 e-2.08 
-3.98488+1.0000 1.03 

4e-28 

15% 4.0160 e-2.08 5.06 -48+1 
-4.02308+1.0000 

30% 4.0480 e-2.08 
-4.05678+1.0000 9.32 

0% 1.0042 e-0.508 
( -2.02858+1)(0.51198+1) 3.6 

e-O.5s 

15% 0.9947 e-0.498 6.7 ( -28+1)(0.58+1) 
( -2.11868+1.0000)(0.47828+1) 

30% ( 
0.9903 e-0.498 

2.21578+1.0000) (0.4 7198+1) 19.7 

0% 0.9985 e -0.508 
(- 5.00978+1)(1. 98538+1) (0.50628+1) 4.5 

e- O.5s 

15% 0.9942 e-0.498 9.7 ( -58+1)(28+1)(0.58+1) 
(-5.10068+1)(1. 79138+1)(0.52398+1) 

30% ( 
0.9942 e-0.498 

5.15078 + 1) (1.66538+ 1) (0. 57548 + 1) 25.25 



Part III 

Controller Design 



Introd uction to Part III 

A process model can be used for system analysis, prediction, design, control, 
optimization, management and so on. In the context of model-based control 

system design, there is a large domain of techniques such as pole placement, 

robust, optimal, and adaptive control approaches. They are usually state-space 

based. Their specifications are generally quite different from those used in pro
cess control. Time delay is frequently encountered in process control, while the 

state-space based approach usually cannot handle time delay easily. The de

coupling requirement, which is very important for process control, is usually 

not considered explicitly in state-space based approaches. This explains the 
discrepancy between the many well-developed state-space based multivariable 

designs (Hoo , LQG, ... ) and the rare use of them in process control. 

High performance is always the design target in industrial control applica

tions. During the last two decades, model predictive control (MPC) has emerged 

as a powerful practical control technique in industry due to its ability to com

pensate for process dead times and include input and output constraints in 
the formulation of the control law through on-line optimization. Among the 
MPC techniques is the so-called internal model control (IMC) (Morari and 
Zafiriou, 1989). The idea inherent in IMC has been around in one form or an
other for several decades. As early as 1957, Newton et al. (1957) converted the 

closed-loop design problem into an open-loop problem and thus circumvented 
the closed-loop stability issue, just as is done in the IMC. The Smith predictor 

(Smith, 1957) contains the reference model idea of the IMC. The IMC struc

ture was formally introduced by Garcia and Morari (1982). It is a powerful 

control design strategy for linear systems (Garcia and Morari, 1982; Rivera et 
al., 1986; Morari and Zafiriou, 1989). It uses the process model as the internal 

model to predict the process output. When the model is perfect, the IMC sys

tem becomes an open-loop system and controller design and stability analysis 

issues become trivial. When a model mismatch exists, by appropriately modify

ing the difference, robustness can be obtained. The IMC enables the transient 

response and robustness to be addressed independently. Single-loop control and 
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most of the existing advanced controllers such as the linear quadratic optimal 
controller and the Smith predictor can equivalently be put into the general IMC 

form (Garcia and Morari, 1982; Fisher, 1991; Zhu et al., 1995). The advantages 

ofIMC are exploited in many industrial applications (Garcia and Morari, 1982). 

It is, however, noted that by far the most widely used controllers in the 

process industries are PID controllers, so it is worth exploring the relationship 

between IMC and PID in order to gain insight into the tuning of this sim

pler controller, its performance and limitations. Note that for a process whose 

Nyquist curve exhibits a strange shape, especially around the crossover fre

quency, a PID controller could be difficult to shape satisfactorily. What one 

can do is de-tune the PID controller by trading off some performance to a suf

ficient extent to generate a stable closed loop if the original process is stable. 

But, this necessarily results in sluggish response and poor performance, which 

may not be desirable. A general, probably high-order single-loop controller is 

then necessary for high performance and it would be nice to design it from 

IMC and know when PID is not adequate. Another issue to notice is that there 

are many multivariable processes in reality. Though individual channels of such 

processes could be quite simple, such as first-order plus dead time dynamics, 

multivariable interactions might cause equivalent single loops to be very diffi

cult to compensate for, especially when the number of inputs/outputs is large. 
Therefore, more effective design is needed. 

In our recent developments in control design (Wang et al., 1997 a; Wang et 
al., 2000b; Wang et al., 2001a; Wang et al., 200lc; Wang et al., 2002) to be 
presented in this part, a unified framework is established to design either IMC 

or PID or general single-loop controllers for S1SO and M1MO systems with 

possible time delays. Time delay and non-minimum-phase zeros which must be 

present in and impose performance limitations on closed loops are first charac

terized, and the 1MC control system with best achievable performance under 

given uncertainties and manipulated variable limits is then designed. Its single

loop controller approximation is determined by an algebraic operation and 

model reduction and is usually not in P1D types. If P1D is preferred by users, 

its parameters are tuned (may be de-tuned automatically if necessary) also 

using model reduction with possible sacrifice of the closed-loop performance. 
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The internal model control (IMC) is a powerful framework for control system 

design and implementation (Morari and Zafiriou, 1989), and it has sound the

oretical foundation. Its stability analysis is extremely easy to carry out and 

the design trade-off between performance and robustness is clearly understood. 

It has attracted the attention of industrial users because there is only one 

user-defined tuning parameter, which is directly related to the closed-loop time 

constant or equivalently, the closed-loop bandwidth. On the other hand, the 

vast majority of controllers being used in industry are of the PID type due to its 

simplicity and popularity (Astrom and Hagglund, 1995). Recently, great efforts 

have been made to develop PID tuning strategies for more general processes 

(Barnes et at., 1993; Sung and Lee, 1996; Sung et at., 1996; Datta et at., 2000). 

Each method was derived for its particular optimization objectives and plant 

model assumptions, and therefore performs well only for its own class. It is 

common that practising control engineers may not be certain which tuning 

method should be chosen to provide good control in a given process. It would 
hence be desirable to develop a design method that works universally with high 

performance for general stable linear processes, and is capable of producing a 

high-order controller when the PID controller is no longer adequate. 
This chapter presents a unified framework for control system design. The 

IMC controller is always designed first. If the IMC scheme cannot be imple

mented, the equivalent controller in a conventional unity output feedback con

figuration is derived from the IMC controller and simplified by model reduction 

to a realizable controller, whose structure can be specified by users as a PID 

type or general rational function type to suit real situations best. In this chap

ter, we exclusively consider stable processes except the last section where the 

method is extended to unstable processes. 
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9.1 Design Methodology 

The schematic of the IMC system is depicted in Figure 9.1, where G(s) is 

the given stable process to be controlled, O(s) a model of the process and 

O(s) the IMC primary controller. The design procedure for IMC systems is 

y 

Fig. 9.1. IMC control system 

well documented (Morari and Zafiriou, 1989), and highlighted as follows. The 

model is factorized as 

(9.1) 

such that O+(s) contains all the dead time and right half-plane zeros of O(s): 

o ( ) - -Ls (II 1 - f3i S ) 
+ S - e . 1 + f3i s ' 

• 
(9.2) 

while O_(s) is stable and of minimum phase with no predictors. The primary 

controller takes the form: 

0= 0-lf - , (9.3) 

where f is a user-specified low-pass filter and usually chosen as 

1 
f(s, T) = (TS + 1)m' (9.4) 

where m is sufficiently large to guarantee that the IMC controller 0 is proper. 

T is the only tuning parameter to be selected by the user to achieve the ap

propriate compromise between performance and robustness and to keep the 

action of the manipulated variable within bounds. A smaller T provides faster 

closed-loop response but the manipulated variable is moved more vigorously, 

while a larger T provides a slower but smoother response. A larger T is also 
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less sensitive to model mismatches. In process control practice, the closed-loop 
bandwidth Web can rarely exceed ten times the open-loop process bandwidth 
Wpb (Morari and Zafiriou, 1989), i.e., Web::; 1Owpb' Usually, the desired closed
loop bandwidth is chosen as Web = 'YWpb, 'Y E [0.5,10]. Using (9.4), it can be 
readily seen that 

VV'2-1 
T= 'Y E [0.5, 10]. (9.5) 

In the case of model uncertainty, T should be increased just enough to meet the 

condition for which the system is robustly stable (Morari and Zafiriou, 1989). 

In order to keep the action of the manipulated variable within bounds, 

we use a frequency-by-frequency analysis (Skogestad and Postlethwaite, 1996). 

Assume that at each frequency IU(jw)1 ::; fj and IR(jw)1 ::; R. The manipulated 

variable meets 

1 A 1 
U(s) = C(s)R(s) = ( 1) G= (s)R(s). 

TS+ m 

One requires 

1 A 1 -
(. 1) G= (jw)R(jw) ::; U. 
TJW+ m 

(9.6) 

Consider the worst case of IR(jw)1 = R, and we require 

(9.7) 

To derive an inequality on T imposed by input constraints, let W = Wab, where 

Wab is the open-loop bandwidth, and notice that IG-(jWab) I = 0' we have 

I 1 I 1 fj 
(Tjwab + l)m ::; J2 R' (9.8) 

i.e., 

(9.9) 

We choose T to meet (9.5), (9.9) and any possible robustness specification. 

Then, the IMC control system has been designed and can be implemented 

according to Figure 9.1 with the controller in (9.3). To see performance for the 

case of no plant-model mismatch, the nominal closed-loop transfer function of 

the IMC system between the set point r and output y is 
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(9.10) 

If a user prefers a conventional (or single-loop) feedback control configura
tion, instead of the IMC scheme, for whatever reason, we can derive a controller 

for such a configuration from the IMC controller. This involves two issues. One 

is to convert the IMC system to an equivalent single-loop system. The other is 

to de-tune the IMC controller parameter to reflect the difference between the 

two control schemes and thus achievable performance limitations so that the 

performance from the properly de-tuned IMC system can be achieved by its 

single-loop (SL) equivalent. 

y 

Fig. 9.2. Single-loop control system 

The IMC system in Figure 9.1 can be formally redrawn into the equivalent 

single-loop (SL) feedback system in Figure 9.2, if the SL controller K is related 
to the IMC controller C via 

K(s, T) = ?(s, T) 
1- G(S)C(S,T) 

(9.11) 

In Chien (1988), K is chosen as the PID type, and the value of T is set ac
cording to (9.5) as if the single-loop PID controller could achieve the same 

performance as that of the more complex IMC controller. The dead time is 

approximated by either a first-order Pade or first-order Taylor series, and the 

PID controller parameters are obtained by matching the first few Markov co

efficients of (9.11) for the selected specific process models. The results are listed 

in Table 9.1. However, it is noted that the use of the Pade approximation or 

a first-order Taylor expansion introduces extra modelling errors. Furthermore, 

Chien's rules are applicable only to first-order plus dead time (FOPDT) and 

second-order plus dead time (SOPDT) processes. This inevitably restricts the 

general applicability of the method and the performance of the resulting con

troller. 

Our IMC-based design methodology described here can yield the best single

loop controller approximation to the IMC controller regardless of process order 
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Table 9.1. Chien's IMC~PID rules 

Process model kckp TJ TD 

k -Ls 
~ .2L 71 l+rls r+L -

kE(r3s+1)e-Ls 'TJ +7"2-T3 
71 + 72 - 73 Tl T~-{Tl +T2-Ta2Ta (rlB+ 1)(r2 s + 1) r+L 

71 +7"2-;3 

ke(~r3s+1)e-Ls ~ 
7'"1 +7'"2+ ,+T3 +L + +~ ~+ rlr2 (rlB+ 1)(r2 s + 1) r+r3+ L 71 72 r+r3+L 

r+r3+L rl +r2+~ 
T+'3+ L 

k -Ls 

~ ~ 27+L s (r+L) -

and characteristics. The resulting single-loop performance can be better guar

anteed and well predicted from the IMC counterpart. Our design idea is very 
simple: given the equivalent single-loop controller K in (9.11), which may be 

unnecessarily complicated to implement, apply a suitable model reduction to 
obtain the best approximation k to K. If the user specifies the type of k 
(say, PID), then the model reduction algorithm will generate its parameters. If 

the approximation accuracy is satisfactory, the design is completed; otherwise, 
the algorithm will adjust the IMC controller performance until its single-loop 

approximation is satisfactory. On the other hand, if the user has no preferred 
controller structure, our algorithm starts with a PID type, and gradually in

creases the controller complexity such that the simplest approximation k is 
attained with the guaranteed accuracy to K. This allows a unified treatment 
of all cases and facilitates auto-tuning applications. 

A crucial issue in IMC-SL controller design is to get a suitable value for T 

which leads to a good single-loop controller approximation to the corresponding 

IMC one. Note the inherent difference between IMC and SL systems in their 

configurations (Figures 9.1 and 9.2) where the former has output prediction 

while the latter does not. In fact, not all IMC systems can be approximated 

reasonably by single-loop systems (see the remark at the end of Section 9.3). 

The T given by (9.5) is suitable for IMC systems, but it does not consider the 

performance limitations of single-loop feedback systems due to non-minimum

phase zero and dead time. Such limitations are usually expressed by integral 

relationships (Freudenberg and Looze, 1987). Recently, Astrom (2000) proposed 

the following simple non-integral inequality for the gain crossover frequency Wag 
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of the open-loop transfer function G K, where 

(9.12) 

to meet 

(9.13) 

where rpm is the desired phase margin. The selection of rpm reflects the control 

system robustness to process uncertainty (Astrom, 2000): large rpm is required 

for large uncertainty. With a lack of information on uncertainty size, a typical 

range for rpm would be 30°-80°. Our design objective is to achieve a non

oscillatory response as specified by (9.10) and yet have the response as fast 

as possible. This translates to a damping ratio of approximately ~ = 0.7, and 

the empirical formula rpm = 100~ (Franklin et al., 1990) yields an estimate of 

rpm = 70° for ~ = 0.7. Our studies suggest that rpm = 65° is usually a good 
choice and we use this rpm throughout this chapter. With rpm specified, we then 

find the smallest T* which satisfies (9.12) and (9.13). 

In short, for single-loop controller design the tuning parameter T in the 

filter (9.4) should be, in general, chosen to meet (9.5), (9.9), (9.12) and (9.13) 

simultaneously. If the process is of minimum phase, (9.12), (9.13) vanish, while 
(9.5) and (9.9) are in action. On the other hand, if the process has any non

minimum element, our study shows that the T derived from (9.9), (9.12) and 
(9.13) always appears in the range given in (9.5) so that (9.9), (9.12) and (9.13) 
would be enough to determine T in this case. In the subsequent two sections, 
PID and general controllers are considered in detail. 

9.2 PID Controller 

Owing to its simple structure, the PID controller is the most widely used con

troller in the process industry, even though many advanced control algorithms 

have been introduced. Consider a PID controller in the form: 

(9.14) 

where kp is the proportional gain, ki the integral gain (units of time), and kd the 

derivative gain (units of time). Our task is to find the three PID parameters, 

so as to match k = KPID to K = 1-~6 as well as possible. This objective 
can be realized by minimizing the loss function, 
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M 

min J ~ min L IKpID(jWi)-K(jWi) 12 , kp , ki' kd > 0, 
KpID KpID i=l 

(9.15) 

whose solution is obtained by standard non-negative least squares to give the 
T 

optimal PID parameters as [k; ki k;t] = ()*. Our studies suggest that the 

frequency range [WI, WM] in the optimal fitting (9.15) be chosen as (0.1Web, Web) 
with steps of (1~0 '" 110 )Web' where Web is the desired closed-loop bandwidth. 

Once a PID controller is found, the following criterion should be used to 

validate the solution: 

ERR IK(jw) - K(jw) I 
= max . < E, 

wE[O,Web] K(Jw) -
(9.16) 

where E is the user-specified fitting error threshold. E is specified according to 

the desired degree of performance, or accuracy of the 8L approximation to 

the IMC one. Usually E may be set as 3%. If (9.16) holds true, the design is 

complete. 

On the other hand, if the given threshold cannot be met, one can always 

detune the PID controller by relaxing the IMC specification, i.e., increasing T. 

A typical relationship between the tuning parameter T and the approximation 

error is shown in Figure 9.3. In general, ERR decreases as T increases. It pro

vides a simple way to select a minimum T with respect to the specific accuracy 

threshold. In practice, however, it is inconvenient to draw such a curve. It is 

found that the decreasing rate d(ERR)/dT is highly influenced by plant dead 

time L and the right half-plane (RHP) zeros (J;1, which limit the achievable 
bandwidth. Web is virtually unaffected by the presence of the filter (Rivera et 
at., 1986) until T reaches an order of magnitude comparable to Land (Ji, re

spectively. Hence, it is effective and efficient to choose the increment of T in 

the PID detuning procedure as the maximum of Land Re (Ji, i.e., 

Tk+ 1 = Tk +r/ max (L, min(Re ((Ji))) (9.17) , 
where k represents the kth iteration, and TJ is an adjustable factor reflecting the 

approximation accuracy of the present iteration and is set at ~, ~ and 1, when 

3% < ERR ~ 20%, 20% < ERR ~ 100% and 100% < ERR, respectively. The 

iteration continues until the accuracy bound is fulfilled. 

Our detuning rule for T in (9.17) implicitly assumes that ERR would be 

sufficiently small when T is large enough. In this connection, it would be inter

esting to see if lim ERR = O. Equation (9.5) can be rewritten as 
r-+oo 

y'y'2-1 
Web = 

T 
(9.18) 
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Fig. 9.3. Relationship between filter parameter (7) and approximation error (ERR) 

When 7 increases to infinity, it is easy to see from (9.18) that lim Web = 0, 
r-+oo 

G(jW) can be replaced by G(O) for W ~ Web, and K becomes G_(O)((r;+l)m-l). 

For m = 1, K = sG~(O) is a pure integrator and can be realized precisely 
by a PID controller with no error. In general, the Nyquist curve of K(jw) for 
W E (0, Web) approaches a straight line as shown in Figure 9.4, when 7 tends to 
infinity. Note that the Nyquist curve for the PID controller is always a vertical 

straight line, and can match that of K(jw) as well as desired for T -+ 00. One 

thus expects ERR to converge to 0 as T approaches infinity. 

We now present some simulation examples to demonstrate our PID tuning 

algorithm and compare it with the original IMC and the PID tuning in Chien 

(1988). Chien (1988) implemented the following PID form: 

- 1 TDS 
KPID=Kc(l+-T +T ), 

IS WS + 1 

where the PID settings are given in Table 9.1. The ideal PID controller in 

(9.14) used for our algorithm development is not physically realizable and thus 

is replaced by 

(9.19) 
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o 

-1 

-2 

-3 

-4 

-5 

-6 

_7~--~----~----L---~----~----~--~~--~--~ 

-120 -100 -80 -60 -40 -20 o 20 40 60 

Fig. 9.4. Nyquist curve of K up to Web Cm = 3) 
C· . '7 = 0.1, - - - 7 = 0.3, -- 7 = 1) 

In both cases, N is suggested to be chosen in the range [5,20]. Simulations 
are done under the perfect model matching condition, i.e., G = G (model 

mismatch will be considered in Section 9.4). To have fair and comprehensive 
assessment of controller performance, most performance indices popularly used 
in process control are measured and they include both time domain ones such as 
percentage overshoot (Mp), rise time (from 10% to 90%) in seconds (tr ), setting 

time (to 1%) in seconds (ts), integral absolute-error (lAE = 1000 Ir-yldt where 
the upper limit 00 may be replaced by T, which is chosen sufficiently large so 
that e(t) for t > T is negligible); and frequency domain error ERR defined 

in (9.16). Simulations were made for three typical plants, and the results are 

shown in Table 9.2. 

Example 9.2.1. Consider a first-order plus dead time process: 

e-O.5s 

G= 8+1' 

From (9.9), (9.12) and (9.13), one can readily find T* = 0.3333. Then, Chien's 

formula gives a PI controller, 

- 1 
KPJ = 1.2029(1 + -), 

8 
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while the proposed method yields 

1.2050 0.18568 
KPID = 1.4005+---+ 01856 ' 

8 ~8+1 

which achieves the specified approximation accuracy ERR ~ 3%. The Ziegler

Nichols step response tuning method (Ziegler and Nichols, 1942) gives 

1 0.258 
KPI-zN = 2.64(1 + - + 025 ), 

8 N8+1 

while the Cohen-Coon step response method (Cohen and Coon, 1953) produces 

0.9430 0.17038 
KPI-cC = 3.22(1+--+ 01703 ). 

8 ~8+1 

The closed-loop responses for different designs are shown in Figure 9.5. It 

2 
,I 
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"I I 

q \ I vi, 
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I 1/ \ \ 
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40 
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0> 
·iii 

e 20 
1:: 
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0 -.= .f.,-o 'r~~~ 

t 

-20 
0 2 3 4 5 6 7 8 9 10 

time 

Fig. 9.5. Comparison of set-point responses for e::~' 
(- . - . - proposed PID, ... Chien, -- IMC, - - - C-C and Z-N) 

can be seen that both Chien's rule and the proposed method show much better 

performance than the conventional ZN and CC designs. The proposed method 

is almost identical to the IMC system. 
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Example 9.2.2. Consider a process with right half-plane zero: 

G = (-0.58 + l)e- S 

(8 + 1)(28 + 1) 

From (9.9), (9.12) and (9.13), one gets r* = 0.6687, which gives rise to 

k = 1 3779(1 0.3111 0.83658) 
PID· + 8 +0.8365 8 +1 

N 

by Chien's formula, and 

0.3569 0.97658 
KPID = 1.1194+--+"0"9;;";76'""5--

8 ~8+1 

by the proposed method with ERR :S 3%. The dosed-loop responses are shown 

in Figure 9.6. 
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16 

Example 9.2.3. Consider a high-order and oscillatory process: 

18 20 

18 20 



9.2 PID Controller 251 

-28 
G= e . 

(82 + 8 + 1)(82 + 0.68 + 1) 

Our method produces T* = 0.6687 and 

0.2139 0.39628 
KpID = 0.2860+--+ 03962 . 

8 ~8+1 
(9.20) 

This controller has the approximation error ERR = 17.46%, which cannot fulfil 

the accuracy threshold, and the closed-loop response is very poor, as shown in 

Figure 9.7. Then T is adjusted to T1 = TO + 0.25L = 0.6687 + 0.5 = 1.1687 

1.2 

/ 

:5 0.8 
.9-
::J 
00.6 
"E 
til 

0.0.4 

0.2 

0 
0 5 10 15 20 25 30 35 40 

time 

6 

5 

c: 4 
0 
n 3 til 

e 2 "E 0 
0 :V 

-1 
0 5 10 15 20 25 30 35 40 

time 

Fig. 9.7. Set-point responses for (S2+S+1)~~s+O.6S+1) with T = 0.6687 
(- . -. - proposed PID, - - - high-order controller, -- 1M C) 

according to the proposed tuning rule (9.17). The new T results in 

0.1498 0.12298 
KPID = 0.1016+--+ 01229 . 

8 ~8+1 
(9.21) 

The approximation error ERR of the proposed method has met the specified 

approximation accuracy ERR :S 3%. The closed-loop responses are shown in 
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Fig. 9.8. Set-point responses for (82+8+1)~~s+O.6S+1) with T = 1.1687 
(- . - . - proposed PID, -- IMC) 

41 

:Ii 

Figure 9.8. One observes that the difference between our SL system and the 
original IMC system is not discernible. 

It can be seen from the simulation study in Table 9.2 that the proposed 

method always yields a PID controller that is a much better approximation 

to the IMC counterpart than Chien's method, regardless of what T is chosen. 

Our experience indicates that for FOPDT and SOPDT processes and a slow 

closed-loop response requirement of T > V {I2-1, both the proposed IMC-PID 
Wpb 

method and Chien's rules generate responses close to the IMC counterpart. 

In particular, the proposed method can always achieve ERR < 3%, and thus 

the closed-loop performance can be well predicted from the corresponding IMC 

system. However, when fast closed-loop response, generally Web> Wpb, i.e., T < 
Y {I2-1 , is required, the proposed method shows significant improvement over 

Wpb 

Chien's rules. The improvement is also evident for complex processes with slow 

responses. Moreover, under the fast response requirement, Web> Wpb, the PID 

controller derived from Chien's rules may cause large peaks in the manipulated 
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variable, which is harmful to the system. It is, however, noticed that for high

order processes with fast responses, none of the above two IMC-PID methods is 

able to generate PID systems similar to IMC ones. This implies that a controller 
in the PID form is insufficient to obtain the desired performance. In this case, a 
higher-order controller has to be considered for better fitting and performance, 

which will be discussed in the next section. 

9.3 High-order Controller 

If the single-loop controller is not limited to PID type and ifPID is not adequate 

to control a given process, we have to consider a general type of proper rational 

function controller to meet the specifications. The task at hand is then to find 

an nth-order rational function approximation: 

K = bnsn + bn_lsn- l + ... + bls + bo 
sn + an_lsn- l + ... + als ' 

(9.22) 

with an integrator such that 

M 

J ~ L IW(jWi)(K(jWi) -K(jWi))1 2 (9.23) 
i=l 

is minimized. The problem can be solved by one of two algorithms for transfer 

function modelling from frequency response presented in Chapter 7. If the 

recursive least squares methods (RLS) there is adopted, like the LS algorithm 
in the preceding section, the frequency range for the RLS is also chosen as 

(O.1Web, Web) with steps of (1~0 '" 110 )Web. 
From the typical relationship of the relative fitting error ERR defined in 

(9.16) and the rational approximation order n shown in Figure 9.9, we can 

see that ERR decreases, as n increases. We try to find the minimum n which 

achieves the approximation bound ERR < E with a user-specified T. In general, 

if faster response is required, a higher-order controller has to be used. 

The above algorithm deals with the problem of approximating a given, prob

ably non-rational, transfer function by a rational function. Error bounds for 

such an approximation have been investigated (Wahlberg and Ljung, 1992; Yan 

and Lam, 1999). Wahlberg and Ljung (1992) proposed an approach based on 

weighted least squares estimation, and provided hard frequency-domain trans

fer function error bounds. However, it is not easy to calculate such a bound, 

and the convergence of estimation has not been addressed. In our work, we 

use a maximum likelihood index ERR to evaluate the approximation accuracy, 
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Fig. 9.9. Relationship between order n and approximation error ERR 

and assume that the accuracy threshold can be achieved when the controller 

order is high enough. 

When T is chosen, we first find the PID controller using the standard least 

squares method and evaluate the corresponding approximation error ERR in 
(9.16) as described in the preceding section. If ERR cannot achieve the specified 

approximation accuracy E (usually 3%), we recommend a high-order controller 

as in (9.22), and start with a controller of order 2 up to the smallest integer n 
such that ERR::; E. 

Tuning procedure 

Step 1. Find the smallest T* from (9.9), (9.12) and (9.13), and let TO = T*. 

Step 2. Determine the PID controller from (9.15) and evaluate the correspond

ing approximation error ERR in (9.16). If ERR achieves the specified 

approximation accuracy E (usually 3%), end the design. 

Step 3. Otherwise, we have two ways to solve this problem: if a PID controller 

is desired, update T by (9.17), and go to Step 2; else, go to Step 4. 

Step 4. Adopt the high-order controller in (9.22), start with a controller of 

order 2 up to the smallest integer n for which ERR::; Eo 



Example 9.2.3 (cont'd). Reconsider 

e-2s 
G= , 

(82 + 8 + 1)(82 + 0.68 + 1) 
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for which 7° = 0.6687 and a PID has been obtained with ERR = 17.46%. For 

a high-order controller, our procedure ends with 

k = 3.548885 + 14.913584 + 23.966983 + 29.633382 + 18.27128 + 9.2024 
85 + 4.514084 + 25.878783 + 22.868682 + 43.02118 ' 

(9.24) 

with fitting error ERR less than € = 3%. The closed-loop step responses are 

shown in Figure 9.7, and their performance indices are also given in Table 9.2. 

We can see that the new controller k restores the IMC performance, while 

the previous PID controller in (9.20) is not capable of that under such a tight 

performance specification. 

If 7 is chosen to be smaller than the value suggested by (9.9), (9.12) and 

(9.13), this overcomes the limitation of single-loop feedback systems, but then 

no single-loop controller solution with stability could be found for the corre

sponding IMC system. For instance, in the above example, choosing 7 50% 

less than 7°, i.e., 7 = 0.3344, we could not find a controller in the form of 

(9.22) with ERR less than 3%, which implies that 8L controllers are unlikely 

to achieve a performance tighter than that specified by (9.9), (9.12) and (9.13). 

It is observed from our simulation study that usually, the approximation 

error magnitude of the high-order controller obtained by the RL8 is of the or

der 10-4 or less, the controller order is less than 6, and the controller yields 
a closed-loop response very close to that of the IMC loop provided that 7 is 

set by (9.9), (9.12) and (9.13). The high-order controller does provide signifi

cant performance enhancement over PID for complex processes. The proposed 

method is a simple, effective, and efficient way to design such high-performance 

controllers. 

9.4 Stability Analysis 

From the results obtained so far, it is possible to state that the single-loop 

system with k derived using the proposed method has a performance close 

to the corresponding IMC loop. Thus the stability of the resulting single-loop 

control system is well related to that of the IMC system. In this section, we 

consider both nominal stability (G = G) and robust stability (G ¥- G). 
Assume G = G in the absence of model uncertainty, the nominal stability of 

the IMC system automatically guarantees the stability of the feedback system 
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Fig. 9.10. Block diagram of nominal system 

in Figure 9.2 with K determined from (9.11). However, the proposed design 
makes a controller approximation k and thus gives the nominal single-loop 

system shown in Figure 9.1O(a), where k(s) = K(s)(l + LlK(S)). The system 
in Figure 9.1O(a) can be redrawn as Figure 9.10(b), where 

GK 
Q = - A· 

l+GK 

Using (9.11), Q(s) can be written as Q = -GC and is stable. With the standard 

assumption that k has the same number of unstable poles as K, the nominal 

single-loop feedback system is stable (Green and Limebeer, 1995) if and only if 

IG(jw)C(jw)LlK (jw) I < 1, Vw. (9.25) 

It follows from (9.1)-(9.3) that GC G+f. But IG+(jw)1 1, Vw and 

IG+f LlKI = If LlKI, (9.25) then becomes 

If(jw)LlK (jw) I < 1, Vw. (9.26) 
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Note from (9.4) that If(jw)1 decays quickly for w ~ Web = ~ and (9.26) is 
likely to hold for high frequencies. Thus, assume that (9.26) is true for w ~ Web. 

One now needs to check (9.26) only for the working frequency range [0, Web], 

and because If(jw)1 ~ 1 for all w, the nominal closed loop is thus stable if 

ILl I = I K(jw) - K(jw) I 1 
K K(jw) <, w E [0, Web]. (9.27) 

In the proposed algorithm, the approximation accuracy has to meet (9.16), 

where f is usually specified as 3%. The resulting controller K then satisfies 

(9.27) with a large margin and nominal stability of the designed single-loop 

system is thus expected. 

Consider now model uncertainty. Let the actual plant be G(8) = G(8)(1 + 
Lla(8)). In the IMC design (Morari and Zafiriou, 1989) to achieve robust sta

bility, the filter parameter T is chosen big enough to meet the condition: 

IG(jw)C(jw)Lla(jw) I < 1, or If(jw)Lla(jw) I < 1, Vw. (9.28) 

The single-loop system with process uncertainty is shown in Figure 9.11(a), 

where ILlKI ~ JK(w) and ILlal ~ Ja(w), and it can be redrawn into the 
standard form in Figure 9.11(b), where .1(8) is the normalized uncertainty 

.1 = diag{.1K,.1a } with I.1KI ~ 1 and l.1al ~ 1. The transfer function ma
trix between z and x has no uncertainty and is given by 

Q = [JK 0 1 [-~K -~ 1 (1 + GK)-l 
o Ja G -GK 

[ JK 0 1 [-GC -C 1 
o Ja G(1 - GC) -GC ' 

whose stability is guaranteed by that of G and C. It follows from the stability 

robustness theorem (Doyle et al., 1982) that the uncertain feedback system 

remains stable for all .1 = diag {.1K , .1a } if and only if 

(9.29) 

where IIQII It = SUpf1(Q(jw)) and f1(-) is the structured singular value with 
w 

respect to .1. In our case, the structured singular value f1(Q(jw)) can be cal-

culated by 
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Fig. 9.11. Block diagram of system with process uncertainty 

where D = diag {d1 , d2 }, d1 , d2 > 0 and a(·) represents the largest singular 

value. 
After some calculations, we obtain 

f.L(Q(jw)) = IGCI· 

8i + 8b + 28K8GI~1 + V(8i + 8b + 28K8GI~I)2 - 48i8bl ic 12 
2 

(9.30) 

and the robust stability condition (9.29) becomes 
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8klGCl2 + 8&IGCI2 + 28K8al(1 - GC)GCI + 

+V(8kIGCl2 + 8&IGCI2 + 28K8al(1 - GC)GCI)2 - 48k8&IGCl2 

< 2, Vw. (9.31) 

Since 48k8&IGCl2 2: 0, Vw, and 11 - GCI :::; 1 + IGCI :::; 2, (9.31) is satisfied if 

8kIGCl2+8&IGCl2+48K8aIGCI < 1, Vw, (9.32) 

i.e., 

8k(w)lf(jwW+8&(w)lf(jwW+48K(w)8a (w) If(jw)1 < 1, Vw. 

As If(jw)1 decays quickly for w 2: Web = ~, then (9.32) is likely to hold 

for high frequencies. Thus, assume that (9.32) is true for w 2: Web. One now 

needs to check (9.32) only for the working frequency range [0, Web], and because 

If(jw)1 :::; 1 for all w, the closed loop is robustly stable if 

8k(w)+8&(w)+48K(w)8a(w) < 1, wE [0, Web]. 

In the proposed method, I.1 KI is made small, i.e., 8K(w) :::; 3%. Let 15K = 
3%, then the robust stability of the closed loop is guaranteed by 

8a(w) :::; 94.13, wE [0, Web]. (9.33) 

Note that for 15K = 0, i.e., no controller uncertainty, (9.30) reduces to 

f1(Q(jw)) = IGC8al. Then the robust stability condition (9.29) is simplified 

to suplGC8al < 1, which is equivalent to the robust stability condition (9.28) 
w 

of the IMC system. 

Example 9.2.3 (cont'd). Reconsider 

ae-2s 

G- ~~----~~------~ 
- (82 + 8 + 1)(82 + 0.68 + 1)' 

with nominal a = aD = 1. When T = 0.6687, the proposed method yields a 
5th-order controller in (9.24) and the nominal performance is shown in Figure 

9.7. It can be seen that the system is indeed nominally stable. To demonstrate 

robustness, introduce a 50% perturbation from the nominal gain of a, giving 

a = 1.5. Figure 9.12 shows the resulting performances, and indicates that the 

single-loop high-order controller K derived using the proposed method exhibits 

a similar robust performance to the IMC loop. 

When T = 1.1687, the proposed method yields a PID controller as in (9.21) 

and the nominal performance is shown in Figure 9.8. We also introduce a 50% 

perturbation in gain, giving a = 1.5. Figure 9.13 shows the resulting perfor

mance, which is still stable, and more robust than that shown in Figure 9.12 

for T = 0.6687. 
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9.5 Unstable Processes 

It is well known that the IMC scheme is internally unstable if the process G(s) is 
unstable (Morari and Zafiriou, 1989) and is thus not implementable. However, 
Morari and Zafiriou (1989) suggest that one can still design the controller using 
the IMC method, and then implement the controller in an equivalent feedback 

structure as follows. In the nominal case (the uncertain case will be discussed 
below) of G(s) = 6(s), the equivalent single-loop feedback system of Figure 

9.2 is derived from the IMC system of Figure 9.1 with 

(9.34) 

The system is internally stable if 

C and (1-6C)6 are both analytic in the RHP. (9.35) 

Generally, the feedback controller K in (9.34) should include an integrator to 

eliminate the steady-state error, and maintain stability. Thus we require 

K (after all possible pole-zero cancellations) 

has no pole in the closed RHP except s = o. (9.36) 

Let us consider a class of unstable processes with a single RHP pole only: 

A 1 A L 
G(s) = 1- Ts G_(s)e- s, (9.37) 

where 6_(s) is rational, stable and of minimum phase. The optimal H2 IMC 
controller for step inputs is 

where 1 is a user-specified low-pass filter and chosen as 

o:s + 1 
l(s, r) = (rs + l)m+l' 0: = T(r/T+1)m+leL / T -T, 

(9.38) 

(9.39) 

where m is an integer large enough to guarantee that the IMC controller C is 

proper. One can easily verify that (9.35) holds for all r > O. Thus, r > 0 is the 

only tuning parameter to be selected by the user to meet (9.36) and achieve 

the appropriate trade-off between performance and robustness, and to keep the 

manipulated variable within bounds. We now address them separately. 

For 6 as in (9.37) and C as in (9.38), K in (9.34) becomes 

K(s, r) = A (1 - Ts)(o:s + 1) 
G_((rs + l)m+l - (o:s + l)e- Ls ) 

(9.40) 
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It can be verified that s = ~ is both a zero and pole of K (s). It should be 
cancelled to form the final K(s) for actual implementation. s = 0 is another 

pole of K(s), which is necessary to eliminate the steady-state error. Equation 
(9.36) requires that no roots of the denominator of K(s, T) lie in the closed 

RHP, expect s = ~, and s = O. Since G_ is of minimum phase, from (9.3) we 
only need to investigate the root locations of 

(9.41) 

Normalize L, T, a, s as L = LIT, T = TIT, a = alT and s = sT, Equation 
(9.41) then becomes 

(9.42) 

Equation (9.42) is a quasi-polynomial and can be written into a standard 

form, 

Q(s,L) = A(s)+B(s)e-Ls , (9.43) 

where A(s) and B(s) are polynomials in s. Walton and Marshall (1987) pro

posed a method to study the movement of the roots of (9.43) with respect to 

a given parameter and this can be employed to determine the minimum T at 
which roots of (9.43) lie on the imaginary axis. This Tmin should meet 

( L-) - R {(jWoTmin + l)m+l} 
cos Wo - e . 1 ' 

Jwoa+ 
(9.44) 

( . - l)m+l 
. ( L-) - I {_ JWOTmin + } sm Wo - m . - 1 ' 

Jwoa+ 
(9.45) 

where 

(9.46) 

Thus, for a given L, T should be chosen to satisfy 

T > Tmin, (9.47) 

to ensure stability. For a given m, Tmin depends on L. When m = 1,2,3, the 

typical relationship between Tmin and L is shown in Figure 9.14. It is interesting 

to note that when Tmin tends to infinity, L tends to a constant, L max , which 

indicates that there is a limitation on tuning T for stabilizability and that the 

process is stabilizable only if L ~ Lmax. Lmax is determined by m only and 

can be obtained as 
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Fig. 9.14. Typical relationship between Tmin and L 

Lmax = 

{max(L) 1 eLLm < e27r )m},m = 4l + 1 

{max(L) 1 eL Lm < (7r)m}, m = 4l + 2 

{max(L) 1 eL Lm < G)m},m = 4l + 3 

{max(L) 1 eLLm < (27r)m},m = 4l +4 

where l = 0,1,2· ... 

(9.48) 

For system performance, with controller K(s) in (9.40), the closed-loop 
transfer function is 

G(s)K(s) A as + 1 -Ls 
TJ(s) = 1 + G(s)K(s) = G+(s)f(s) = (TS + l)m+1 e . (9.49) 

The maximum of the magnitude of TJ is related directly to Land T as 

(9.50) 

A typical relation between 11111100 and f is shown in Figure 9.15. The large 

amplitude of 11111100 usually produces a peak overshoot in the step response in 

the time domain perspective (Kuo, 1991). To eliminate the overshoot, a prefilter 

F = as~l is added with a given in (9.39), as shown in Figure 9.16. 

For system robustness, let the actual process be G(s) = O(s)(l + ,1o(s)) 
with 1,101 :S 80 (w). In implementation, the presence of dead time in the de

nominator of K(s) increases the complexity of the controller. Moreover, due 

to the fact that the denominator of K(s) is not in polynomial form, it is not 

possible to cancel s = ~ in K(s) explicitly. Thus, model reduction is applied 
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to obtain the best approximation k to K, where k(s) = K(s)(l + .1K (s)) and 

I.1KI :S 8K (w). In our context, 8K (w) :S ERR:S €, where € is the threshold for 

model reduction error and is specified prior to the design and usually taken as 

5%. With the standard assumption that k has the same number of unstable 

poles as K, it follows from the stability robustness theorem (Doyle et al., 1982) 

and some algebra that the uncertain feedback system remains stable for all 

.1 = diag{.1K,.1G } if 

It is noted from (9.49) that 117(jW)1 has a peak value at a low frequency wp and 

decays quickly for higher frequencies. Then (9.51) is likely to hold if 

(9.52) 
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An upper bound on 11111100 can be obtained from (9.52): 

II II 2y'tS'k(w) + tSb(w) + 4tS'k (w)tSb (w) - 4tSK (w)tSa (w) I 
11 00 < 2(tS'k(w) + tSb(w)) W=Wp (9.53) 

Combining (9.50) and (9.53) yields 

(,k(1- (m + 1)(~-)2) + l)mH 

which gives a range of T to achieve robust stability. 

To consider the performance limitation imposed by input constraints, 

we still use frequency-by-frequency analysis. Assume that at each frequency 

IU(jw)1 :s tJ and the reference signal satisfies IR(jw)1 :s R. The manipulated 
variable is 

K(s, T) 
U(s) = F(s) 1 + G(s)K(s, T) R(s) 

1- Ts A 1 

(TS + l)m+l G= (s)R(s). 

It is required that 

1 - Tjw A 1 -
(. 1) H G= (jw)R(jw) :s U. TJW+ m 

(9.55) 

Consider the worst case IR(jw)1 = il, which requires 

(9.56) 

To derive an inequality on T imposed by the input constraint, let w = Wob, where 

Wob is the open-loop bandwidth, and notice that 11,J. CL (jWob) I = ~, we 
- JWob v2 

require 

(9.57) 

i.e., 

m+l(2lfi / 
T ~ V 7J2 - 1 Wob· (9.58) 
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Therefore, for open-loop unstable process controller design the tuning pa
rameter T in the filter (9.39) should be, in general, chosen to meet (9.47), 
(9.54) and (9.58) simultaneously and this will determine a suitable range, 

T E (Tmin, Tmax). 

Once the ideal single-loop controller K(s) has been found, model reduction 
is again applied to obtain its PID or high-order controller approximation. The 

procedure is similar to the stable case discussed earlier and we only highlight 

possible differences and present simulation examples as follows. 

9.5.1 PID Controller 

Consider a PID controller in the form (9.14). Following the same steps as in 

Section 9.2, the optimal PID controller KPID can be obtained. If the user
specified fitting error threshold in (9.16) holds true, the design is complete. 

On the other hand, one can increase T by the de-tuning rule in (9.17). The 

iteration continues until the accuracy bound is fulfilled or Tk+1 > T max' If 

(9.16) cannot be fulfilled when Tk+1 > Tmax , a more complex controller than 

a PID is necessary. We now present some simulation examples to demonstrate 
our PID tuning algorithm and the performance is compared with the results of 

Huang and Chen (1997), Majhi and Atherton (2000), and Park et al. (1998). 
As in Section 9.2, the ideal PID controller in (9.14) is replaced by version (9.19) 
for implementation. In simulation examples of this subsection, we consider the 
nominal case and (9.54) is not used. Normally, (9.58) gives a smaller lower 
bound on T and thus only (9.47) is utilized to derive Tmin, and we set TO = Tmin 

in Examples 9.5.1-9.5.3. 

Example 9.5.1. Consider an unstable process (Huang and Chen, 1997) 

G = 4e-28 . 

1- 4s 

From (9.47) one obtains TO = 1.7. This results in 

0.0626 0.5633s 
KPID = 0.6407+--+ 05633 . 

s ~s+l 
(9.59) 

This controller has the approximation error ERR = 1.80%, which can meet the 

accuracy threshold. The PI-PD controller of Majhi and Atherton (2000) are 

kp(1 + L) = 0.131(1 + 218) and Kf(Tds + 1) = 0.5(s + 1). The PID-P controller 

of Park et al. (1998) has Kp(l + is + TdS) = 0.068(1 + 1.815S + 4.296s) and 
Kf = 0.350. The closed-loop responses are shown in Figure 9.17. It can be 

seen that the proposed method shows much better performance than the other 

designs. 
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Fig. 9.17. Step response for Example 9.5.1 
(-- proposed, - - - Majhi and Atherton, - . - . - Park et al.) 

Example 9.5.2. Consider an unstable process (Park et al., 1998) 

e-0. 5s 
G= ~--~~----7 

(1 - 28)(0.58 + 1) 

The proposed design gives TO = 0.6 and 

0.7452 1.56518 
KpID = 3.1308+--+ 15651 , 

8 --'--J;r- 8 + 1 
(9.60) 

with ERR = 0.47%. The PI-PD controller of Majhi and Atherton (2000) are 

0.937(1 + 1.3~9S) and 2.328(0.538+ 1). The PID-P controller of Park et al. (1998) 
are 0.561(1 + 1.1~5S + 1.4788) and Kf = 1.687. The closed-loop responses are 
shown in Figure 9.18. 

Example 9.5.3. Consider an unstable process (Huang and Lin, 1995) 

e-0.5s 
G = -,-----::-:-----,-,-...,..,....,.,------::-

(1 - 58)(28 + 1)(0.58 + 1) 

It follows that TO = 1 and 

0.5106 7.25718 
KPID = 4.3794+--+ 72571 ' 

8 ~8+1 
(9.61) 

with ERR = 26.07%, which cannot meet the accuracy threshold, and the 

closed-loop response is very poor. Then T is adjusted to T1 = TO + L = 1.5 

according to the proposed tuning rule (9.17). The new T results in 
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Fig. 9.18. Step response for Example 9.5.2 

/ -". 
\ 

\ 

:n :E 0() 45 

(-- proposed, - - - Majhi and Atherton, - . _. - Park et al.) 

0.2335 4.66688 
KPID = 2.9886+---+ 46668 ' 

8 --'-y;[- 8 + 1 

50 

(9.62) 

which has ERR = 2.06 and meets the specified approximation accuracy 

ERR:S 5%. The controller in Huang and Chen (1997) is 

0.1395 1.47248 
KPID = 6.1859(1+--+ 14724 ). 

8 --'-y;[-s+1 
(9.63) 

The closed-loop responses are shown in Figure 9.19. One observes that our 

design yields great improvement over Huang's method. 

It can be seen from the simulation study that the proposed method always 

yields a PID controller with much better performance than the other methods, 

regardless of what T is chosen. Our experience indicates that for FOPDT and 

SOPDT processes and a slow closed-loop response requirement, the proposed 

method can always achieve ERR < 5%, and thus the closed-loop performance 

can be well predicted from the corresponding IMC design. It is, however, noticed 

that for high-order processes with fast responses, none of the above methods 

is able to generate PID systems with good performance. This implies that 

controllers in PID form are insufficient to obtain the desired performance. In 

this case, a higher-order controller has to be considered for better fitting and 

performance. 



y 
2 

" 
" , I 
I I 
I I 

I 
I 

1.5 I 
I 
I , 
I 
I 
I 

0.5 

I / , 
/ , 

0 
0 

, 
/ 

\ , 
\ 

;.-,7 
"/ .. ' ,I 

\/l 
/ 

10 

f 

aJ 50 
til'l3 

Fig. 9.19. Step response for Example 9.5.3 

9.5 Unstable Processes 269 

I .. 

w w 100 

(- ..... proposed PID (7 = 1), -- proposed high order (7 = 1), - - - Huang and 
Chen, - . - . - proposed PID (7 = 1.5)) 

9.5.2 High-order Controller 

The idea here is the same as in Section 9.3, that is to find the lowest order of 

controller in the form of (9.22) that can match the ideal controller K(s) as well 

as possible in the frequency range of interest and can meet a specified approx

imation accuracy. However, the rules for determining the IMC filter change for 
the present unstable processes. We thus need to summarize the tuning proce
dure again. 

Tuning Procedure for Unstable Processes 

Step 1. Find the smallest 7 m in from (9.47) and (9.58), and let 7° = 7 m in. Find 
the largest 7 max from (9.54) if the plant uncertainty 8a is given. 

Step 2. Determine the PID controller from (9.15) and evaluate the correspond

ing approximation error ERR in (9.16). If ERR achieves the specified 

approximation accuracy to (usually 5%), end the design. 

Step 3. Otherwise, we have two ways to solve this problem: if a PID controller 

is desired, update 7 by (9.17), and go to Step 2 when 7 < 7 max ; else, 

go to Step 4. 

Step 4. Adopt the high-order controller in (9.22), start with a controller of 

order 2 up to the smallest integer n for which ERR::; €. 

Example 9.5.3 (cont'd). Reconsider 
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e-0 .5s 
G = -;-:-----:::--.,--;-::-----:..,--;-::--::::---:-:-

(1 - 58)(28 + 1)(0.58 + 1)· 

for which TO = 1 and a PID has been obtained with ERR = 26.07%. For a 
high-order controller, our procedure ends with 

k = 29.818883 + 75.886982 + 39.45568 + 4.3412 
83 + 3.204282 + 8.59848 ' 

(9.64) 

with fitting error ERR less than f = 5%. The closed-loop step responses are 

shown in Figure 9.19. We can see that the new controller k restores the IMC 
performance, while the previous PID controller in (9.61) is not capable of that 

under such a tight performance specification. 

Example 9.5.4. Consider an unstable process 

e-1.2s 

G = -;-:--.,..-;-::---::--.,..,-
(1 - 8)(0.58 + 1) 

It follows that TO = 2.7, and 

0.0063 1.01558 
KpID = 1.0134+--+ 10155 ' 

8 --'-y;r-8+1 
(9.65) 

with ERR = 18.50%, which cannot meet the accuracy threshold, and the 
closed-loop response is very poor. One can de-tune the PID controller by in
creasing T. However, this results in a sluggish response. For a high-order con

troller, our procedure ends with 

k = 5.222184 + 41.626583 + 128.341182 + 131.11468 + 0.7798 
84 + 14.006183 + 9.602682 + 123.09878 ' 

(9.66) 

with the fitting error ERR less than f = 5%. The closed-loop step responses 

are shown in Figure 9.20. We can see that the high-order controller makes a 

significant improvement over the PID controller. To our knowledge, the PID 

controller design methods in the literature are not applicable to this example 

(Huang and Chen, 1997; Majhi and Atherton, 2000; Park et al., 1998). 
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In this chapter, we extend the SISO design methodology of Chapter 9 to the 

MIMO case. The development of MIMO internal model control (IMC) is not 
straightforward. In principle, if a multivariable delay model O(s) can be fac

torized as O(s) = O+(s)O_(s) such that O+(s) is diagonal and contains all 
the time delays and non-minimum-phase zeros of O(s), then the IMC controller 

can be designed as C(s) = O=l(s)F(s), with a possible filter F(s), and the con

ventional feedback controller is related to the IMC controller, as in the scalar 
case, via K(s) = C(s)[I - O(s)C(S))-l. For a scalar transfer function, it is 

quite easy to obtain O+(s). However, this becomes much more difficult for a 

transfer matrix with multi-delays. The factorization is affected not only by the 

time delays in individual elements but also by their distributions within the 
transfer function matrix, and a non-minimum-phase zero is not related to that 

of elements of the transfer matrix at all. 

Note also that for the SISO case the output behaviour is completely de

termined by the delay-free design shifted by the plant time delay, whereas one 
can hardly tell the MIMO output performance from the delay-free design be
cause the delays in the process could mix up the outputs of the delay-free part 
to generate a messy actual output response. Decoupling between the loops, in 

addition to serving its own purpose, can rectify such a problem. Therefore, 
in this chapter, decoupling will be set as a design objective. The reasons are 
that (i) decoupling is usually required (Kong, 1995) in practice, at least in the 

process control industry, for ease of process operations. (ii) According to our 

experience, poor decoupling in closed loop could, in many cases, lead to poor 

diagonal loop performance, in other words, good decoupling is helpful for good 

loop performance. (iii) It should be noted that even if the decoupling require

ment is relaxed to limited coupling, it will still lead to near decoupling if the 

number of inputs/outputs is large. Roughly, if the number is 10, total cou

plings from all other loops are limited to 30%, then each off-diagonal element 

will have a relative gain less than 3%, so the system is almost decoupled. (iv) 

The decoupling also simplifies the design procedure. In fact, it enables elemen-
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twise controller design (see Section 10.1). Otherwise, it is impossible and one 
has to design the controller matrix as a whole if the decoupling is removed or 

relaxed. It should be emphasized that we are aware that there are cases where 

decoupling should not be used; instead, couplings are deliberately employed to 
boost performance. But this is not the topic of the present chapter. We address 

decoupling the IMC in Section 10.1 and decoupling the conventional feedback 

scheme in Section 10.2. 

y 

Fig. 10.1. Internal model control 

10.1 IMC Scheme 

The systems considered here are square, stable, nonsingular MIMO linear sys
tems. In the process industry, most processes are open-loop stable. A process 

usually has unequal numbers of inputs and outputs, but normally a square 
subsystem will be selected from it for control purposes. A singular process es

sentially cannot provide independent control of each output and should not be 

used. Thus, in this section, we consider stable and nonsingular processes only. 

The IMC control system is depicted in Figure 10.1, where G and 6 represent 

the transfer function matrices of the plant and its model, respectively, and C 
the controller. 6 is assumed to be identical with G except in our discussion on 

robust stability: 

[
911 ... (8) '. 9Im ... (8) 1 

6(8) = G(s) = 

9ml(8) ... 9mm(S) 

where 

( ) ( ) -L··s 
9ij S = 9ijO s e 'J, 

(10.1) 
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and gijO(S) are strictly proper, stable, and scalar rational functions and Lij are 
non-negative constants. It is also assumed that a proper input-output pairing 

has been made for G(s) such that none of the m principal minors of G(s) (the 

ith principle minor is the determinant of a (m - 1) x (m - 1) matrix obtained 
by deleting the ith row and ith column of G(s)) is zero. Our task in this section 

is to characterize all the realizable controllers C and the resultant closed-loop 

transfer functions such that the IMC system is internally stable and decoupled. 

10.1.1 Decoupling 

The closed-loop transfer matrix H between y and r can be derived from Fig

ure 10.1 as 

H = GC[1 + (G - G)C]-l, 

which becomes 

H = GC, if G = G. 

Thus, the closed-loop is decoupled, i.e., H is diagonal and nonsingular, if and 

only if GC is decoupled and the IMC system is internally stable if and only 

if C is stable. Therefore, the problem becomes to characterize all stable and 

realizable controllers C and the resulting H such that GC = H is decoupled. 

The first question to ask is whether or not a solution exists. For a stable 

and nonsingular G, one may write 

N(s) 
G(s) = d(s) , 

where d(s) is a least common denominator polynomial of G(s). Now choose 

C(s) as 

C( ) = adj N(s) 
s a(s) , 

where adj N(s) is the adjoint matrix of N(s) and a(s) is a stable polynomial 

with degree high enough to make the rational part of each Cij proper. Then, 

this C(s) is stable and realizable and decouples G(s) since 

IN(s)1 
G(s)C(s) = d(s)a(s) 1m , 

where I . I stands for the determinant of a matrix and 1m is the m x m iden

tity matrix. Thus C(s) is a solution. Nonsingularity of G(s) is obviously also 

necessary in order for GC to be decoupled. 
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Theorem 10.1.1. For a stable, square and multi-delay process G(s), the de
coupling problem with stability via the IMe is solvable if and only if G(s) is 

nonsingular. 

Our task is now to find a C(s) such that G(s)C(s) is decoupled, i.e., 

GC= [Cl C2 ... cm ] = diag{qii, i = 1,2, ... ,m}. (10.2) 

For each column of GC, we have 

Ci = [ 0 ... 0 qii 0 ... 0] T, i = 1,2, ... , m, (10.3) 

which is equivalent to 

9i-l 
Ci = 0, i = 1,2, .. . ,m, (10.4) 

gm 

and 

9iCi = qii # 0, i = 1,2, ... , m. (10.5) 

For any i, we can solve (10.4) to obtain Cl,i, ... , Ci-l,i, CH1,i,' .. , Cm,i, in terms 

of Cii as 
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Ci-l,i 
Vi E m, 

Cmi 'l/Jmi 

where m = {1, 2"" ,m} and 

gl1 gl,i-l gl,i+1 glm 

'l/Ji-l,i gi-l,l ... gi-l,i-lgi-l,Hl ... gi-l,m 

gHl,l ... gHl,i-l gHl,i+1 ... gHl,m 

gml gm,i-l gm,Hl 

The ith diagonal element of GC is giiCii, where 

m 

gii = gii + L gik'I/Jki' 
k=l 
k#-i 

gmm 

(10.6) 

-1 

gli 

gi-l,i 

gHl,i 

gmi 

(10.7) 

(10.8) 

One notes that for a given i, the resulting diagonal element of GC is inde

pendent of the controller off-diagonal elements but contains only the controller 

diagonal element Cii. 

To further simplify the above result, let Gij be the cofactor corresponding 

to gij in G. It follows from linear algebra (Noble, 1969) that the inverse of G 

can be written as G- 1 = a0F, where adj G = [GjiJ. This also means 

(10.9) 

Equation (10.9) can be equivalently put into the following two relations: 
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gll gl,i-l gl,HI glm gli 

gi-l,l ... gi-l,i-l gi-I,HI ... gi-l,m Gi,i-l 
gi-l,i 

gHl,1 .,. gHI,i-1 gHl,HI ... gHI,m gHI,i 

gml gm,i-l gm,HI gmm gmi 

ViE m, (10.10) 

and 

m 

'" ik ~gikG = IGI, Vi Em. 
k=l 

Substituting (10.10) to (10.7) yields 

-1 

gll gl,i-l gl,i+1 glm gli 

'¢i-l,i gi-l,l ... gi-l,i-l gi-l,Hl ... gi-l,m gi-l,i 

gHI,1 '" gHI,i-1 gHI,Hl ... gHl,m gHI,i 

gml gm,i-l gm,Hl gmm gmi 

1 Gi,i-l 

Gii Gi ,i+1 

or 

Vi,j E m,j"l i. (10.11) 

By (10.11), (10.6) and (10.8) become respectively 

Vi,j E m,j"l i, (10.12) 
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and 

Vi E m. (10.13) 

Thus, the decoupled open-loop transfer function matrix is given by 

GC = diag {BiiCii} = diag {~l Cii, i = 1,2,··· ,m} . (10.14) 

Before proceeding further, it is interesting to note that r~~ is the (i, i)th element 

of G-1. And it follows from Bristol (1966) that the (i, i)th element of the 

relative gain array for G is given by Aii = gii faT. Hence, Bii is linked to gii by 
- \-1 
gii = "ii gii· 

To demonstrate how to find Bii and 'l/Jji, take the following as an example: 

G(8) = [ 
1 -28 -1 -68 1 S+"2e S+"2e 

8 - 0.5 -38 (8 - 0.5)2 -88 . 
(8 + 2)2e 2(8 + 2)3 e 

Simple calculations give 

2(8 - 0.5)(8 + 2)e-98 + (8 - 0.5)2e-108 
IGI = 2(8 + 2)4 ' 

-28 
G22 = _e_ 

8 + 2' 

-68 
G21 = _e_ 

8 + 2' 

G12 = _ (8 - 0.5)e-38 
(8 + 2)2 

(10.15) 

It follows from (10.13) that the decoupled loops have their equivalent processes 

as 

_ 2(8 + 2)e-8 + (8 - 0.5)e- 28 
gu = (8-0.5)(8+2) , 

_ 2(8 - 0.5)(8 + 2)e-78 + (8 - 0.5)2e-88 
g22 = 2(8 + 2)3 ' 

respectively. By (10.11), 'l/J21 and 'l/J12 are found as 

of, __ 2(8 + 2) 58 
0/21 - 8 _ 0.5 e , 

At first glance, each diagonal controller Cii may be designed for Bii according 

to (10.14) and the off-diagonal controllers can then be determined from (10.12). 
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Recall that for SISO IMC design, a scalar process g(s) is first factored into 

g(s) = g+(s)g-(s), where g+(s) contains all the time delay and non-minimum

phase zeros. The controller c(s) is then determined from g(s)c(s) = g+(s)f(s), 
where f(s) is the IMC filter. This technique could seemingly be applied to the 

decoupled equivalent processes 9ii to design Cii directly, but it is actually not. 

The reasons are that in general 9ii are not in the usual format of a rational 

function plus time delay, and more essentially, a realizable Cii derived from 

(10.14) based on 9ii only may result in unrealizable or unstable off-diagonal 

controllers Cji, j =f i, In other words, realizable Cji, j =f i, may necessarily 

impose additional time delay and non-minimum-phase zeros to Cii' 

10.1.2 Analysis 

In what follows, we develop the characterizations of time delays and non

minimum-phase zeros for the decoupling controller and the resulting decoupled 

loops. For the nonsingular delay process G(s) in (10.1), a general expression 

for 9ii in (10.13) will be 

""M ( ) -ak S 
¢(s) = ~k=On~ s e , 

do(s) + L:Z=l dz(s)e- f3l s 
(10.16) 

where nk(s) and dz(s) are all nonzero scalar polynomials of s, 0:0 < 0:1 < ... < 
0: M and 0 < /31 < /32 < ... < /3 N. Define the time delay for nonzero ¢( s) in 

(10.16) as 

,(¢(s)) = 0:0' 

It is easy to verify ,(¢1¢2) = ,(¢d +,(¢2) and ,(¢-l(S)) = -,(¢(s)) for any 

nonzero ¢ds), ¢2(S) and ¢(s). If ,(¢(s)) 2 0, it measures the time required 

for ¢(s) to have a nonzero output in response to a step input. If ,(¢(s)) < 0 

then the system output will depend on the future values of the input. It is 

obvious that for any realizable and nonzero ¢(s), ,(¢(s)) cannot be negative. 

Therefore, a realizable C requires 

Vi E m, j E J i , (10.17) 

where J i ~ {j Em I Gij =f O}. It follows from (10.12) that 

,(Cji) = ,(~:: Cii) =, (Gij) - ')'(Gii ) + ,(Cii) , 

Thus, (10.17) is equivalent to 

Vi E m, j E J i . 
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or 

\Ii E Ill, (10.18) 

where 

" .. 
"Ii = min,),(G')). 

)EJi 
(10.19) 

Equation (10.18) is a characterization of the controller diagonal elements in 

terms of their time delays, which indicates the minimum time delay that the 

ith diagonal controller elements must contain. Consequently, the resulting ith 

diagonal elements of H = GC, hii = 9iiCii, meet 

\I i E Ill, 

which, by 

becomes 

\I i E Ill. (10.20) 

Equation (10.20) is a characterization of the decoupled ith loop transfer func
tion in terms of their time delays, which indicates the minimum time delay that 

the ith decoupled loop transfer function must contain. One concludes from the 
above development that for a stable and realizable IMC controller C which 

de couples G, its diagonal elements are characterized by (10.18) for time de
lays and they will uniquely determine the off-diagonal elements using (10.12). 
Equation (10.20) characterizes the time delays of the resultant loops. 

For illustration, consider again the example in (10.15). It follows from the 

definition that the time delays for respective functions are ')'(IGI) = 9, ')'(Gll ) = 
8, ')'(G I2 ) = 3, ')'(G21 ) = 6 and ')'(G22 ) = 2. The values for "II and "12 can be 

calculated from (10.19) as 

"II = min {')'(Gll ), ')'(G I2 )} = min{8, 3} = 3, 

"12 = min {')'(G21 ), ')'(G22 )} = min{6, 2} = 2. 

It follows from (10.18) that Cll and C22 are characterized for their time delays 
by 
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,(Cll) ~ ,(Gll ) -')'1 = 8 - 3 = 5, 

,(C22) ~ ,(G22 ) -')'2 = 2 - 2 = O. 

Also, hll and h22 must meet conditions 

,(hll ) ~ ,(IGI) -')'1 = 9 - 3 = 6, 

,(h22 ) ~ ,(IGI) -')'2 = 9 - 2 = 7. 

Consider now the performance limitation due to the non-minimum-phase 

zeros. Denote by C+ the closed right half of the complex plane (RHP). For 

a nonzero transfer function ¢( s), let Z~ be the set of all the RHP zeros of 

¢(s), i.e., Z~ = {z E C+ I ¢(z) = O}. Let 1JA¢) be an integer 1/ such that 

lims~z ¢( s) / (s - z y exists and is nonzero. Thus, ¢( s) has 1J z (¢) zeros at s = z if 
1JA¢) > 0, or -1JA¢) poles if 1JA¢) < 0, or neither poles nor zeros if 1Jz(¢) = O. 
It is easy to verify that 1Jz(¢1¢2) = 1Jz(¢d + 1Jz(¢2) and 1Jz(¢-l) = -1JA¢) 
for any nonzero transfer function ¢l(S), ¢2(S) and ¢(s). Obviously, a nonzero 

transfer function ¢(s) is stable if and only if 1JA¢) ~ 0, 'V z E c+. 
A stable C thus requires 

'Vi E m, j E J i , Z E C+. (10.21 ) 

It follows from (10.12) that 

1Jz(Cji) = 1Jz (~:~ Cii) = 1JAGij)-1JAGii )+1Jz(Cii), 'Vi E m, j E J i , Z E C+. 

Thus (10.21) is equivalent to 

1JACii) ~ 1JAGii )-1JAGij), 

or 

where 

( ) ". (Gij) "Ii Z = ~m1Jz . 
JEJi 

'V i Em, j E J i , Z E C+ , 

'Vi E m, Z E C+, (10.22) 

(10.23) 

Since G (s) is stable, so are Gij . One sees that for 'V i E m and 'V Z E C+, 

'TJi(Z) ~ O. We have, for 'Vi E m and 'Vz E C+, 

and 
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'T1zCGii )-rli(Z) = 'T1zCGii)_~~~ 'T1zCGij) ~ 'T1zCGii )-'T1zCGij) Ij=i = o. 

Thus, 'T1zCGii ) - 'TJi(Z) is bounded by 

Vi E ill, Z E C+. (10.24) 

Equation (10.24) also implies that Cii need not have any non-minimum

phase zeros except at Z E Z~ii. Therefore, by (10.22), Cii is characterized for 
its non-minimum-phase zeros by 

ViE ill, Z E Z~ii' (10.25) 

with the right side bounded by (10.24). 

Consequently, the resulting ith diagonal elements of H = GC, hii = giiCii, 
satisfy 

'T1zChii ) = 'T1z(giiCii) = 'T1z(gii) + 'T1zCCii) ~ 'T1z(gii) + 'T1AGii ) - 'TJi(Z) 

ViE ill, Z E C+ , 

which, by 

becomes 

Vi E ill, Z E C+. 

It is readily seen that for ViE ill, Z E c+ , 

and 

Thus, 'T1zCIGI) - 'TJi(Z) is bounded by 

ViE ill, Z E C+ . 

(10.26) 

(10.27) 
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Equation (10.27) also indicates that the ith closed-loop transfer function 
hii need not have any non-minimum-phase zeros except at z E ZIGI' Therefore, 
their characterizations on non-minimum-phase zeros are given by 

ViE m, z E ZIGI' (10.28) 

with the right side bounded by (10.27). 

Consider the previous example again to demonstrate the method. It can be 

found that Z~l1 = {0.5}, Z~22 = 0, ZIGI = {0.5}, l1AIGDlz=o.5 = 1 and 

l1AG11 )lz=o.5 = 2, 

l1AG21 )lz=O.5 = 0, 

By (10.23), one sees 

l1AG12 )lz=O.5 = 1, 

l1z(G22 )lz=o.5 = O. 

1]1(z)lz=O.5 = min{l1AG11 )lz=o.5, l1AG12 )lz=o.sl = min{2, I} = 1, 

1]2(z)lz=O.5 = min{l1AG21 )lz=O.5, l1AG22 )lz=o.5} = min{O,O} = O. 

Thus, C11 should then satisfy 

As Z~22 = 0, there will be no constraint on C22 at its non-minimum-phase 
zeros. By (10.28), the resultant loops satisfy 

l1Ah11 )lz=o.5 2: l1z(IGI)lz=o.5 -1]1(z)lz=O.5 = 1-1 = 0, 

l1Ah22 )lz=o.5 2: l1AIGDlz=o.5 -1]2(z)lz=O.5 = 1 - 0 = 1, 

i.e., the second loop must contain a non-minimum-phase zero at z = 0.5 of 

multiplicity one while the first loop need not contain any non-minimum-phase 

zero. 

Theorem 10.1.2. If the IMC system in Figure 10.1 is decoupled, stable and 

realizable, then (i) controller C 's diagonal elements are characterized by (10.18) 
on their respective time delays and by (10.25) on their respective RHP zeros, 

and they uniquely determine the controller's off-diagonal elements by (10.12); 

(ii) the diagonal elements of GC, hii = 9iiCii, are characterized by (10.20) on 
their respective time delays and (10.28) on their respective RHP zeros. 

For the example in (10.15), choose the controller diagonal elements as 

s - 0.5 -58 
C11 = ---e , 

s+p 
1 

C22 = --, 
s+p 
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where p > O. It follows from the previous calculations that they satisfy the 

conditions of Theorem 10.1.2 with the lower bounds in (10.18) and (10.25) 

exactly met. The off-diagonal controllers are then obtained from (10.12) and 

the complete controller is 

_1 e-4S] 8+P 

1 
8+P 

, 

which is both realizable and stable, and the resulting GC is calculated as 

GC= [

28 + 4 + (8 - 0.5)e- S e-68 

(8+p)(8+2) 

o 

whose diagonal elements fall in our previous characterization on time delays 

and non-minimum-phase zeros, namely, the time delay for the decoupled loops 

is no less than 6 and 7, respectively, and loop two must contain a non-minimum

phase zero at 8 = 0.5 of multiplicity 1. 

However, if we choose the controller diagonal elements as 

1 
Cn = C22 = --, 

8+P 

which violates the conditions of Theorem 10.1.2, this gives rise to 

-2(8 + 2) 58 
C21 = e , 

(8 + p)(8 - 0.5) 

which is neither realizable nor stable. The resultant hn is given by 

_ 28 + 4 + (8 - 0.5)e- 8 -s 

hn = gncn = (8 + p)(8 + 2)(8 _ 0.5) e , 

which is unstable, too. Such Cii should be discarded. 

A quite special phenomenon in such a decoupling control is that there might 

be unstable pole-zero cancellations in forming fliiCii. In contrast to the normal 

intuition, this will not cause instability. Notice from the previous example that 

fin has a pole at 8 = 0.5 and Cll has at least one zero at the same location 

as 1JACll)lz=O.5 2: 1. Hence, an unstable pole-zero cancellation at z = 0.5 

occurs in forming flncn. However, the resulting closed-loop system is still stable 

because all the controller diagonal and off-diagonal elements are stable. In fact, 

as far as G and C are concerned, there is no unstable pole-zero cancellation 

since both G and C are stable. 
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10.1.3 Design 

In this subsection, the practical design of IMC is considered. We first briefly 

review the IMC design for the 8180 case. Let g(s) be the transfer function 

model of a stable 8180 process and c(s) the controller. The resulting closed

loop transfer function in the case of no process model mismatch is h(s), where 

h(s) = g(s)c(s). It is quite clear that if h(s) has been specified then c(s) 
is determined. However h(s) cannot be specified arbitrarily. In IMC design, 

the process model g(s) is first factored into g(s) = g+(s)g-(s), where g+(s) 
contains all the time delay and RHP zeros. Then h(s) is chosen as h(s) = 

g+(s)f(s), where f(s) is the IMC filter, and consequently c(s) is given by 

c(s) = h(S)g-l(S). The factorizations which yield g+(s) are not unique. Holt 

and Morari (1985a, 1985b) suggested the following form to be advantageous: 

(10.29) 

where L is the time delay and Zl, Z2,'" , Zn are all the RHP zeros present in 

g(s). 
For multivariable decoupling IMC control, the closed-loop transfer function 

matrix H (s) in the case of no process model mismatch is 

and thus the key point in design lies in specifying the m decoupled loop transfer 

function hii(S). Unlike the 8180 case, hii(S) cannot be chosen based solely on 

ihi(S) since this may cause an unrealizable and/or unstable controller. Instead, 
hii(S) should be chosen according to Theorem 10.1.2. It is also obvious that 

for best performance of the IMC system and simplicity of the controller it is 

undesirable to include any more time delays and non-minimum-phase zeros in 

hii(S) than necessary, that is, only the minimum time delay in (10.20) and min

imum multiplicity of unavoidable non-minimum-phase zeros in (10.28) should 

be included. This leads to 

Vi E m, (10.30) 

where fi(s) is the ith loop IMC filter. hii(S) will then determine Cii(S) as 

(10.31 ) 

which in turn yields off-diagonal elements Cji(S) uniquely by (10.12). 
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Remark 10.1.1. Good control performance ofthe loops is what we seek apart 

from the loop-decoupling requirement. However, we do not explicitly define a 

performance measure and design the controller via the minimization (or maxi

mization) of some measure. These are done in model predictive control, where 
the "size" of the error between the predicted output and a desired trajectory is 

minimized; and in LQG control, where a linear quadratic index is minimized to 

yield an optimal controller. These approaches have a different framework from 

ours. What we do here is to follow the IMC design approach with a require

ment for decoupling the control of multi variable multi-delay processes. Loop 

performance is simply observed with dosed-loop step responses for each out

put, in terms of traditional performance specifications such as overshoot, rise 

time and settling time, in comparison with the existing schemes for similar pur

poses. A link between IMC design theory and quantitative error measurement 

is that the item with the non-minimum-phase factor g+(8) in (10.29) used in 

the IMC dosed-loop transfer function in (10.30) can actually minimize the H-2 

norm of the error signal in the presence of a step reference change (Morari and 

Zafiriou, 1989). 

Remark 10.1.2. One may note that there is the case where good decoupling 

and performance may not both be achievable and one is reached at the cost of 

the other. For example, decoupling should never be used in flight control, in

stead, couplings are deliberately employed to boost performance. This case is, 

however, not the topic of the present paper. Here we address applications where 

decoupling is required. Indeed, decoupling is usually required (Kong, 1995) in 
the process control industry, to simplify process operations. Poor decoupling 

in a dosed-loop system could, in many cases, lead to poor diagonal loop per

formance. Thus, the design objective here is to decouple the loops first and 

then to achieve as good a performance as possible for each loop. Loop perfor

mance is considered to be good if best achievable performance is nearly reached 

among all decoupled and stable loops, subject to limitations imposed by delay, 

non-minimum-phase zeros and bandwidth. Our design realizes this by selecting 

the objective loop transfer functions in (10.30) in which each factor reflects 

respective roles of delay, non-minimum-phase zeros and bandwidth. It might 

be worth noting that decoupling and loop performance may not always be in 

conflict. It is shown (Linnemann and Wang, 1993) that for delay-free stable 

systems some optimal controllers will automatically result in decoupled loops 

although decoupling is not required in the problem formulation. 

For a multivariable multi-delay process, the IMC controller designed by the 

above procedure is usually in the complicated form (10.16), which is difficult to 
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implement. Model reduction is then employed to find a much simpler rational 
function plus dead time approximation to the above theoretical controller. The 

topic of model reduction has been addressed in Chapter 2 in a great detail and 
two effective algorithms were given there. We can utilize one of them for our 

present design. 

Theoretically, if hii is specified as in (10.30) so that it contains no more 

time delays than necessary, then each column of C has at least one element 

whose time delay is zero. However, if the controller is obtained as a result of 
model reduction, that element might have non-zero time delay, though it is 

usually small. In such a case, it is reasonable to subtract it from all elements 

in the column to speed up the loop response if it is positive or to make the 
controller realizable if it is negative. This operation will not affect decoupling 

and stability. The above development is summarized into the following design 
procedure. 

IMC Design Procedure Seek a controller C(s) given G(s) 

(i) With i = 1 for loop one, apply model reduction to IGI and all nonzero Gij. 

Take time delays and non-minimum-phase zeros (including multiplicities) 

from their reduced-order models. Find "Ii and r/i(z) for all z E Z~I from 
(10.19) and (10.23). 

(ii) Specify h ii according to (10.30) and determine the diagonal controller Cii 
from (10.31). Apply model reduction to Cii to obtain Cii. 

(iii) Calculate the controller off-diagonal elements Cji from (10.12). Apply 

model reduction to all Cji to obtain Cji. 

(iv) Find the smallest time delay in Cji and subtract it from all the time delays 

of Cji if it is nonzero. 

( v) Repeat the above steps for all other loops. 

The IMC system in Figure 10.1 is referred to as the nominal case if G = C. It 
is obvious that the IMC system is nominally stable if both the process G and the 

controller C are stable, as discussed before. In the real world where the model 

does not represent the process exactly, nominal stability is not sufficient and 

robust stability of the IMC system has to be ensured. As a standard assumption 

in robust analysis, we assume that the nominal IMC system is stable (Le., both 
C and C are stable). Suppose that the actual process G is also stable and is 

described by 

G E II = {G: a ([G(jw) - C(jw)]C-1 (jw)) = a (Llm(jw)) :S lm(w)}, 

where lm(W) is the bound on the multiplicative uncertainty. It follows that the 

IMC system is robust stable if and only if 
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a(G(jw)C(jw)) < l:;;/(jw), Vw. (10.32) 

Let C* be the ideal controller obtained from (10.31) and (10.12), we have 
GC* = diag{hii }. Thus (10.32) becomes 

a (diag {hii (jW)}C*-l(jW)C(jw)) < l;;/(jw), Vw. 

One notes from (10.30) that diag{hii(jw)} = Vdiag{fi(jw)}, where V is a 

unitary matrix. Noticing that a(V A) = a(A) for a unitary V, a sufficient and 

necessary robust stability condition is obtained as 

a (diag {fi(jW)}C*-l (jw)C(jw)) < r;;/(jw), Vw. (10.33) 

In practice, we can evaluate and plot the left-hand side of (10.33) and compare 

it with l;;,l (jw) to see whether robust stability is satisfied given the multiplica

tive uncertainty bound lm(jw). One also notes that if the error between the 

ideal controller C* and its reduced-order model C is small, i.e., C* ~ C, then 

the robust stability condition becomes 

a (diag {Ji(jw)}) < l;;,l(jw), Vw, 

which indicates that the IMC filter should be chosen such that its largest sin

gular value is smaller than the inverse of the uncertainty magnitude for all 

w. 

10.1.4 Sim.ulation 

In this subsection, several simulation examples are given to show the effec

tiveness of the decoupling IMC design. The effects of time delays and non

minimum-phase zeros are illustrated and control performance as well as its ro

bustness is compared with the existing multivariable Smith predictor schemes. 

We intend to use commonly cited literature examples with real live background 

and try to explain technical points of the proposed method as much as possi

ble. The first and third examples are well-known distillation column processes 

(Wood and Berry, 1973) and (Luyben, 1986). The process in the second ex

ample is a modification of the Wood and Berry process where only the delays 

of its elements have been changed. This modification generates non-minimum

phase zeros for the multivariable process, which is not available in the other 

two examples, and is used to illustrate relevant design issues. 

Example 10.1.1. Consider the well-known Wood/Berry binary distillation col

umn plant (Wood and Berry, 1973): 
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[ 

12.8e-s 
16.78 + 1 

G(8) = 
6.6e-7s 

10.98 + 1 

-18.ge-3S ] 218 + 1 

-19.4e-3s 

14.48 + 1 

Step (i) The application of model reduction to IGI, Gll and G12 produces 

101 = -0.107782 - 4.2398 - 0.3881 e-6.3s 

82 + 0.10318 + 0.0031 ' 

011 = -1.3498 - 42.81 e-3s , 

82 + 31.858 + 2.207 

012 = -0.60768 - 17.66 e-7s . 

82 + 29.268 + 2.676 

It is clear that ,(101) = 6.3, ,(011 ) = 3, and ,(012 ) = 7. Thus, by (10.19), 

one finds 1'1 = min{3, 7} = 3. Since 101 is of minimum phase, Z~I = 0 and 
there is no need to calculate 'TIl (z ) . 

-3.3s 
Step (ii) According to (10.30), we have hll = e sH with the filter chosen 

as S!l. Cll is then obtained as Cll = 91/ hll from (10.31). The application of 
model reduction to Cll yields 

~ 0.316882 + 0.03518 + 0.0012 -0.9s 

Cll = 82 + 0.16788 + 0.0074 e 

Step (iii) C21 is calculated from (10.12). Applying model reduction to C21 yields 

~ _ 0.140582 + 0.01808 + 0.0007 e-4 .9s 

C21 - 82 + 0.20138 + 0.0123 

Step (iv) The smallest time delay in 1311 and 1321 is 0.9, which is then subtracted 

from both elements' time delays to generate the final 1311 and 1321 • 

Step (v) Loop two is treated similarly, where h22 = e~::s . This results in the 

overall controller as 

[ 

0.316882 + 0.03518 + 0.0021 -0.213082 - 0.02228 - 0.0008 e-2S] 
82 + 0.16788 + 0.0074 82 + 0.13998 + 0.0051 c-

0.140582 + 0.01808 + 0.0007 e-4s -0.179882 - 0.02068 - 0.0008 
82 + 0.20318 + 0.0123 82 + 0.16078 + 0.0073 

The set-point responses of the resulting IMC system (shorten to IMC) are 

shown in Figure 10.2 as a solid line. The corresponding set-point response 

of Jerome's multivariable Smith predictor scheme with the controller settings 

given in Jerome and Ray (1986) is depicted as the dashed line in the figure. 

The corresponding responses of the ideal 1M C system H (8) = diag {hid are 
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also shown as the dotted line in the figure. The resulting ISE (Integral Square 
Error) with equal weighting of the two outputs is calculated as 7.16,4.73 and 

5.01 for the IMC design, Jerome's scheme and the ideal IMC control system, 
respectively. Although the ISE for Jerome's scheme is smaller than that of the 

proposed method, Jerome's control system is not robust and exhibits very poor 

damping and severe oscillation even for the nominal case, while the responses 

of the IMC are smooth and the decoupling is almost perfect. 

y1 2,---,----,----,---~---,----,---~---,----~--~ 

1.S 

\ Iv I-oJ 
J 

10 20 30 40 

/ l 

so 60 70 80 90 100 

y2 2.---,----,---.----,---,----.---.----.---.---~ 

1.S 

o.S 

o , / 

V 

I 

,\ vV I f I 

-o.S L-__ -'--__ -'--__ -'-__ -L __ --'-____ L-__ -'--__ -'--__ -'-__ ----' 

o 10 20 30 40 so 60 70 

Fig. 10.4. Control system robustness for Example 10.1.1 
(- IMC; - - - Jerome) 

80 90 100 

In order to demonstrate the robustness of the IMC design, we increase the 

dead times of the process diagonal elements by 15%. In order to check the sta

bility of the perturbed system, the left-hand side and right-hand side of (10.33) 

are plotted in Figure 10.3 as a solid line and dashed line respectively. From the 

figure, we conclude that the IMC system remains stable under the given per

turbations. The set-point responses are shown in Figure 10.4, indicating that 

the performance of the IMC design is far superior to Jerome's multivariable 

Smith predictor scheme. The resulting ISE is calculated as 7.76 for the IMC 

method while it is infinite for Jerome's scheme due to instablity. 
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Example 10.1.2. Consider a variation of the above example: 

where the delay free parts 9ijO(8) are identical to Example 10.1.1. It follows 

from the IMC procedure that 

101 = 0.037482 + 3.728 - 0.5042 e-13.6s 
82 + 0.12398 + 0.0041 ' 

GAll -1.34938 - 42.81 -15s - e 
- 82 + 31.858 + 2.207 ' 

GA 12 -0.60728 - 17.66 -2s - e 
- 82 + 29.268 + 2.676 . 

One readily sees that ')'(101) = 13.6, ')'(011 ) = 15, ')'(0 12 ) = 2 and thus 

1'1 = min{15, 2} = 2 from (10.19). A difference from Example 10.1.1 is that 101 
has a RHP zero at z = 0.136 with a multiplicity of one, i.e., Z;61 = {0.136} and 

A • A 11 A 12 
l1z(IGl)lz=0.136 = 1. It IS easy to find l1z(G )lz=0.136 = 0 and l1z(G )lz=0.136 = 
o since 0 11 and 0 12 are both of minimum phase. We thus have 'T}1 (z) Iz=0.136 = 

min{O, O} = 0 from (10.23) and hl1 = (o.l~l~~~:+1) e-11.68 from (10.30) with 

the filter of S!I' For the second loop, with the filter chosen as S!I' h22 is 
bt ' d h 0 136-8 -12 68 Th t f d' . t . htC d o ame as 22 = (0.136+8)(s+1) e '. e res 0 eSlgn IS s rmg lorwar 

and gives 

[
0.365682 + 0.05248 + 0.002 e-13.1S -0.237582 - 0.02948 - 0.001le-88] 

82 + 0.22658 + 0.0124 82 + 0.17908 + 0.0070 c= 
0.155182 + 0.02918 + 0.012 -0.200382 - 0.03178 - 0.0014 

82 + 0.27268 + 0.0226 82 + 0.22158 + 0.0136 

For comparison, Ogunnaike and Ray's multivariable Smith predictor is con

sidered here, where the primary controller given in Ogunnaike and Ray (1979) 

can still be used since the delay-free part of the process is identical for our case 

and their case. The set-point responses shown in Figure 10.5 indicate that the 

performance of the proposed IMC design is significantly better and its response 

is very close to that of the ideal IMC controller (dotted line). The resulting ISE 

is calculated as 52.5, 71.16 and 49.4 for the IMC, Ogunnaike and Ray's scheme, 

and the ideal IMC, respectively. 

Example 10.1.3. The process studied by Luyben (1986) has the following 

transfer function matrix: 
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Fig. 10.5. Control performance for Example 10.1.2 
(- IMC; - - - Ogunnaike and Ray; ... ideal IMC) 

6U8 + 1 (458 + 1)(488 + 1) [
0.126e- 6S -0.101e-12s 1 

G(8) = . 
0.094e-8s -0.12e-8s 
388 + 1 358 + 1 

It follows from the design procedure that with filters chosen as It (8) = h (8) = 
3S~1' hn and h22 are obtained as hn = e3~:5; and h22 = e3~:5; , respectively. 

The resultant controller is 

82 + 0.34658 + 0.0034 82 + 0.03958 + 0.0003 [
146.882 + 6.3558 + 0.0733 -6.02782 - 0.34168 - 0.0053 e_9.3S] 

C -- . 
104.582 + 4.7198 + 0.0561 -68.282 - 3.4908 - 0.0527 

82 + 0.348 + 0.0034 82 + 0.24968 + 0.0024 

Since the multivariable Smith predictor design for this process is not available in 

the literature, the BLT tuning method (Luyben, 1986) is used for comparison. 

The set-point responses are shown in Figure 10.6, indicating that significant 

performance improvement has been achieved with the IMC design and again 

its response is very close to that of the ideal IMC system. The resulting ISE 
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Fig. 10.6. Control performance for Example 10.1.3 
(- IMC; - - - BLT; ... idealIMC) 

is calculated as 17.7, 51.5 and 17.0 for the IMC, BLT, and ideal IMC system, 

respecti vely. 

In this section, an approach to the decoupling and stable IMC analysis and 

design has been presented for multivariable processes with multiple time de

lays. All the stabilizing controllers which solve this decoupling problem and the 

resultant closed-loop systems are characterized in terms of their unavoidable 

time delays and non-minimum-phase zeros. Such delays and zeros can be read

ily calculated from the process transfer function matrix and clearly quantify 

performance limitations for any multivariable IMC system which is decoupled 

and stable. It is interesting to note that a controller may necessarily include 

some time delays and non-minimum-phase zeros to make itself a solution to 

the problem. A theoretical control design for the best achievable performance 

is carried out based on the characterizations. Model reduction is then exploited 

to simplify both analysis and design. Examples have been given to illustrate our 

approach and significant performance improvement over existing multivariable 

Smith predictor control methods is evident. 
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10.2 Unity Feedback System 

In this section, we design a multivariable controller design in the conventional 

unity output feedback configuration, based on the IMC design of Section 10.I. 

Experience gained through implementation of this method for various industrial 

chemical processes reveals that a high-order controller with integrator is more 

appropriate for complex multivariable processes than the PID controller. This 

is because a complex process may give rise to very complicated equivalent loops 
for which PID control is difficult to handle. 

10.2.1 Design Methodology 

Like the SISO case presented in Chapter 9, we use the IMC controller to derive 

the single-loop controller, taking into account the performance limitations im

posed by the single-loop feedback structure when tuning the filter parameters. 

Let the closed-loop transfer function between rand y be specified as in (10.30), 

which is repeated for easy reference as follows: 

H(s) = diag {h ii }, 

Vi E m, (10.30) 

where h(s) is the ith loop IMC filter and chosen throughout this section simply 

as 

(10.34) 

where Ti is the only tuning parameter for each loop to be selected by the user to 

achieve the appropriate compromise between performance and robustness and 

to keep the action of the manipulated variable within bounds. Once hii(S) are 

determined, Cii(S) are obtained from (10.31), which in turn yield off-diagonal 

elements Cji(S) uniquely by (10.12). 
The IMC system in Figure 10.1 can be formally redrawn into the equivalent 

conventional feedback system in Figure 10.7, if the feedback controller K is 

related to the 1M C controller C via 

K = C[I -GCl-1 , (10.35) 

i.e., 
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y 

Fig. 10.7. Conventional feedback control 

(10.36) 

(10.37) 

Thus, the open-loop transfer matrix of the conventional feedback system, Q = 

{%} = GK, must be diagonal: 

G . { IGI k} d' { hii 
K = dlag Gii ii = lag 1 _ h ii ' 

i=1,2, ... ,m}. (10.38) 

With hii specified as in (10.30), the ideal diagonal elements of the controller 

can be obtained from (10.36). The corresponding decoupling off-diagonal ele

ments kji(s) of the controller are determined individually by solving (10.37). 

However, the ideal controller K above, is generally highly complicated and/or 

unrealizable. We use the same design idea as adopted in the 8180 case of 
Chapter 9 to obtain the best approximation k to K to ensure the closed-loop 

performance. The difference from the 8ISO case is that both the decoupling per

formance and the approximation accuracy should be considered in the tuning 
process. If each loop approximation and/or the overall decoupling performance 

are not satisfactory, we adjust the IMC controller performance down or increase 

the controller complexity. 

To find a reasonable feedback controller approximation to the corresponding 

IMC one, it is necessary to obtain a suitable value for Ti. In SISO applications, 

performance limitations of single-loop feedback systems due to non-minimum

phase zero and dead time have been considered, and a guideline for tuning 

IMC filters has been derived, which is also applicable to the present case of 

decoupled MIMO systems. The gain crossover frequency Wogi of the ith ideal 

open-loop transfer function l~~ii' where 

I hii(jW~9i,Ti) 1=1, 
1 - hii(Jwog , Ti) 

(10.39) 
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should meet 

hii (jWogi,7i) > -1800+'" 
arg h (. ) - 'l-'m, 1 - ii )Wogi,7i 

(10.40) 

to have the desired phase margin of ¢m' Our studies suggest that ¢m = 65° will 
usually be a good choice for most 2 by 2 industrial processes, whereas a larger 

¢m, such as ¢m = 70°, will be necessary for 3 by 3 or even 4 by 4 processes. 
To consider the performance limitation imposed by input constraints, we use 

a frequency-by-frequency analysis. Assume that at each frequency IUi(jW)1 ::; 
Ui and that the model has been appropriately scaled such that the reference 

signal in each channel satisfies h(jw)1 ::; 1. Now consider the presence of a 

reference signal in a channel at a time the ideal controlled variable y would 
be y = [0 ... hiiri ... O]T, and thus the corresponding manipulated variable 

becomes 

i.e., 

Consider the worst-case references (Iri(jW)1 = 1); we require 

Gij 

ITGThiil ::; Uj, j E J i, 

or 

To derive an inequality on 7i imposed by input constraints, note from (10.30) 

and (10.34) that Ihii(j-!;-) I = 1- at w = -!;- gives 

1 < . {I IG(j-!;-) 1 1- } 
V2 - mm "(' 1 ) Uj . 2 JEJi G'J)-

Ti 

(10.41 ) 

We may simply plot the right hand-side of (10.41) and determine when the 

inequality holds to find the suitable range of 7i. 

In order to have the fastest response while having a given stability margin 

and meeting input constraints, the tuning parameter 7i in the filter (10.34) 

should be chosen to be the smallest that meets (10.39), (10.40) and (10.41) 

simultaneously. In the subsequent two subsections, PID and general controllers 

are considered, respectively. 
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10.2.2 PID Controller 

Consider a multivariable PIn controller in the form 

(10.42) 

Our task is to find PIn parameters so as to match k ij to k ij = cij[l- ~Cjjl-l 
as well as possible. This objective can be realized by minimizing the loss func

tion, 

L 

~inJ ~ ~in L Ikij(jW[)-kij(jWt)12, 
kij kij [=1 

(10.43) 

subject to the same sign for k pij , k/ij, and k Dij . This problem can be solved 

by standard non-negative least squares (Lawson and Hanson, 1974) to give the 

optimal PIn parameters. Here, the fitting frequencies (WI ,...., WL) are chosen 

as (Wbmax/lOO, Wbmax), where Wbmax is the maximum closed-loop bandwidth 

among all the loops, i.e., Wbmax = max{ Wbi) = max( * ). 
• • In MIMO systems, it might happen that the loop performance is satisfactory 

while the interactions are too great to be accepted. Let 

(10.44) 

To ensure both decoupling and loop performance, we require that for sEn 

qii(S) - qii(S) 
ERRoi := max I ( ) I :S foi' Vi E m, 

qii S 
(10.45) 

(10.46) 

where Edi and Eoi are the specified performance requirements on the loop inter

actions and loop performance, respectively. 

Usually, both Eoi and Edi may be set as 10%. If both (10.45) and (10.46) 

hold true, the design is completed. Otherwise, one can always detune PIn by 

relaxing the IMC specification, i.e., increasing Ti. Our detuning rule is 

(10.47) 

where k represents the kth iteration, and TJi is an adjustable factor of the 

ith-Ioop reflecting both the approximation accuracy and the decoupling per

formance of the present iteration and is set as 
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where 

0 if ERRoi :S 10%, 
1 if 10% < ERRoi :S 50%, 4 'T}oi = 
1 if 50% < ERRoi :S 100%, "2 

1 if 100% < ERRoi, 

if ERRdi :S 10%, 

if 10% < ERRdi. 

The iteration continues until both (10.45) and (10.46) are satisfied. 
We now present some simulation examples to demonstrate our PID tuning 

algorithm and compare it with the multivariable PID controller design in Dong 
and Brosilow (1997), who used the following PID form: 

- - - 1 {(DS 
K=Kp+KJ-+-

S as + 1 
(10.48) 

with a = max{(Kp1K D(i,j))/20} if K;l exists. The ideal PID controller in 
(10.42) is not physically realizable and thus is replaced by 

A 1 kDijS 
kij(s) = kpij+k/ij-+ Ik .'1 . 

S ~s+l 
20 

The simulation is done under the perfect model matching condition, i.e., G = G 
(model mismatch will be considered in Section 10.2.4). 

Example 10.2.1. Consider the plant in Luyben (1986): 

G(s) = [ 

-2.2e-s 
7s + 1 

_2.8e-1.8s 

9.5s + 1 

1.3e-0 .3S ] 7s + 1 

4.3e-0 .35s 

9.2s + 1 
-1.05s -8 

Following the procedure in Section 10.1, we have hll = ~+1 and h22 = e +1. 
TlS T2S 

From (10.39), (10.40) and (10.41), the initial Ti are obtained as Tf = 1.0143 

and T~ = 0.6821. The proposed method results in the overall controller: 

A [ -1.833 - 0.434 - 1.042s 0.663 + 0.169 + 0.610S] 
K = s s, 

-0.646 - 0.306 1.398 + 0.265 
s S 

with ERRol = 31.76%, ERRo2 = 93.23%, ERRd1 = 42.14% and ERRd2 = 
43.31 %. Dong's method generates the PID controller parameters as 

- _ [-2.4181.873] - _ [-0.3670.216] - _ [0.188 -0.558] Kp - , KJ - , KD - . 
-1.3123.151 -0.2390.366 1.040 -1.102 
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Since the derivative terms obtained using Dong's method have different signs 
from other terms in a single PID, we use PI instead of PID controller for 

this case, as suggested by Dong and Brosilow (1997). The step responses in 
Figure 1O.8(a) show that both the proposed PID controller and Dong's PI 
controller cannot yield good loop performance. Based on the proposed tuning 
procedure, 7i are increased until the approximation error and the decouping 

index are small enough to satisfy (10.45) and (10.46), respectively. We end 

with 71 = 6.0143, 72 = 5.9321 and the overall controller 

A [-0.669 - 0.106 - 0.5078 0.270 + 0.033 + 0.4288] 
K = S s, 

-0.317 - 0.069 0.426 + 0.055 
s s 

with ERRol = 9.05%, ERRo2 = 6.38%, ERRdl = 7.70% and ERRd2 = 5.58%. 
Dong's method with the same new 7i yields 

- _ [-0.6760.306] - _ [-0.1050.036] - _ [0.172 -0.107] Kp - , KJ - , KD - , 
-0.365 0.515 -0.069 0.060 0.362 -0.206 

although Dong and Brosilow (1997) did not suggest any detuning rule there. 

The closed-loop step responses are shown in Figure 1O.8(b). One observes that 

the performances of both methods are almost identical to the IMC system (not 
shown for simplicity). 

Example 10.2.2. Consider the 3 x 3 plant presented by Vasnani (1994): 

11ge-5s 40e-5s -2.1e-58 

21.78+1 3378 + 1 108 + 1 

G(8) = 77e- 58 76.7e- 3s 5 -58 - e 
508 + 1 288 + 1 108 + 1 

93e-58 -36.7e-58 -103.3e-48 

508 + 1 1668 + 1 238 + 1 

It follows that hll = e- 7
+.

3ls , h22 = e- 3
+.

8ls , and h33 = e- 7
+.

9ls • The guideline for 
TIS 728 T3B 

tuning IMC filters gives 71 = 6.85, 72 = 4.90, 73 = 6.60. This results in the 

proposed multivariable PID controller 

[ 

21.8 + 0.9 + 26.88 -1.4 - 0.1 - 0.98 0 0002 + 0.04 1 
k = 1O-3 x -9.; - 0~9 59.3 + 2~: + 40.48 ~4.1 _ O~: , 

9.3 + 0.7 + 1.58 -3.2 - 0.3 -27.8 - u - 24.78 
s s s 

with ERRol = 4.33%, ERRo2 = 2.64%, ERRo3 = 1.95%, ERRdl = 4.58%, 
ERRd2 = 3.41 % and ERRd3 = 5.95%. Dong's method yields 
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Fig. 10.S. Step response for Example 10.2.1 
(-- proposed PID, - - - Dong's PID) 
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[
-0.144 0.365 -0.0101 

Kp = 0.153 -0.301 0.007 KJ = 10-3 X -1.0 2.4 -0.1 [ 
1.1 -0.8 0.011 

and 

-0.260 0.578 -0.036 

[ 
79.312 -180.405 4.583] 

K D = -76.487 173.189 -4.409 , 

119.610 -269.632 6.804 

1.3 -1.6 -0.9 

which leads to an unstable closed loop. When we eliminate one of the three 

parameters that has a different sign from the other two elements in kij , a 
stable step response can be obtained as shown in Figure 10.9. It can be seen 

that the proposed method shows much better performance than Dong's design. 

Generally, an equivalent process after decoupling a significantly interactive 

multivariable process becomes highly complicated. Though one can always de

tune the PID controller to a sufficient extent to generate a stable closed loop, 

a sluggish response must result. This is because a PID controller is too simple 
to re-shape complicated dynamics satisfactorily over a large frequency range 

for high performance. In such a case, a more complex controller than PID is 

necessary. 

10.2.3 High-order Controller 

In this subsection, we consider controller elements kij in the form of an nth
order rational transfer function plus a time delay L ij : 

(10.49) 

which needs to approximate the ideal kij as well as possible. The recursive 

least squares (RLS) algorithm for transfer function modelling from the fre

quency response presented in Chapter 7 can be applied to obtain the solution. 

Like the LS algorithm, the frequency range for RLS fitting is also chosen as 

(Wbmax/100, Wbmax) with steps of (l~O '" 11o)Wbmax' In this range, the RLS 
yields satisfactory fitting results in the frequency domain. The orders of the 

rational parts of the controller elements are determined to be the lowest such 

that for s E il, a set of performance specifications on loop performance (10.45) 
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Fig. 10.9. Step response for Example 10.2.2 
(-- proposed PID, - - - Dong's PID) 

and loop interaction (10.46) are satisfied. The controller design procedure can 

be summarized as follows. 

IMC-based MIMO design procedure 
Seek a feedback controller K(s) given G(s): 

Step 1. Specify hii in (10.30) with the method in Section 10.1 and Ii chosen 

as in (10.34). Determine the smallest Tt for each loop according to 

(10.39), (10.40) and (10.41), and set Tf = Tt. 
Step 2. Find the PID controller using the LS method and evaluate ERRoi in 

(10.45) and ERRdi in (10.46). If ERRoi and ERRdi meet the specified 

accuracy f.oi and f.di (usually 10%) respectively, end the design. 
Step 3. Otherwise, we have two options: if a PID controller is desired, update 

Ti by (10.47), and go to Step 2; else, go to Step 4. 
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Step 4. Adopt the high-order controller in (10.49); for each kij , start from a 
controller order of 2, apply the RLS to obtain kij, increase n until the 
smallest integer n is reached with (10.45) and (10.46) satisfied. 

In this subsection, apart from 2 by 2 processes, examples of 3 by 3 and 4 

by 4 processes are also given to show the effectiveness of the proposed design. 

Example 10.2.1 (cont'd). Reconsider G in Example 10.2.1. With T~ = 1.0143 

and Tg = 0.6821, a multivariable PID controller has been obtained there with 

with ERRol = 31.76%, ERRo2 = 93.23%, ERRdl = 42.14% and ERRd2 = 

43.31 %. For a high-order controller, our procedure gives 

K= [ 

-2.05482 - 1.4008 - 0.148 
82 + 0.4228 

-l.484s - 0.241 e-1.5s 
s 

1.005s2 + 0.1598 - 0.001 1 
82 + 0.0248 

2 ' 1.2268 + 2.4688 + 0.260 e-O.5s 
82 + 1.1878 

with ERRol = 7.71%, ERRo2 = 1.61%, ERRdl = 2.88%, and ERRd2 
3.25%. The step response is shown in Figure 10.10. Compared with the PID 

performance, we can see that the high-order controller gives much improved 

loop and decoupling performance. 
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Fig. 10.10. Step response for Example 10.2.1(continued) 
(-- proposed high-order, ...... proposed PID, - - - Dong's PID) 
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Example 10.2.3. The process studied by Luyben (1986) has the following 
transfer function matrix: 

[
0.126e-68 

608 + 1 
G(8) = 

0.094e- 88 

388 + 1 

_0.101e-128 1 
(458 + 1)(488 + 1) . 

-0.12e-88 

358 + 1 
-6.5" -8.5s 

We have hn = L--+1 and h22 = L--+1 . The initial parameter values are 710 = 
TIS T2S 

3.84 and 7~ = 5.37. The proposed IMC-based multivariable PID controller 

design method results in the overall controller: 

K- 8 
, [47.786 + 1.572 + 98.9408 1.969 + 8.1868 ] 

- 34.617 + 1.~12 + 71.4818 -22.903 - 1.0~27 - 59.5168 ' 
(10.50) 

with ERRol = 13.56%, ERRo2 = 25.37%, ERRd1 = 0.91% and ERRd2 
96.83%. Dong's method generates 

- [ -19.610 94.639] Kp= 
-23.851 56.086 

and 

- 3 [6.587 -9.443] 
KD = 10 * 

5.444 -7.948 

[
2.168 -1.343] , K1 = 
1.698 -1.675 

Our PID cannot achieve the decoupling performance specified, as shown in 

Figure 10.11, while Dong's PID controller results in an unstable closed loop 
in this case. There is little benefit to be gained by increasing 71 and 72. This 

is because the Nyquist curve of a PID controller is a vertical line in the com

plex plane and usually not sufficient to compensate for significant interactions. 

Therefore, we have to adopt a high-order controller to meet the requirement. 

With the same 7i, the resultant controller is 

K= [ 

87.03682 +16.8528+0.616 -1.49782 -0.4748-0.014 e-6 .48 1 
82+0.3868 82+0.0108 

61.43482 + 11.4248+0.446 -131.60483 -40.77382 -1.8878-0.015 
82 +0.3628 83 +1.82182+0.0048 

with ERRol = 1.36%, ERRo2 = 2.02%, ERRd1 = 2.08% and ERRd2 = 0.86%. 
The step response is shown as the solid line in Figure 10.11. We can see that 

the new controller K yields satisfactory performance, while the PID controller 

in (10.50) is not capable of that. 
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Fig. 10.11. Step response for Example 10.2.3 
(-- proposed high-order, ...... proposed PID) 

Example 10.2.4. Consider the Tyreus distillation column (Tyreus, 1982): 

1.986e-o.71s -5.24e-6Os _5.984e- 2 .24s 

66.7s + 1 400s + 1 14.29s + 1 

G(s) = 
-0.0204e-0 .59s 0.33e-0 .68s -0.015ge-21s 

(7.14s + 1)2 (2.38s + 1)2 las + 1 

-0.374e-7 .758 l1.3e- 3 .798 9.811e-1.598 

22.22s + 1 (21.74s + 1)2 11.36s + 1 

It r 11 th t h (-8+3.0274) -1348 h (-8+3.0274) -878 d 
10 ows a 11 = (8+3.0274)(71 8+ 1) e ., 22 = (8+3.0274)(72 8+ 1) e . ,an 

h - (-8+3.0274) -13.68 Th . ·t· 1 lIt d 0 - 1750 0_ 
33 - (8+3.0274)(73 S+ 1) e . e lUI la Ti are ca cu a e as T1 - . ,T2 -

11.90, and T~ = 17.70. The resultant elements of the high-order controller by 
the proposed method are 
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k 1.499084 + 0.182983 + 0.015782 + 0.00028 + 4 X 10-7 -13.4. 
11 = 84 + 0.122683 + 0.012982 + 3 X 10-58 e 

kA -0.054184 + 0.011283 + 0.001282 + 2 X 10-58 + 4 X 10-8 -6.1. 
21 = e 

84 + 0.126183 + 0.023782 + 6 X 10-58 

k 0.024184 + 0.001984 + 0.000283 - 4 X 10-682 - 1 X 10-78 - 2 X 10-10 -19.6. 
31 = 84 + 0.267483 + 0.027782 + 0.00208 + 4 X 10-68 e 

kA 0.939785 - 0.284784 - 0.005883 - 0.006182 - 0.00018 - 6 X 10-8 -9.3. 
12 = e 

85 + 0.179384 + 0.025283 + 0.002082 + 5 X 10-68 

k _ 1.207882 + 0.11068 + 0.0037 -8.7. 

22 - 82 + 0.26958 e 

kA 0.046884 - 0.015983 - 0.000782 - 4 X 10-58 - 7 X 10-8 -6.6. 
32 = e 

84 + 0.046283 + 0.002282 + 4 X 10-68 

k _ 0.254783 + 0.027682 + 0.00098 + 3 X 10-5 -12.1. 
13 - 83 + 0.093282 + 0.01218 e 

k _ 0.397882 + 0.02488 + 0.0007 -9.6. 
23 - 82 + 0.22838 e 

k _ 0.087682 + 0.00648 + 0.0002 -13.6. 
33 - 82 + 0.44958 e 

with ERRol = 0.31%, ERRo2 = 3.41%, ERRo3 = 5.78%, ERRdl = 1.25%, 

ERRd2 = 2.96% and ERRd3 = 4.42%. The step response is shown in Fig
ure 10.12, and has excellent performance. It should be pointed out that no 

stabilizing PID controller could be obtained until the closed-loop is so sluggish 
that it is virtually useless and cannot be shown in the figure. 

Example 10.2.5. Consider the 4 by 4 distillation column of Doukas and Luyben 

(1978): 

_11.3e-3.79s 0.374e-7.75s -9.811e -1.59s _2.37e-27.33s 
(21.748 + 1)2 (22.28 + 1)2 11.368 + 1 33.38 + 1 

5.24e-6O -1.986e-0.71s 5.984e-2.24s 0.422e-8.72s 
(4008 + 1) (66.678 + 1)2 14.298 + 1 (2508 + 1)2 

G(8) = 
_0.33e-0.68s 0.0204e -0.59s 2 .38e -0.42s 
(2.388 + 1)2 (7.148 + 1)2 (1.438 + 1)2 

0.513e- s 

4.48e-0.52s _0.176e-0.48s _11.67e-1.91s 
15.54e-s 

(11.118 + 1) (6.908 + 1)2 (12.198 + 1) 
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Fig. 10.12. Step response for Example 10.2.4 

We have h - __ 1_e-17.78s h - 1 e-17.45s h - __ 1_e-17.48s 
11 - (TlS+l) ,22 - (T2 s+1) ,33 - (T3 s+1) , 

and h44 = (T4;+1) e-8 .17s . The initial Ti are T~ = 23.90, Tg = 23.30, Tf = 23.30 
and T2 = 10.80. The resultant elements of the high-order controller using the 
proposed method are 
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k 0.62485 - 0.052884 - 0.019383 - 0.002482 - 0.00018 - 6 X 10-7 -5.98 
11 = 85 + 1.07384 + 0.13383 + 0.025482 + 0.00038 e 

1.00187 + 1.00486 + 0.88385 - 0.22184 - 0.00783 - 0.000482 - 7 X 10-68 

-5 X 10-8 

k21 = --~--~--~~~~--~~~~~~~~~~--~~~---
87 + 1.01186 + 0.90985 + 0.29284 + 0.029283 + 0.00382 + 8 X 10-68 

k 0.57185 + 0.007984 - 0.012283 - 0.001482 - 3 X 10-58 - 4 X 10-8 -9.98 
31 = 85 + 0.97484 + 1.06983 + 0.15582 + 0.00028 e 

k _ -0.006885 + 0.000384 + 0.000183 + 5 X 10-582 + 6 X 10-68 + 2 X 10-7 e -58 

41 - 85 + 0.17784 + 0.046783 + 0.004182 + 0.00038 

k 0.084285 - 0.039884 + 0.023783 - 0.005782 - 0.00028 - 2 X 10-6 -1.18 
12 = 85 + 0.63684 + 0.23883 + 0.040682 + 0.00358 e 

k _ -11.53883 - 0.42782 - 0.0048 - 1 X 10-5 -8.78 
22 - 83 + 0.23182 + 0.00078 e 

k _ 0.059485 + 0.058784 - 0.005883 + 0.002282 + 0.00018 + 6 X 10-7 e-15.38 

32 - 85 + 1.03584 + 1.16283 + 0.21482 + 0.01248 

k 0.006784 - 0.001983 + 2 X 10-582 + 3 X 10-68 + 3 X 10-8 -4.58 
42 = 84 + 0.34383 + 0.028282 + 0.00098 e 

k 0.98286 + 0.60785 - 0.18484 - 0.013283 - 0.001782 - 0.00018 - 2 X 10-7 -9.98 
13 = 86 + 0.98085 + 0.42284 + 0.099383 + 0.007582 + 2 X 10-58 e 

k 9.82083 + 0.32882 + 0.00188 - 8 X 10-7 -15.88 
23 = 83 + 0.069482 + 2 X 10-58 e 

k _ 0.12082 + 0.02018 + 0.0018 -21.28 
33 - 82 + 0.1668 e 

k _ -0.036583 + 0.005782 + 0.00118 + 0.0001 e-8.98 

43 - 83 + 0.16982 + 0.00678 

k -0.043984 - 0.003183 - 0.000382 - 4 X 10-58 - 1 X 10-7 -5.68 
14 = 84 + 0.20483 + 0.025682 + 5 X 10-58 e 

k _ 0.52983 + 0.010982 + 0.00018 - 2 X 10-7 -68 
24 - 83 + 0.033682 + 0.00018 e 

k' -0.00238 + 0.0007 -58 
34 = e 

8 

k _ -0.008783 + 0.002782 + 0.00038 + 1 X 10-6 -2.18 
44 - 83 + 0.069282 + 0.00038 e 

with ERRdl = 0.33%, ERRo2 = 9.52%, ERRo3 = 3.05%, ERRo4 = 0.08%, 
ERRdl = 7.08%, ERRd2 = 4.84%, ERRd3 = 8.52% and ERRd4 = 6.53%. The 
step response is shown in Figure 10.13, and the effectiveness of the controller 
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is evident. Like Example 10.2.4, no reasonable PID controller could be found 
for this example. 
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Fig. 10.13. Step response for Example 10.2.5 

10.2.4 Stability Analysis 

In this subsection, we consider both nominal stability (G = G) and robust sta

bility (G i:- G). First, assume G = G in the absence of model uncertainty. As 

the process G (8) is assumed to be stable and the controller K (8) is designed 

to contain no poles in the right half of the complex plane except the origin, ac

cording to the generalized Nyquist theorem (with the Nyquist contour indented 

to the right around the origin) (Maciejowski, 1989), the closed-loop system is 

stable if and only if the characteristic loci of G(8)K(8), or Q(8), taken together, 

do not encircle the point -1. 
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Thus, in principle, with the generalized Nyquist theorem, the nominal sta
bility of the system can be determined by calculating the characteristic loci 

of Q and counting their encirclements of the point -1. However, it is not 
easy to calculate the characteristic loci, especially for processes with many in

puts/outputs. Notice that we are adopting a decoupling design, and as a result, 
the compensated open-loop transfer function Q(s) is likely to have a high de

gree of column dominance, and its Gershgorin bands will be generally narrow. 

By Gershgorin's theorem (Maciejowski, 1989), we know that the union of the 
Gershgorin bands "trap" the union of the characteristic loci, and we can as

sess closed-loop stability by counting the encirclements of -1 by the Gershorin 

bands, if they exclude -1, since this tells us the number of encirclements made 

by the characteristic loci. Thus, the closed-loop system is stable if all the Ger
shgorin bands exclude and make no encirclements of the point -1. 

Note that the elements of G(s) are strictly proper and the elements of 
K(s) are designed to be proper. Then, fiji, the elements of Q(s) = G(s)K, are 

also strictly proper, i.e., lims-+oo qji(S) = O. Thus, 2:;:llfiji(S)1 < € (where 
o < € < 1) is likely to hold for s E {J, where {J denotes the compliment of fl in 

the Nyquist contour. We have the following theorem. 

Theorem 10.2.1. (Nominal Stability) Assume 2:7=1 Ifiji(S)1 < €, for s E {J 

and i E m, then the multivariable closed-loop system in Figure 10.7 is nominally 
stable if for s Efland each i E m, (10.45) and (10.46) are satisfied, and 

or 

Proof. By definition, the ith Gershgorin band of Q(s) is 

where 

G~r(s) = {z E Cliz-fiiil :::; L Ifiji(s)I}· 
iii 

Since (10.45) and (10.46) are satisfied for s E fl, we have for s E fl 

and 

(10.51 ) 

(10.52) 

(10.53) 

(10.54) 
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Iqii-qiil+ L Iqjil ~ Eoilqiil+Edilqiil ~ (Eoi+Edi+EoiEdi)lqiil· (10.55) 
j#.i 

Thus for z E G!r, where 8 E n, we have 

Iz-qiil ~ Iqii-qiil+lz-qiil ~ Iqii-qiil+ L Iqjil ~ (Eoi+Edi+EoiEdi)lqiil· 
j#.i 

If the condition in the theorem holds, then 

which means that the distance from qii to the point -1 is greater than that from 

qii to any point in G!r so that the Nyquist curve of qii and the ith Gershgorin 

band G~r have the same encirclements with respect to the point -1. 

Since I:j:l Irlji(8)1 < E, for 8 E n and i E m, then for z E G!r(8), where 
8 E n, we have 

and 

Izl-Iqiil ~ Iz-qiil ~ Llqjil, 
j#.i 

Izl ~ Iqiil + L Iqjil < E < 1, 
j#.i 

which implies that no encirclement can be made by the Gershgorin band. The 

same can be said for qii, due to the assumed Iqii(8)1 < 1 for 8 E n. Thus, 
the Gershgorin bands make the same number of encirclements of the point -1 

as the Q = diag {qii} does, and the system is stable as H = diag {hii } is so. 

Noticing Ihii(jW)1 ~ 1, Vw, (10.51) is true if 

Eoi + Edi + EoiEdi < 1. (10.56) 

The proof is complete. 

In the proposed algorithm, both Eoi and Edi are usually set as 10%. Then 

(10.56) can be satisfied with a large margin and nominal stability of the de

signed multivariable system can be expected. 

In the real world where the model does not represent the process precisely, 

nominal stability is not sufficient, and robust stability of the closed loop has 

to be ensured. The multivariable control system in Figure 10.7 is referred to as 

being robustly stable if the closed loop is stable for all members of a family of 

possible processes. Let the actual process be denoted by 0(8) and the nominal 

process still by G(8). The following assumptions are made. 
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Assumption 10.1 The actual process O(s) and the nominal process G(s) do 

not have any unstable poles. The actual process 0(8) and the nominal process 

G (s) are strictly proper. 

Consider the family of stable processes n with norm-bounded uncertainty 
described by 

(10.57) 

where 8(w) is the bound on the multiplicative uncertainty Llij . Let the per

turbed open-loop transfer matrix OK(8) be denoted Q and its elements qji(S). 

As the elements of K (s) are designed to be proper, qji are thus strictly proper, 

i.e., lims-+oo qji(S) = O. Thus, L:7=1Iqji(S)! < f (where 0 < f < 1) is likely to 
hold for sED. We have the following theorem. 

Theorem 10.2.2. (Robust Stability) Assume L:;:1 !qji(s)1 < f, for 8 E D 
and i E m, then the multivariable closed-loop system in Figure 10.7 is robustly 

stable for all processes in n if for 8 E n and each i E m, (10.45) and (10.46) 

are satisfied, and 

(10.58) 

Proof. The ith Gershgorin band of the actual open-loop transfer matrix Q(s) 
is 

where 

0~r(8) = {z E c Ilz-qul:S I:lqji(S)I}. 
#i 

Since (10.45) and (10.46) are satisfied for sEn, we have for 8 E n 
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Iz - qii[ = 1(t1ii - qii) + (Z - t1ii) I 

:s lt1ii - qiil + Iz - cliil 

:s Iclii - qiil + L Icljil 
#i 

m 

1=1 

m 

1=1 

m 

j,I=1 

m m 

#i 1=1 

m 

#i 

m 

:s (Eoi + Edi + EoiEdi) Iqiil + 8 L Iqji I 
j=1 

m m 

#i 1=1 

:s (Eoi + Edi + EoiEdi)lqiil + 8((1 + Eoi)lqiil + Edilqiil) 

:s (Eoi + Edi + EoiEdi + 8(1 + Eoi + Edi))lqiil· 

It follows that 

Iz + 11 = 1(1 + qii) + (z - qii)1 

~ 11 + qiil - Iz - qiil 

~ 11 + qiil- (Eoi + Edi + EoiEdi + 8(1 + Eoi + Edi))lqiil, 

which is positive, i.e., the portion of the Gershgorin bands for s E fl exclude 
the point -1 if (10.58) holds. 

Since I:~1 Iqji(S)1 < E, for s Efland i E m, then for z E G!r(s), where 
s E fl, we have 

Izl-lcliil:S IZ-cliil:s LIt1jil, 
#i 

giving 

or 

Izl :s lt1iil + L lt1jil < E < 1, 
#i 

Iz+ll > O. 

Therefore, the Gershgorin bands will exclude -1 for all s on the Nyquist contour 

and will not change the number of encirclements of the point -1 compared with 

the nominal system. The system is robust stable. 
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Note that Ihii(jw) I < 1, Vw, and it follows that (10.58) is true if 

(10.59) 

Let foi = fdi = 10%, then the robust stability of the closed-loop can be guar

anteed by 

8(w) < 64.92%. (10.60) 

Note that for 8(w) = 0, i.e., in case of no process uncertainty, then the robust 

stability condition (10.59) is simplified to (10.56). 

Example 10.2.2 (cont'd). Reconsider Example 10.2.2. To demonstrate robust

ness, introduce a 20% perturbation in dead time L ij , and 50% perturbation 

gain of gij' It can be easily calculated that lL1ij(jw)1 ::; 55.98% for sED. Thus 

robust stability can be guaranteed by our algorithm with foi = fdi = 10%. The 

closed-loop performance is shown in Figure 10.14, and the column Gershgorin 

bands are shown in Figure 10.15. One observes that the system is robustly 

stable, indeed. 
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Fig. 10.14. Robust performance for Example 10.2.2(continued) 
(-- proposed PID, - - - Dong's PID) 
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(a) G~r 

.. 

... 

.. . , 

(c) G~r 

.. 

Fig. 10.15. Column Gershgorin bands for Example 10.2.2 (continued) 

.. 



11. Partial Internal Model Control 

For open-loop stable processes, the IMC approach provides a very simple yet 

powerful parametrization of all stabilizing controllers. The IMC factorization 

procedure gives valuable insights into the inherent control limitations of par

ticular models. However, when open-loop unstable processes are considered, 

the original IMC structure cannot be used for control system implementation. 

This is because under the perfect match situation, the IMC system becomes 

an open-loop one and unstable processes are thus not stabilized at all. These 

unstable processes can be pre-stabilized using conventional feedback before the 

normal IMC structure is applied (Garcia and Morari, 1982). Chapter 9 has pre

sented an alternative IMC-based method to design the conventional single-loop 

feedback controller for the unstable process. The IMC frame is abandoned in 
implementation in this situation. 

In this chapter, a new IMC scheme is proposed to control unstable pro

cesses and to provide stability. In this scheme, the process transfer function 

model is expressed as the sum of two parts. One contains all the unstable poles 
of the process while the other is the stable part. Unlike the original IMC, in our 
method, only the stable part of the process model is used as the internal model. 
In the case of a perfect match, the stable part of the process is cancelled by the 
internal model. The anti-stable part, which contains all the unstable poles and 

is usually of low-order dynamics, remains in the closed loop and can easily be 
stabilized using a low-order controller such as PID. In this scheme, only part 

of the process model is used as the internal model. Thus, this new approach 

is named Partial Internal Model Control (PIMC). When a stable process is 

concerned, the PIMC becomes the IMC. The internal stability analysis of the 

proposed PIMC scheme shows that the PIMC system is internally stable when 

the primary controller stabilizes the anti-stable part of the process. Asymp

totic tracking and regulation can be achieved by the proposed PIMC system 

or a Modified PIMC (MPIMC) scheme. The primary controller design is not 

complicated. 
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The chapter is organized as follows. The original IMC method is briefly 

reviewed in Section 11.1 and the PIMC strategy is proposed in Section 11.2. In 

Section 11.3, the internal stability of the PIMC system is analyzed. In Section 

11.4, asymptotic tracking and regulation of the PIMC are addressed. Section 

11.5 gives the primary controller design methods for the PIMC and the MPIMC 

system. Section 11.6 presents the robustness analysis. Several practical issues 

on the PIMC are discussed in Section 11.7. In Section 11.8, simulation results 

are given to demonstrate the PIMC scheme. A real-time implementation is 

presented in Section 11.9. 

11.1 Review of the IMe 

To understand why the IMC scheme fails for unstable processes and how the 

problem can be rectified, we briefly review the IMC scheme to motivate our 

new control scheme. It is well known (Garcia and Morari, 1982; Garcia and 

Morari, 1985) that an open-loop arrangement represents the best way to achieve 

fast and accurate set-point tracking. For open-loop scheme, the internal sta

bility problem, which is complicated in feedback systems, is trivial and the 

controller is easy to design. However, the disadvantages are the sensitivity of 
the performance to process/model mismatch and the inability to cope with un

measurable disturbances. To solve these problems, feedback is needed. Based on 
the idea of taking advantage of both open-loop scheme and feedback strategy, 

internal model control structure is proposed (Garcia and Morari, 1982). The 

block diagram of the 1M C loop is shown in Figure 11.1, where the process G (8) 
is assumed to be stable, and 0(8) is the process model, which is used as the 

d 

r~ __ L~~L--_K~IU :'6~~G I ~~ .!. 
I _+1 I A ~ + 

w /~~----il G _ 

1 

Fig. 11.1. General IMC-c1ass scheme. 
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internal model. Let rand d be the set-point and load disturbance respectively. 
It follows from Figure 11.1 that 

y = G(s)KJs) r+ 1 - O(s)!(s) G(s)d, 
1 + (G(s) - G(s))K(s) 1 + (G(s) - G(s))K(s) 

(11.1) 

which, under the perfect match G(s) = O(s), is reduced to 

y = 0(s)K(s)r+[1-0(s)K(s)]0(s)d. (11.2) 

Equation (11.2) shows that 'perfect' control could be achieved by selecting 

K(s) = 0-1(S). However, to ensure internal stability, the controller K(s) 
should be stable. The process model is then factorized as 

(11.3) 

where O+(s) contains all the time delays and unstable zeros. Consequently, 

1/0-(s) is stable and does not involve predictors. The IMC controller is de
signed as 

K(s) = f(s)/O-(s), (11.4) 

where f(s) is a low-pass filter which is chosen such that K(s) is bi-proper. With 

this primary controller, it follows from (11.2) that 

y = 0+(s)f(s)r+[1-0+(s)f(s)]G(s)d. (11.5) 

The closed-loop transfer function from r to y, HYT = O+(s)f(s), contains only 
part of the process, 0+. This part limits the achievable control performance, 
but these inherent limitations cannot be removed by any control system. Thus, 

this IMC controller will lead to a perfect controller (Garcia and Morari, 1982). 
If the model is perfect (G(s) = O(s)) and there is no disturbance (d = 0), 

the model output fj and the process output yare the same, which causes the 

feedback signal (y - fj) to be zero. Thus, when there is no uncertainty, the 

control system becomes an open loop. This shows very instructively that, for 

open-loop stable processes, feedback is needed only because of uncertainty. 

It is this character of the IMC that makes it unable to control the open-loop 

unstable system. The reason is simple: if (G(s) = O(s)) and d = 0, the feed

back signal equals zero, which means that the IMC system is open loop and 

becomes unstable for an unstable process. Morari and Zafiriou (1989) pointed 

out that in this case we have to abandon the IMC structure for the control sys

tem implementation. They then proposed to use the IMC parametrization for 
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the design of a single-loop controller to control unstable processes. As they still 
used the original IMC idea, i.e., 8(s) = G(s), the designed controller has to 

meet some constraints to ensure the single-loop control system is internally sta

ble. Rotstein and Lewin (Rotstein and Lewin, 1991; Rotstein and Lewin, 1992) 

used the same idea to tune the PID controller for low-order unstable processes. 

However, when high-order unstable processes are considered, high-order con

trollers are usually required with these methods. A simple and practical scheme 

to improve the IMC in this regard is really needed. 

11.2 The Proposed PIMC Scheme 

Unstable processes are always a challenge to control system design. To deal 

with such processes, feedback is always needed and the first issue for the feed

back design is to ensure the internal stability of the closed-loop system. The 

idea of using a controller to cancel an unstable process or its unstable poles 

leads to internal instability of the system and should be avoided (Morari and 

Zafiriou, 1989). In addition, control performance and controller simplicity are 

also important for practical applications. Along with these considerations, a 

general control scheme which includes the IMC as a special case is shown in 
Figure 11.1, where F(s) is a pre-filter. In the case 8 = G, it becomes the IMC. 
In general, however, 8 may not be the same as G. Our goal here is to find the 
best 8 for an unstable G in some sense. Recall that the idea of the IMC is 
choosing the internal model 8 such that internal stabilization of the compen
sated process (G - 8) by the primary controller K is trivial, the design of K to 

meet performance specifications is easy, and yet the resultant K is simple. This 
can readily be achieved by setting 8 = G for a stable G. But for an unstable 

G, we note that 8 cannot have any unstable pole of G for internal stability 

of the closed-loop (this will be shown in Section 11.4). Obviously, we do not 

want 8 to have any other unstable poles either. If otherwise, the compensated 

process (G - 8) has more unstable poles than the process itself, which further 

complicates internal stabilization and primary controller design for (G - 8) 
and may cause performance deterioration compared with the control design for 

G. This analysis clearly indicates that only a stable 8 should be used. 

The goal now is to choose a stable 8 for an unstable G such that (G - 8) 
is as simple as possible in some sense for enhancement of control performance 

and ease of control design and implementation. In the context of control, the 

order of a process is a major measure of simplicity within the set of rational 

transfer functions. A low-order process is usually easier to control than a high-
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order process if other properties such as stability and damping of these two 
processes are similar. An additional advantage of having a low-order process 
is that a low-order controller is sufficient to meet control specifications. For 

instance, we have two processes, G1 = /'.24 and G2 = (s-4)?S+I)3' where Cl 

and C2 are constants. In a unity negative feedback configuration, a constant 

controller can stabilize G1 and a PI controller can control G1 very well. But it 

can be shown (Wang et al., 1997d) that the minimal order of stabilizers for G2 

is 3. The control design for high-order unstable processes like G2 is not easy. A 

pole-placement controller of order 4 may be designed for G2 but it is usually 

sensitive to modelling errors. 

Therefore, our task is now to determine a stable G for a given unstable G 

such that (G - G) has minimal order. To this end, let Ai and At be stable and 
unstable poles of G, respectively. The partial fraction expansion of G yields 

_ N _ + N A+ 
n Ai - n j b"!-

G(8) = L L bik_ k + L L J\ k' Re(Ai) < 0, Re(Aj) ~ 0, 
i=1 k=1 (8 - Ai) j=1 k=1 (8 - Aj ) 

(11.6) 

where N)..-:- and N)..+ are the multiplicities of the poles at 8 = Ai and 8 = At, 
• J 

respectively. Define 

(11. 7) 

and 

(11.8) 

One notes that (G - G) always contains unstable poles of G since G has been 
assumed to be stable. The order of (G - G) is thus larger than or equal to 

+ 
the number (2:7=1 N)..+) of unstable poles of G (multiplicities included) and 

J 
n+ ~ 2: j =1 N)..+ is thus a lower bound for the order of (G - G). As a result, the 

J 

stable G which minimizes the order of (G - G) is given by 

G=G-, (11.9) 

~ + 
since in this case the order of G - G = G+ is just 2:7=1 N)..+ and thus reaches 

J 

the lower bound. One sees that G- is a part but not the whole of the G. Hence, 

the scheme in Figure 11.1 with G = G- is called the Partial Internal Model 

Control, and abbreviated as the PIMC, to distinguish it from the IMC. 
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As a demonstration, consider an unstable process 

1 
G(s) = (s _ l)(s + 1)3' 

which has a high order of 4 and is difficult to control. G can be expressed via 

the partial fraction expansion as 

1 _s2 - 4s - 7 
G = 8(s -1) + 8(s + 1)3 = G++G-. 

Take G = G- , then the compensated process which the primary controller K 

faces is G - G = G+ = 8(s~1)' which is only of first order and is easy to control, 
as discussed above. 

For the control system in Figure 11.1, the closed-loop transfer function is 

y = G(s)K(s) ~ r+ 1 - G(s)K(s)~ G(s)d. 
1 + K(s)(G(s) - G(s)) 1 + K(s)(G(s) - G(s)) 

(11.10) 

In the PIMC, G = G+ + G-, G 
becomes 

G-, and the input-output relationship 

G(s)K(s) 1 - G-(s)K(s) 
y = 1 + G+(s)K(s) r+ 1 + G+(s)K(s) G(s)d. (11.11) 

Equation (11.11) shows that only the anti-stable part G+ remains in the loop 
and needs to be stabilized by the controller K(s). Compared with the original 
IMC method, the feedback loop here is used not only for process uncertainty 
but also for stabilization of the process. 

We now consider two extreme cases of the PIMC. If G has no stable poles, 
the partial internal model G = G- = 0, and Figure 11.1 reduces to a unity 

feedback loop. The controller K(s) is designed with respect to the process G. 

When G is stable, G+ = 0 and G = G- = G. The PIMC scheme in this case 

becomes the IMC. Thus, the IMC can be regarded as a special case of the 

PIMC. 

11.3 Internal Stability Analysis 

A control system must be stable. In this section, internal stability of the PIMC 

system is analyzed. In the PIMC, the primary controller K is designed with 

respect to G - G = G+. Let G+ = ~ and K = ~ be polynomial fractions. 

Suppose that K stabilizes G - G = G+, i.e., q = aa+ + fib1 has all its roots in 
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the open left half of the complex plane (LHP) (Chen, 1984). The question is 
whether the PIMC system is internally stable if K stabilizes G - 8 = G+. 

Recall that a linear time-invariant control system is internally stable if the 
transfer functions between any two points of the system are stable (Morari and 
Zafiriou, 1989). Thus, in order to test for internal stability, the transfer func
tions between all possible inputs and outputs should be examined. Accordingly, 

for the PIMC system in Figure 11.1 with 8 = G-, by introduction of the sig

nals wand d, the closed loop is internally stable if and only if the transfer 

matrix H between [y fj ujT and [r d wjT is stable. By a straightforward but 

tedious analysis, it can be shown that this H is indeed stable under our PIMC 
scheme if K stabilizes G - 8 = G+. A simpler proof can be obtained by an 

easy application of our newly developed theorem on internal stability (Wang et 

al., 199ge), and is thus presented below. Before stating the theorem, we need 

the concept of Mason's system determinant. The determinant of the system is 

defined (Mason, 1956; Franklin et al., 1994) by 

6 = 1-LLli + LL2j - LL3k+ ... , (11.12) 
j k 

where Lli are the loop gains of the system and L2j and L3k are the products 

of 2 and 3 non-touching loop gains. 

Theorem 11.3.1. (Wang et al., 199ge) A system with m scalar plants Gi(s) = 

~, i = 1,2, ... ,m, where ~ are polynomial fractions, is internally stable if and 

only if the characteristic polynomial defined by 

m 

P(s) = ~ IT ai(s) (11.13) 
i=l 

is a stable polynomial, where ~ is the system determinant. 

For the PIMC in Figure 11.1 with 8 = G-, let G = ~ = G+ +G- = *t+~, 
and K = ~. Then, it follows from (11.13) that P(s) for this system is given by 

P = {1- [(3b2 - !i(.!2 + ~)l} aa-a-a+ 
aa- a a- a+ 

= (aa+ + (3bd(a-)2, (11.14) 

which is stable if and only if (aa+ + (3b1 ) is stable, or if and only if K stabilizes 

G+ = *t. Hence, we obtain the following theorem on internal stability of the 

PIMC system. 

Theorem 11.3.2. The PIMC system shown in Figure 11.1 with 8 = G- is 

internally stable if and only if K stabilizes G+ . 
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The following claim is made in Section 11.2 and its proof is given here. 

Theorem 11.3.3. The system in Figure 11.1 is internally unstable if 0 has 
any unstable pole the same as that of G. 

Proof. Suppose that 0 and G have a common unstable pole at s = A + , A + ~ 0, 

that is G(s) = (s-:liL(s) and O(s) = (s-11ik.(s). It follows from (11.13) that 

for K = ~, P(s) in this case is 

_ (3b (3b)) ( +)2 ~ 
P(s) - [1- (a(s _ A+)ar a(s _ A.+)ar a s - A arar 

= [a(s - A+)arar - (3bar + (3bar)(s - A+), (11.15) 

which is always unstable due to the existence of the unstable factor (s - A+) in 

P(s). By Theorem 11.3.1, the system in Figure 11.1 is thus internally unstable. 

11.4 Asymptotic Tracking and Regulation 

Asymptotic tracking and regulation are always desired properties for industrial 

process control systems. It is noted (Garcia and Morari, 1982) that an implicit 

integral action is included in the standard IMC to achieve zero offset for step 
inputs if and only if K(O) = 0- 1 (0). The same can be done for the PIMC. To 
see this, Figure 11.1 with 0 = G- is redrawn into its equivalent in Figure 11.2, 

where 

- K 
K= . 

1- G-1K 

To generate an integrator in K requires that 

1- G-(O)K(O) = 0, 

or 

K(O) = (G(O))-l. (11.16) 

If (11.16) holds, the output y has zero steady-state error in response to the 

set-point change r and the load disturbance d of step-type (Garcia and Morari, 

1982) provided that the closed loop is stable. 

An alternative scheme for tracking/regulation using the PIMC is proposed 

in Figure 11.3 and termed Modified PIMC (MPIMC) for ease of reference. 

One will see from below that this MPIMC can automatically achieve asymp

totic tracking and regulation for any type of external inputs and removes a 
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F 

y .. r~ 
I 

Fig. 11.2. Equivalence of PIMC 

d 

y 

Fig. 11.3. Modified partial internal model control system 

(11.16)-like constraint on the controller. For the MPIMC, the controller K is 
constructed as 

(11.17) 

Kl is determined by the internal model principle (Chen, 1984) as 

1 
Kl(S) = </>(S) , (11.18) 

where </>(s) is the least common denominator of the anti-stable parts of r(s) 
and d(s), respectively. For example, if both r(s) and d(s) are of step type, then 

r(s) = ; and d(s) = ;, leading to </>(s) = sand Kl(S) = ;. If either of rand d 
is changed to ramp type, then Kl(S) = ~. We define GK1 as the generalized 

process: 

- G 
G:= GK1 = ¢;' (11.19) 
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and expand it as 

(11.20) 

-- =+ -where G and G are the stable and anti-stable parts of G respectively. Like 

in the PIMC, only G- is used in MPIMC as the parallel compensator to cancel 

the stable dynamics of the generalized process, and K2 is required to stabilize 
- -- =+ 

(G - G ) = G . We can now establish the following theorem on asymptotic 

tracking and regulation of the MPIMC. 

Theorem 11.4.1. The MPIMC system in Figure 11.3 has a zero steady-state 
error provided that G(s) has no zeros coinciding with roots of ¢(s) and K2 
stabilizes If. 

Proof. Under the assumed condition that G(s) has no zeros coinciding with 

roots of ¢(s), there is no unstable pole-zero cancellation between G(s) and 

K 1 . One may then regard GK1 = G as one single process, and the MPIMC in 

Figure 11.3 is a PIMC system. It follows from Theorem 11.3.2 that the MPIMC 
system is internally stable if K2 stabilizes G - G- = If. The output error is 

obtained from Figure 11.3 as 

e(s) := r(s)-y(s) = Ger(s)r(s)+Ged(s)d(s), (11.21) 

where 

Ger(s) = [1 - cF (s)K-=-~s)] ¢(s), 
¢(s) + [G(s) - ¢(s)G (S)]K2(S) 

and 

Ged(s) = _ [G(s) - G(s)Cr (S~K2(S)] ¢(s). 
¢(s) + [G(s) - ¢(s)G (S)]K2(S) 

Since the system has been shown to be stable, the final value theorem is appli

cable: 
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e(oo) = lim s(Ger(s)r(s) + Ged(s)d(s)) 
8-+0 

= lim s [ [1 - cF (S)K2(S)] ] [¢(s)r(s)] 
8-+0 ¢(s) + [G(s) - ¢(s)G (S)]K2(S) 

- lim s [ [G(s) - G(s)CF (S)K2(S)] ] [¢(s)d(s)] 
8-+0 ¢(s) + [G(s) - ¢(s)G (S)]K2(S) 

= lim s lim [ [1 - cF (S)K2~S)] ]lim[¢(S)r(s)] 
8-+0 8-+0 ¢(s) + [G(s) - ¢(s)G (S)]K2(S) 8-+0 

_ lim s lim [ [G(s) - G(s)CF ~~K2(S)] ] lim [¢(s)d(s)] 
8-+0 8-+0 ¢(s) + [G(s) - ¢(s)G (S)]K2(S) 8-+0 

= 0 . Cl . C2 - 0 . C3 . C4 

= 0, 

where Cl, C2, C3 and C4 are finite constants. The proof is completed. 

11.5 Primary Control Design 

The design of the primary controller K(s) in PIMC/MPIMC systems is con

sidered in this section. For the PIMC in Figure 11.1 with G = G-, the primary 

controller K(s) is determined such that it gives rise to an internally stable 

system, satisfies (11.16) by having zero steady-state error for external inputs 

of step-type, and meets the dynamic performance specifications given by the 
user. For the MPIMC in Figure 11.3, the controller design is the same as for 
the PIMC except that it does not need to satisfy (11.16). It is noted that the 
unstable processes encountered most commonly in industry actually have only 
one unstable pole. Integral processes and chemical reactors are examples. In 
the rest of this section, we assume that the process is described by 

_ b(s) + 
G(s) - (s _ oX+)a-(s)' oX 20, (11.22) 

where a-(s) is a stable polynomial. We present an analytical design solution 

for the primary controller for both PIMC and MPIMC in terms of the desired 

closed-loop specifications. A similar solution for the process with two unstable 

poles is given in Appendix A of this chapter. 

11.5.1 PIMC Primary Controller Design 

Consider Figure 11.1 with G = G-. Gin (11.22) can be expanded into 
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G(s) = _b_1 _ + b2(s) . 
s-,X+ a-(s) (11.23) 

Choose K(s) as 

K(s) _ k2s + 1 
- k1s + G-(O) (11.24) 

Note that K(O) = (G-(0))-1 and that such a K(s) satisfies (11.16). Assume 

that the desired closed-loop specifications are given by the following stable 

second-order dynamics: 

(11.25) 

With G - G- = G+ = s~h and K(s) in (11.24), the actual characteristic 

polynomial P(s) for Figure 11.1 with G = G- is determined using (11.14) as 

P() ( -( ))2k [2 (G-(O) - k1'x+ + k2bd b1 - 'x+G-(O)] 
s = a s 1 s + k1 S + k1 

:= (a-(s))2k1 Pc(S). 

We match the adjustable part Pc(s) in P(s) to Pd(s), that is Pc(s) = Pd(S). 
This yields the solution for the remaining controller parameters as 

[ ::] = [t;{ -G-(O);' ;';I'::~r'+a-(o)J)) . (11.26) 

~ and Wo are important factors for satisfactory behaviour of a system. ~ is the 
resultant system damping factor and is usually chosen as 0.707. A large value 
of Wo results in a fast system response but may require much control effort. 

The selection of Wo is usually related to the real part of the unstable pole ,X + . 

11.5.2 MPIMC Primary Controller Design 

Consider Figure 11.3 with G in (11.22) and ¢(s) = s, which is the most common 

case. The generalized process G = q. is expanded into 

(11.27) 

where a- is a stable polynomial. Formulas for determining J.l1, J.l2 and b2 for 

typical unstable processes can be found in Appendix B of this chapter. K2(S) 
is taken as K2(S) = k1s + k2. In this case, the complete primary controller is 

(11.28) 
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which is exactly a PI controller. It follows from (11.13) that the closed-loop 
characteristic polynomial for the MPIMC can be obtained as 

P(s) = (a-(s))2(1 + kl lld(S2 + klll2 - V + k21lI S + k21l2 ) 
1 + kllll 1 + killi 

:= (a-(s))2(1 + kllldPc(s), (11.29) 

where only Pc is adjustable. Suppose that the desired closed loop is still specified 

by (11.25). Then, we make 

2 klll2 - .x + + k21lI k21l2 
S + s+ = s2+2~wos+w5, 

1 + kllll 1 + kllli 
(11.30) 

whose solution is 

(11.31) 

11.6 Robustness Analysis 

In the real world where the model does not represent the process exactly, nom
inal stability analysis is not sufficient. Stability robustness of the proposed 

PIMC scheme has to be investigated. 

11.6.1 Robust Stability 

Suppose that an actual process is described by G, which is unknown to us. 
What we know is a nominal process (or a model for it), 0 = 0+ +O-(s). Since 

the MPIMC is a special case of PIMC, we need only to consider the PIMC 
system in Figure 11.4 with the internal model 0- and the process described 
by 

II = {G(s): IG(s) -O(s)1 :S ,(s)}, (11.32) 

where ,(s) is a stable bound function on the additive uncertainty G(s) - O. 
As the standard assumptions in robust analysis, we assume that a primary 

controller K has been designed such that the nominal closed-loop system is 

stable, i.e., K stabilizes 0+, and that G has the same number of unstable poles 

as O. The PIMC system in Figure 11.4 can be re-drawn into Figure 11.5, where 

K = ---1f-+ is stable. It then follows from the the robust stability theorem 
l+G K 

(Doyle et al., 1982) that the system in Figure 11.5 is robustly stable if and only 

if IIK(G - 0)1100 < 1, or IIK,lIoo < 1 holds. Therefore, we obtain the following 
result on robust stability of PIMC systems. 
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Fig. 11.4. PIMC robust stability analysis 
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Fig. 11.5. Equivalent robust stability analysis scheme for PIMC 

Theorem 11.6.1. A PIMC system is robustly stable if and only if 

IIK(s)')'(s)lloo < 1. (11.33) 

11.6.2 Practical Stability 

Palmor (1980) pointed out that there is a 'practical unstable' problem in some 
Smith Predictor control system in the sense that a nominally stable Smith sys

tem may become unstable when there is an infinitesimal mismatch. The prac

tical stability concept (Yamanaka and Shimemura, 1987; Wang et al., 1998b) 
addresses this phenomenon. The closed loop is said to be practically stable if 
and only if there exist positive numbers WM and (j such that the closed loop is 
stable for every process satisfying 



11. 7 Practical Aspects 333 

(11.34) 

As such, practical stability analysis concerns system stability during an in

finitesimal perturbation of the process, or an infinitesimal mismatch between 
the process and the model, and thus is a special case of robust stability. 

If w is finite, K(jw) is also finite. We can thus choose sufficiently large WM 

and sufficiently small a such that 'Y(jw) can be made arbitrarily small and 

IK(jw)'"'((jw) 1 < a, 0::; w ::; WM. (11.35) 

When w approaches infinity, one notes that 

1· IK-(·)I 1 1· K(jw) 1 
1m JW = 1m 1 G+ (. )K(. ) < 00, w-+oo w-+oo + JW JW 

(11.36) 

since K (s) is proper and G+ (s) is strictly proper, and that 

lim IG(jw)-O(jw)1 = 0, w-+oo 

or 

lim 'Y(jw) = 0, w-+oo 
(11.37) 

if G(s) and O(s) are both strictly proper. Equations (11.36) and (11.37) imply 

that 

lim IK(jw)'"'((jw) 1 = 0, w-+oo 
(11.38) 

for strictly proper G(s) and O(s). And (11.35) and (11.38) together show that 

IIK'Ylloo < 1 and the system is stable for every G(s) satisfying (11.34). 

Theorem 11.6.2. The PIMC system of Figure 11.4 is practically stable if both 
the process G and its model 0 are strictly proper. 

11.7 Practical Aspects 

In this section, several issues concerning the use of PIMC/MPIMC systems are 

discussed. 

11.1.1 Pre-filter Design 

It is noted that severe overshoot and undershoot may sometimes exist in a 

PIMC for a set-point change. This is caused by improper zeros/poles in the 
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closed-loop transfer function. In order to reduce this, a pre-filter F(s) can be 
placed in front of the closed loop, as shown in Figure 11.1. 

PIMC Case. Consider the most common case in which the process has only 
one unstable pole at s = ,X + and is described by 

_ b(s) _ b1 b2(s) _ + _ 
G(s) - (s _ ,X+)a-(s) - s _ ,X+ + a-(s) - G (s)+G (s), 

where a- is a stable polynomial. Suppose that the PIMC primary controller 

K in (11.24) has been obtained. It follows from (11.11) that the closed-loop 
transfer function from r to y is 

G(s)K(s) 
Gyr(s) = 1 + G+(s)K(s) 

b(s)(k2S + 1) 
a-(s)[(s - 'x+)(k1s + G-(O» + b1 (k2s + 1)] 

b+(s)b-(s)(k2S + 1) 
- a-(s)[(s - 'x+}(k1s + G-(O» + b1 (k2s + 1)]' 

where b+(s) contains all the unstable zeros of b(s). 
The ideal design of the pre-filter F(s) is such that the transfer function 

between rl and y in Figure 11.1 has exactly the desired second-order dynamics, 
that is, 

This requires 

But this F(s) may not be proper, and we may thus take F(s) as 

(11.39) 

where (rs~l)m is chosen such that F(s) is proper. It may be noted that if the 
stable poles of the process are much smaller than Wo, the pre-filter in (11.39) 

will result in a faster set-point response but with much greater control effort. 

To avoid this, the pre-filter can be chosen as 

This rule is also applicable to the following MPIMC case. 
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MPIMC Case. Consider the process with one unstable pole at s = A +: 

Ci s __ b(s) 
( ) -- (s -- V)a-(s) 

and 

It follows from (11.11) and (11.21) that the closed-loop transfer function from 

r to y is obtained as 

n () __ Ci(s)K(s) 
Uyr S -- =+ 

1 + Ci (S)K2(S) 
b(s)(kIS + k2) 

a-(s)[(s -- A+)S + (MIS + M2)(k l s + k2)]" 

Like the PIMC case, F(s) is chosen as 

11.7.2 Determination of G-

(11.40) 

In order to implement the PIMC, one has to obtain Ci- from Ci. For a complex 

or high-order unstable process, the computation of Ci- using the residual the
orem is quite involved, especially for the case of multiple poles. Actually, this 
can be avoided. As we know, practical industrial processes usually have only 
one unstable pole. This means that 

bi _ 
Ci(s) = s __ A+ +Ci (s), A+ 2: o. 

Then we have 

bi = lim (s - A+)Ci(s), 
s-t)..+ 

(11.41) 

and 

_ b1 
Ci (8) = Ci(8) - S _ A+' A+ 2: o. (11.42) 

The decomposition in (11.41) and (11.42) is sufficient for the PIMC. But, for 

the MPIMC, the generalized process is 

Ci(s) = Ci(s) . 
s 
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If ,\+ -=I- 0, then 

- III 1l2--
G(8) = ~+ + - +G (8). 

8-/\ 8 
(11.43) 

III and 112 can still be calculated simply by the residual theorem and G- is 

thus obtained from (11.43). If ,\+ = 0, then G has a double pole at the origin. 

However, a simple solution still exists for this case. We express G as 

- III 112 -- III 
G(8) = 2+-+G (8):= 2+Z(8), 

8 8 8 

where III is determined by III = lims--+o 82G(8) and Z(8) = G(8) - ~. Z(8) = 

I!f +G- (8) has only a single unstable pole at the origin, and 112 can be calculated 

accordingly. Thus, we obtain 

and 

0+(8) = III + 1l2, 
8 2 8 

G- (8) = (G) _ (Ill + 1l2). 
8 2 8 

11.7.3 Dead Time 

We have assumed so far that the process has a rational transfer function G (8). 

If the given unstable process has small dead time, it can be approximated as 

",n 1 (-TS)i -TS _ L..i=l if -2-
e - ",n l.(TS)i' 

L..i=l i! 2 

(11.44) 

and it contributes additional stable poles to G(8). Partial function expansion 
can then be applied to it. If the process dead time is large, the Finite Spectrum 

Assignment method may be used for dead time compensation (Wang et al., 

1998b). 

11.8 Simulation Results 

In this section, several simulation examples of different kinds of unstable pro

cesses are presented to illustrate the PIMCjMPIMC methods. 

Example 11.B.l. Consider the unstable batch reactor of (Rotstein and Lewin, 

1992): 

-745 
G(8) = (-24428 + 1)(3728 + 1) 
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For the PIMC scheme, the process is decomposed in the form of (11.6) into the 
stable and anti-stable parts as 

G(8) = G+(8)+G-(8) = -646.514 + -98.486. 
-24428 + 1 3728 + 1 

With ~ and Wo in (11.25) specified as 0.707 and 0.02 respectively, the primary 

controller K in (11.24) is designed for G+ as 

K(8) = 453.8438 + 1.000. 
762.78 - 98.486 

The pre-filter is also designed using (11.39) to reduce the overshoot in response 

to the set-point change. The pre-filter in (11.39) is designed as 

F _ 3728 + 1 
(8) - (453.8438 + 1)(108 + 1)' 

The response to a step change in the set-point and a step load disturbance is 
shown in Figure 11.6. The process can also be controlled using the MPIMC. 
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Fig. 11.6. PIMC and MPIMC performance 
(solid lines: PIMCjMPIMCj dotted lines: PIMC with pole shiftj dashed lines: PIMC 

with gain variationj dash dotted lines: Rotstein and Lewin method) 
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In the case that the set-point and disturbance is of step-type, the generalized 
process in the form of (11.19) is expressed as 

G(s) := G(s) = G +(s)+G -(s) = 2.405 X 105s - 745 + 3.664 x 104 . 

S s( -2442s + 1) 372s + 1 

The primary controller K is designed with respect to G +. With ~ and Wo in 

(11.25) specified as 0.707 and 0.02 respectively, the controller in the form of 

(11.28) is computed from (11.31) as 

K(s) = 0.010+ 2.200 x 10-5 

s 

The pre-filter in (11.40) is calculated as 

F(s) _ 372s + 1 
- (453.843s + 1) (lOs + 1) 

The closed-loop response is shown in Figure 11.6, which is the same as the 

response of the system designed using the PIMC scheme. 
For comparison, the PID tuning method using IMC parametrization (Rot

stein and Lewin, 1992) is adopted here, the PID controller from that method 

being 

1 
K(s) = 0.0502(1+ 612s +101.97s). 

The system response is shown in Figure 11.6 for comparison. Our method has 
a better performance. 

Performance robustness of the proposed method under process perturba
tions is also considered. The PID settings are still the same as above. In the 

first case, we change the process gain from 745 to 745 x 2. In the second case, 

the unstable time constant is varied from 2442 to 2442 x 2. The resultant re

sponses under these two circumstances are shown in Figure 11.6. The responses 
are quite satisfactory even under process perturbations. 

Example 11.8.2. Consider the high-order unstable process in Shafiei and Shen

ton (1994): 

27 
G(s) = (s _ l)(s + 2.8)3 

Partial fraction expansion gives 

G( ) = G+() G-() = 0.4921 -0.4921s2 - 4.62538 - 16.1984 
s s + s + (2 8)3 . s-l s+ . 
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With ~ and Wo in (11.25) specified as 0.707 and 1.5, the resultant primary 
controller is computed as 

K(s) = 4.943s + 1.000 
0.5466s - 0.7379 

and the pre-filter as 

(s + 2.8)3 
F(s) = 2.83(4.943s + 1)(0.2s + 1)2 

With these settings, the dosed-loop response of the PIMC is illustrated in Fig
ure 11.7. For the MPIMC scheme, the generalized process Gis) is decomposed 

into 

G = G(s) = -0.7379s + 0.4921 + 0.7379s2 + 5.7063s + 12.7301 
s s(s - 1) (s + 2.8)3 

With the same ~ and Wo as above, the primary controller is 

K(s) = 1.179 + 0.238, 
s 

and the pre-filter is 

F( ) _ (s + 2.8)3 
S - 2.83(4.943s + 1)(0.2s + 1)2 

The MPIMC performance is shown in Figure 11.7. The tuning procedure 
described by Shafiei and Shenton (1994) is quite involved and a pre-filter is 
also required there. The performance of his method is also given in Figure 
11.7, which shows that the proposed method has a better response. 

Example 11. 8. 3. Consider an oscillatory process with one unstable pole: 

G( ) 0.25 -03s 
s = (s2+ s +0.4)(s-1.5)e .. 

With (11.44), the dead time is approximated as 

e-O.3s ;::;J 1 - 0.15s. 
1 + 0.15s 

The process then becomes 

G( ) 0.25(1 - 0.15s) 
s ;::;J (S2 + s + O.4)(s - 1.5)(1 + 0.15s)· 

In the case of the PIMC scheme, the process is decomposed into 
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Fig. 11.7. PIMC and MPIMC performance 
(solid lines: PIMC/MPIMC; dashed lines: Shafiei method) 

G( ) 0.25(1 - 0.15s) 
s :=::! (S2 + S + O.4)(s - 1.5)(1 + 0.15s) 

0.0381 -0.0318s2 - 0.3943s - 1.0436 = -----+--~~----~~----~~ 
s - 1.5 (S2 + s + O.4)(s + 6.667) 

When ~ and Wo are specified as 0.7 and 3, respectively, the primary controller 
is 

K(s) _ 20.6528 + 1.000 
- 0.069s - 0.3913 ' 

and the pre-filter is 

F(8) = 0.158 + 1 
20.6528 + 1 

With these settings, the closed-loop response of the PIMC is illustrated in 

Figure 11.8. When the MPIMC scheme is adopted, the generalized process 
G~s) is first expanded into 

G _ G(s) _ -0.3918 + 0.625 + 0.391s2 + 2.9618 + 2.415 
- 8 - 8(8 - 1.5) (82 + 8 + 0.4)(8 + 6.667)· 

With the same ~ and Wo as above, the primary controller K is determined as 
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0.124 
K(8) = 2.536+ --. 

8 

The pre-filter is designed as 

F(8) = 0.01868 + 0.124. 
2.5368 + 0.124 

The control performance using our method is shown in Figure 11.8. Satisfactory 

performance is obtained using the proposed PIMC/MPIMC scheme. 

11.9 Real-time Implementation 

In this section, the proposed PIMC scheme is applied to a motor position 

control pilot-scale system. The system comprises an L. J. Electronics DC motor 

servo apparatus and a PC-based data acquisition system, as shown in Figure 

11.9. The DC motor apparatus diagram is presented in Figure 11.10. It is 

obvious that the transfer function between the control voltage and the position 

in Figure 11.10 is unstable. It is true that a simple controller can be designed 

to realize motor position control due to the simplicity of this motor apparatus. 

Our intention in utilizing this motor apparatus is to demonstrate that our 

scheme is capable of being applied to a real process. 
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Fig. 11.9. A motor servo pilot system 

control I ~ I lJl. I 

voltage .. 1'---_TS_+_1_-----'i I ~ " f--,------
~f· 
velocity position 

Fig. 11.10. Diagram of the motor apparatus 

The motor apparatus is identified using both open-loop and closed-loop 

tests. First, a step set-point change of control voltage is applied to the open

loop motor apparatus. The time constant T is estimated by measuring the 

time for the motor velocity to reach 63.2% of its steady speed (Franklin et 
al., 1994). Then, a closed loop is formed by feeding back the position signal to 

the reference via a constant controller. When a step set-point change in control 
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voltage occurs, the time for the motor to reach its first peak is measured, 

from which we can calculate J.L1J.L2 (Franklin et at., 1994). The transfer function 
between the reference and the position output is then estimated as 

G(8) _ 8.72 
- (0.1498 + 1)8 

In the proposed PIMC scheme, G(8) is decomposed into 

G(8) = G+(8) +G- (8) = 8.72 - 8.~271 
8 8 + . 

Only G- (8) is used as the internal model. With ~ and Wo specified as 0.7 and 

7, respectively, the primary controller is computed as 

K(8) = 0.3498 + 1.000, 
0.1788 - 1.299 

and the pre-filter as 

F(8) = 0.1498 + 1. 
0.3498 + 1 

The experimental result on the position control performance is shown in Figure 

11.11 and is quite good. 
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Fig. 11.11. Position control performance under PIMC 
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Appendix A: Controller Design for Processes with Two 
U nstablePoles 

Let the process be represented by 

_ b(s) _ + _ 
G(s) - ( 2 ) _( ) - G (s)+G (s), 

s + V1S + Vo a s 

where b(s) is a polynomial and a-(s) is a stable polynomial, 

G+(s) = /-L1S + /-Lo , 
S2 + V1S + Vo 

and 

G-( ) = b2 (s) 
S ( ). a- s 

(i) PIMC Design 

Let 

K= k2s2 +k1s+1 
k4s2 + k3S + G- (0) 

Then K(O) = (G(O))-l. Such a controller K automatically satisfies (11.16) and 

has zero offset under step inputs for a stable closed loop. Suppose that the 

desired characteristic polynomial is specified as 

(11.45) 

The characteristic polynomial of the actual PIMC system is 

P -k [4 ( k3 + /-L 1k2 ) 3 ( v1k3 + /-L1k1 + /-LO k2 + G- (0)) 2 
= a 4 s + V1 + k4 S + Vo + k4 S 

VOk3 + /-L1 + /-LOk1 + V1 G- (0) /-Lo + voG- (0) 1 
+ ~ s+ ~ 

:= a-k4Pc' 

Setting Pc = Pd yields 

o /-L1 1 V1 - a3 k1 0 

/-L1 /-Lo V1 Vo - a2 k2 -G-(O) 

/-Lo 0 Vo -a1 k3 -/-L1 - v1G-(0) 

0 0 0 ao k4 /-Lo + voG-(O) 

from which the controller parameters [k1 k2 k3 k4]T can be determined. The 

pre-filter F is designed in the same way as in Section 11.7.2, and given by 

F(s) _ b-(O)a-(s) 1 
- a-(0)b-(s)(k2S2 + k1s + 1) (rs + 1)m' 
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(ii) MPIMC Design 

Suppose that the primary controller in a MPIMC system is given by 

where Kl = ~, K2 = k2S2k~:.t~+kQ. The generalized process is decomposed as 

G = G = /-t2S2 + /-tlS + /-to + ~ 
S S(s2 + VlS + vo) a-

=G++G-. 

Suppose that the desired characteristic polynomial is specified the same as 

(11.45) and is matched by the characteristic polynomial of the actual MPIMC, 

leading to 

o /-t2 /-tl - /-t2a3 Vl - a3 ko -1 

/-t2 /-tl /-to - /-t2 a 2 Vo - a2 kl -Vl 

/-tl /-to -/-t2a l -al k2 -Vo 

/-to 0 -/-t2aO ao k3 0 

where the controller parameters [ko kl k2 k3]T can be computed. The pre-filter 

in this case is 

Appendix B: Formulas for Decomposition of some Typical 
Unstable Processes 

(i) If the unstable process is given by 

then we have 

G(S) = G(s) = bl(s) + _b2_ 
S s(s-,X+) s+,X-' 

where 
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and 

(ii) If the unstable process is given by 

G(s) = _1_.J.L2s
2 + J.LIS + J.LO, A+ > 0, VI > 0 and Vo > 0, 

s - A + S2 + VI S + Vo 

then it follows that 

where 

and 

bl(s) = -Os+ J.LO, 
Vo 

b2(s) = -Os + (J.L2 - OA+ - OVI _ J.Lo), 
Vo 

0= -J.LoA+ - J.L~VI + J.L2A+VO + J.LIVO 
VO(A+ + VIA+ + Vo) 



12. Decentralized Control 

Processes with inherently more than one variable at the output to be con

trolled are frequently encountered in industry and are known as multivariable 

or multi-input multi-output (MIMO) processes. Interactions usually exist be

tween control loops, which account for the renowned difficulty in their control 

compared with single-input single-output (8180) processes. Depending on the 

application and requirement, multivariable controllers or multi-loop controllers 

can be adopted for MIMO processes. Multi-loop controllers, sometimes known 

as decentralized controllers, have much simpler structures and fewer tuning pa

rameters to handle. In addition, in the case of actuator or sensor failure, they 

are relatively easy to stabilize manually, because only one loop is directly af

fected by the failure (Palmor et at., 1996; 8kogestad and Morari, 1989). Hence 

for processes with modest interactions, multi-loop controllers are often more 

favoured than multivariable controllers. 

Many multi-loop controller design methods have been reported in the litera

ture. In the BLT (Biggest Log Modulus Tuning) method presented by Luyben 
(1986), the familiar Ziegler-Nichols rule is modified with the inclusion of a 
detuning factor, which determines the trade-off between stability and perfor

mance of the system. Individual controllers are designed for their respective 

loops by first ignoring all interactions. The calculated controller gains are then 

scaled by the detuning factor to guarantee stability. Despite the simple com

putations involved, the design regards interactions as elements obstructing sys

tem stability and attempts to dispose of them rather than control them to 

speed up individual loops. It is hence too conservative to exploit process struc

tures and characteristics for the best achievable performance. In the sequential 

loop closing method, loops are closed one after another, with those previously 

closed fitted with appropriate controllers. The interactions are well taken care 

of only if the loops are of considerably different bandwidths and the closing se

quence starts from the fastest loop. This assumption of high gains in the loops 

that have already been closed can rarely be justified, except at low frequen

cies (Maciejowski, 1989). There are some other existing methods which need 
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iterations. The designer changes the trade-off between conflicting constraints 
by adjusting certain inequalities or objective functions (Maciejowski, 1989; Za

kian, 1979) until satisfactory response is obtained. As with all other iterative 

designs, the major drawback with these methods is the initial estimate and 

convergence problem. 

In this chapter, a simple independent design method for multi-loop con

trollers is presented which exploits process interactions for the improvement 

of loop performance. Unlike many other methods that emphasize suppression 

of interactions for decoupling purposes, our method is developed to channel 

the effect of interactions to individual loops to speed up loop responses. This 

is achieved by regarding each loop together with its corresponding interac

tions from all other loops as an equivalent single-input single-output (SISO) 

plant, and designing an independent SISO controller for it. Once an objective 

transfer function is specified for each of these equivalent processes, a set of 

simultaneous equations is formed and separated into independent ones, each 

of which contains one controller element only. They are then solved to obtain 

exact solutions, which are usually irrational. The exact solutions can be well 

approximated by rational functions. The popular multi-loop PID controllers 

can naturally be obtained as a special case of rational approximation, and they 

give a reasonable trade-off between loop and decoupling performance. Simula

tion examples are provided to show the effectiveness of the proposed method, 

and comparisons are made with the BLT method. 

This chapter is organized as follows. In Section 12.1, the proposed method 

is presented. A detailed discussion on the choice of solutions to the controller 

gain equations is given in Section 12.2. The rational function approximation 

method follows in Section 12.3. In Section 12.4, the reduction of controller 

structure to the PID format is investigated. Section 12.5 focuses on stability 

analysis of the feedback system. Extension of the proposed method to the m 

by m case is provided in Section 12.6. Simulation examples are included in the 

various sections for illustrations. 

12.1 The Proposed Independent Design Strategy 

Consider a stable 2 x 2 process described via the transfer function matrix G(s) 
as Y(s) = G(s)U(s) or 

(12.1) 
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Assume that proper input-output pairing has been made for the process. If the 

process is inherently poorly paired, the RGA (Relative Gain Array) method 

(Maciejowski, 1989) can be employed to make the necessary arrangement. The 
process is to be controlled by a multi-loop controller with the structure: 

(12.2) 

The resultant control system is shown in Figure 12.1. The controller design 

objective is to find k1(s) and k2(S) such that both loops achieve satisfactory 

performance. The boxed portion in Figure 12.1 can be viewed as an individual 

g} (s) 

- ~ u} 
k} (s) y} 

+ .....................•. 

r2 

... 
e 2 

G(s) 

+ 
~ 

U 2 

-

Fig. 12.1. Equivalent 91(8) for a 2 x 2 plant 

SISO process with an equivalent transfer function gl (s) between input Ul and 

output Yl. It follows that gl(S) can be obtained (Maciejowski, 1989) as 

k2g12g21 
gl = gll - 1 + k . 2g22 

(12.3) 

Similarly, the equivalent plant between U2 and Y2 is given by 

klg21g12 
g2 = g22 - 1 + k . 

19l1 
(12.4) 

In principle, kl (s) and k2 (s) should be designed for gl (s) and g2 (s) respectively. 

But the generalized process gl is a function of k2 as seen from (12.3), and there

fore we cannot design the controller kl for it unless k2 is known beforehand. 

Similarly, to design k2 requires kl to be known. Hence, these conditions fall 
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into a loop and are the main difficulty in multi-loop controller deign. A com

mon way of solving this problem is by iterations (Maciejowski, 1989). Here, we 

introduce a new method which needs no iterations and therefore does not suffer 

the convergence problem. The performance specifications on individual closed 

loops may be formulated in terms of the desired closed-loop transfer functions: 

(12.5) 

The corresponding desired open-loop transfer functions are 

hdi . 
qdi = h' Z = 1,2. 

1- di 
(12.6) 

The ki are designed to match the actual open loops 9iki to the desired open

loops qdi: 

( k2912921 ) wre- SLl 
91kl= 911- 1 + k k1 =qdl= 2+2~ + 2(1 -SL1)' 2922 S lWlS WI - e 

(12.7) 

( k1912921 ) wie-sL2 
92k2 = 922 - k2 = qd2 = 2 2 L' 

1 + k1911 S + 26w2S + w2(1 - e- S 2) 
(12.8) 

This pair of coupling equations are solved to obtain the following two decoupled 
equations: 

[(1 + qd2)911L]k~ + [(1 - qdlqd2)911922 + (qd2 - qdd L ]kl 

+[-(1 + qd2)qdI922] = 0, 

[(1 + qdd922L]k~ + [(1 - qdlqd2)911922 + (qdl - qd2)L]k2 

+[-(1 + qdl)qd2911] = 0, 

where 

L = 911922 - 912921, 

(12.9) 

(12.10) 

(12.11) 

Therefore, each gain ki can be determined separately by solving the correspond

ing single quadratic equation. 

The values of {WI, W2}, {Ll' L 2} and {6, 6} have to be determined before 

(12.9) and (12.10) are solved for kl(S) and k2(S), It is found from simulations 

that in general suitable values of Wi lie between 0.6 and 0.8 times the critical 

frequencies wci(L9ii(jWci) = -1f) of the respective diagonal elements 9ii(S) . As 

a guideline, this is taken to be 0.7 times as default. The value of Li is chosen 

to be the equivalent dead time Ti in the element 9ii . For 9ii of order higher 
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than one, Ti can be approximated by fitting 9ii into the first-order plus dead 

time model 9ii(S) = l:~Ti e-STi at the point s = 0 and s = jWci, or obtained 
equivalently from the equation: 

(12.12) 

The damping ratios {6, 6} are all set to 0.707 for a fair trade-off between 

speed and the amount of overshoot. Hence, we recommend 

Wi = 0.7WCi,} 
~i = 0.707, 

Li = Ti· 

i = 1,2. (12.13) 

12.2 Choice of Solutions to Controller Gain Equations 

In general, (12.9) or (12.10) has multiple or two solutions at each frequency 

point s = jWj, j = 1, 2, ... , N. Every solution satisfies the corresponding equa

tion from a mathematical point of view. However, when stability is concerned, 

one solution has to be discarded. In order to address this problem, typical so

lutions to (12.9) are plotted in the complex plane as shown in Figure 12.2. 

Similar treatment can be applied to (12.10). Since kl(S) has two solutions, two 

branches are shown in Figure 12.2. According to the Nyquist stability criterion, 
for a stable open-loop system there has to be no encirclement ofthe point -1 by 

the Nyquist plot of the loop gain as jw travels along the imaginary axis, to en

sure closed-loop stability. To suppress the steady-state error in response to step 

inputs, integrators have to be present in kl and k2 . Owing to these explicitly 

introduced poles in the controllers at the origin, the Nyquist path is modified to 

bypass the origin by making a semi-circular turn of infinitesimal radius to the 

right of the origin so that the contour engulfs the entire right half complex plane 

except the origin. Since lims-+oo[gl(S)kl(S)] = 0, lims-+o+,readgl(S)k1(s)] has 

to be positive in order not to have any encirclement of the point -1. It follows 

that iflims-+o+,real[91(S)] > 0, then lims-+o+,readk1(s)] has to be positive, or 
equivalently kl (s) has to start from negative infinity in the complex plane. Ow

ing to the presence of an integrator in k2(S), we have lims-+o+,readk2 (s)] = 00. 

It can then be readily evaluated from (12.3) that lims-+o+,readgl(S)] equals 
gl1 (0) - 912(O)(~)(O). Conversely, if lims-+o+ readg2(S)] = 922(0) - 921 (O)(M(O) < 0, 

9~ , n1 
then lims-+o+,readkl(S)] has to be negative, and thus k1(s) has to start from 

positive infinity in the complex plane. 
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Fig. 12.2. Nyquist plot of controller gain kl(S) 

S 1· [ ()] - (0) 912(0)921 (0) 0 B d th b uppose Ims-;O+ ,real gl S - g11 - 922(0) <. ase on e a ove 
argument, branch 1 in Figure 12.2 should be chosen as the solution. Unlike in 
the above discussion on the choice of branches for the stability of the closed 
loop, we now shift our focus to the stability of the controller itself. In order 
to have all poles and zeros of the controller kl (s) in the left half complex 
plane, the Nyquist plot of the controller k1(s) should have no encirclement of 

the origin. Following the earlier argument that lims-;o+ ,readgl (s)] < 0 requires 

lims-;0+,real[k1(s)] < 0, kl(S) should cut the negative real axis at some high 
frequency for the plot not to encircle the origin. As observed from Figure 12.2, 

branch 1 heads towards the real axis initially but detours on the way, and shows 

no sign of cutting the negative real axis as frequency advances. On the contrary, 

branch 2 turns towards the negative real axis in its late stage. As a result, if 

we break branch 1 halfway and join it to branch 2, the resulting hybrid branch 

will make the correct crossing and ensure stable controller poles and zeros. To 

minimize the gap caused by branch jumping, the break point is chosen to be 

the point where the two branches are nearest to each other. The re-combined 

solution branch is shown as a solid line in Figure 12.2, which starts with branch 

1 and ends with 2. It forms the ultimate solution to (12.9) where stability is 

guaranteed. It is noted from (12.7) and (12.8) that k2(S) is dependent on kl(S). 
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Hence whenever there is branch jumping in k1 (s), a corresponding branch jump 

should also be performed on k2 (s). 
This analysis leads to the following rules for the solution selection: 

(i) For each i, if gi(O) > 0, the solution should be chosen so that kiUw) for 

a very small w has an imaginary part at negative infinity. It should cross the 

positive real axis as the frequency approaches infinity. If that is not satisfied, 

branch hopping has to be carried out at the point where the chosen branch 

is nearest to some other branch that cuts the real positive axis at infinite 

frequency. 

(ii) Likewise, if gi(O) < 0, the imaginary part of kiUw) for very small w 
should be located at positive infinity and should intersect the negative real 

axis by possible switching among the solution branches. 

In the above discussion, we base solution selection on the assumption of 

having a stable open loop (stable equivalent process gi(S) and controller ki(s)), 
as a result of which there must be no encirclement of the point -1 for closed

loop stability according to the Nyquist stability criterion. For the 2 x 2 case, 

there are two solutions for each k1(S) and k2(S). If the alternative solutions are 

selected or no branch jumping is performed, there will be encirclements of the 

point -1. However, it is noticed that closed-loop stability can still be guaran

teed in such cases if the open loop makes the same number of encirclements 

of the origin. If the equivalent processes are all open-loop stable, these encir

clements must be contributed by unstable poles and zeros of the controllers. 

This in practice is not desirable although closed-loop stability is still achieved, 
because it results in only a conditionally stable system, where an uncondition

ally stable system is usually preferred if possible. Hence, in our method, only 

stable controllers are considered. 

To further illustrate how the solutions can be selected, we now look at some 

popularly used examples. In all the examples, the objective transfer functions 

gd1 and gd2 are obtained according to the default settings given in (12.13). 

Example 12.2.1. Consider the eight-tray + reb oiler distillation column sepa

rating methanol and water studied by Wood and Berry (Luyben, 1986). The 

transfer function matrix is given by 

G(s) = 168+1 218+1 . [ 
12.8e-8 -18.ge- 38 1 
6.6e- 78 -19.4e- 38 

10.98+1 14.48+1 

The elements gu and g22 have critical frequencies of 1.62 rad/s and 0.58 rad/s 

and equivalent dead times of 1 sand 3 s respectively. The objective transfer 

functions are thus set according to (12.13) as 
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Fig. 12.3. Approximation of controller gains by rational functions in Example 12.2.1 

wr e - SL1 

qd1 = -82::--+-2-~1-W-1-8--"---+-w-;;-i-'-(1---e---sLC;-'-:-) 82 + 1.414 X 1.1348 + 1.1342 (1 - e- S ) , 

w~e-SL2 0.4042e-3s 
qd2 = 2 82 + 26w28 + w 2 (1 - e-SL2 ) 82 + 1.414 X 0.4068 + 0.4062 (1 - e-3s ) . 

The values of k1(8) and k2(8) are then calculated at 8 = jw using (12.9) and 
(12.10) and are plotted in Figure 12.3. There are two roots for each of them, 
corresponding to the two branches shown in dashed lines and dotted lines 

in the figure. Since lims--+o+,readg1(8)] = gn(O) - 912g~2(~1 0 = 6.4 > 0 and 

1· [ ()] - (0) g21 (0)g12 (0) - 9 7 0 b hId 3 1ms--+O+ ,real g2 8 - g22 - gl1 (0) - -. < , ranc es an are 
chosen as the solutions at low frequency. However, they do not move towards 

the real axis for intersection at high frequency. Therefore, the solutions have 

to hop to branches 2 and 4 at the nearest points. The resulting Nyquist plots 

for the final solution are given in solid lines. 

Example 12.2.2. The 24-tray tower separating methanol and water examined 

by Vinante and Luyben (Luyben, 1986) has the following transfer function 

matrix: 

[ 
-2.2e-' _1.3e-o.38 ] 

G ~ 7s+1 
(8) = _2.8e-1.8s 4.3e- O.35• • 

9.5s+1 9.2s+1 
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Following the rules, we obtain k1 (jw) and k2 (jw) as shown in Figure 12.4. 
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Fig. 12.4. Approximation of controller gains by rational functions in Example 12.2.2 

Example 12.2.3. The process studied by Wardle and Wood (Luyben, 1986) has 
the following transfer function matrix: 

[ 
0.126e-6s _0.101e- 12s 1 

G(s) = 608+1 (488+1)(458+1) . 
0.094e- 88 _0.12e- 88 

388+1 358+1 

k1 (jw) and k2 (jw) are computed and the selected solutions are shown in Figure 

12.5. 

12.3 Rational Approximation of the Irrational Solutions 

It should be noted that the solutions obtained in Section 12.2 and selected in 

Section 12.3 are irrational in general, i.e., such a solution k(jw) may not have a 

rational function realization. For practical implementation, a rational function 

approximation k(s) is required to approximate a possible irrational k(s). The 

problem at hand is to find a rational function: 
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Fig. 12.5. Approximation of controller gains by rational functions in Example 12.2.3 

k(s) = bmsm + bm_1sm- 1 + ... + bo 
sn + an_1Sn-1 + ... + a1 S ' 

(12.14) 

where an integrator has been imposed in k(s) to match that of k(s) such that 
the approximation error e defined as 

N 

e = ~ L Ik(jwj) - k(jwj)12 , 
j=l 

meets 

Ie· g(O)1 < c, 

(12.15) 

(12.16) 

where g(O) is the equivalent process g(s) at zero frequency and c is a speci

fied threshold and usually takes the value 0.1 '" 0.15. We do not set a direct 

constraint on the error e because processes with high gains are usually fitted 

with controllers having relatively small gains, which naturally lead to smaller 

error e. Hence, the absolute error is scaled by the static gain of the equivalent 

process for a more reasonable evaluation of the approximation. The recursive 

least squares algorithm presented in Chapter 7 can then be used to solve this 

rational approximation problem. The data points in k1 and k2 used for the 
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approximation should stretch from positive/negative infinity to somewhere in 
close proximity to the real axis so as to capture the general trends at high 
frequencies. Usually these points can be conveniently taken from the frequency 
range (0, min{Wc1,Wed), where Wei as defined earlier corresponds to the crit
ical frequency of the element gii of the process. The range is usually sufficient 
unless kl and k2 make sharp turns at high frequencies. 

This method provides a general framework for the design of rational function 

controllers. Note that PIn controllers can be viewed as a special case of rational 

function controllers with the order of numerator and denominator being two 

and one respectively. It is noted that although nonlinear least squares and 

stochastic (or statistical) methods may also be used, they demand far more 

computational resources and hence are not recommended. 

We shall now apply the approximation method to demonstrate its effective

ness. Comparisons will be made with the well-known BLT design introduced 
by Luyben (1986) to show how our method can improve control performance. 

A threshold of 0.1 is set in (12.16) for the determination of controller orders. 

Example 12.2.1 (cont'd). The recursive least squares method is then used to 

compute the coefficients of the rational function. Since min {we!, We2} = 0.58 
rad/s, and the general trend at high frequencies is well exhibited in the range 

(0,0.58) rad/s, the points in this range are used for the approximation. This 

results in the multi-loop controller: 

K( ) = d' {nl -0.090483 - 0.019682 - 0.002628 - 0.000257} 
8 lag d l ' 83 + 0.064082 + 0.01568 ' 

where 

nl = 0.48587 + 0.31886 + 0.11785 + 0.024984 + 0.0039183 + 0.00046982 

+0.00003408 + 0.00000229, 

dl = 87 +0.45386+0.21885+0.026484+0.005483+0.00030182+0.00003278. 

The error-gain products Ie· g(O)1 as defined in (12.16) are 0.054 and 0.049 for 

kl(8) and k2(8), respectively. Their Nyquist plots are shown in Figure 12.3 and 

close fitting is achieved. The step response of the feedback system using the 

above controller is shown in Figure 12.6. For comparison, the step response 

using the BLT method with 

KBLT(8) = diag [0.375(1 + 8.~98)' -0.075(1 + 23~68)] 
is also given in the figure. It is observed that the proposed method has sig

nificant improvement in the loop performance. To ease the assessment of con

troller performance, the performance index ISE (Integral Square Error) with 
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Fig. 12.6. Step response for Example 12.2.1 
(solid lines: proposed method; dashed lines: BLT method) 

equal weighting of the two outputs are calculated for the proposed and BLT 

methods as 10.2 and 18.22, respectively. Figure 12.7 shows the Nyquist plots 
of the equivalent open-loop gains. It is seen that they are reasonably close to 

the desired values. The dashed lines show those of the corresponding glkBLT1 

and g2kBLT2' 

Example 12.2.2 (cont'd). The solid lines in Figure 12.4 show the Nyquist 

plots of the controller gains obtained using rational function approximation, 

and they are extremely close to the exact gains given by the dashed lines. The 

controller is 

K(8) = 

dia {-1.0385 - 1.5084 - 0.73583 - 0.45382 - 0.09518 - 0.00651 n2} 
g 85 + 0.66484 + 0.39183 + 0.16682 + 0.01918 'd2 ' 

where 

n2 = 2.7687 + 1.7686 + 2.9285 + 1.1484 + 0.96383 + 0.21782 + 0.1018 + 0.0100, 

d2 = 87 + 0.69686 + 0.87285 + 0.38084 + 0.24083 + 0.051982 + 0.02108. 
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Fig. 12.7. Nyquist plot of equivalent open-loop gains in Example 12.2.1 

The step response of the feedback system is shown in Figure 12.8. As seen from 

the figure, the proposed controller gives very much better loop performance 

than the BLT method with 

KBLT(S) = diag [-1.07(1 + _1_),1.97(1 + _1_)] , 
7.1s 2.58s 

and the performance index 1SE of the proposed and BLT methods is calculated 
as 3.09 and 3.86, respectively. The corresponding Nyquist plots of the equivalent 
open-loop gains are given in Figure 12.9. 

Example 12.2.3 (cont'd). Following the same procedure, the controller de

signed is 

K(s) = dia {11.385 + 18.484 + 15.183 + 1.2182 + 0.04148 + 0.000473 
g 85 + 0.73084 + 0.37783 + 0.030182 + 0.0002808 

-8.5584 - 7.1683 - 2.4282 - 0.09958 - 0.00216} 
84 + 0.34883 + 0.13182 + 0.001618 . 

The points used for the approximation lie in the frequency range {0,0.8} since 

there is a sharp turn in both kl and k2 at frequencies above min{ Wc1, W c2} = 

0.16 rad/s. Close fitting of the approximate gains to the exact gains is seen in 

Figure 12.5. The step response of the feedback system is shown in Figure 12.10. 
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(solid lines: proposed method; dashed lines: BLT method) 

Imag 
o 

-5 

-10 

-15 

-20 

-25 

-30 

-35 

-40 

-45 

-50 
-0.6 

\ 
I 

. loop gain with rational I 
. approximation of k, (s) 

I 

loop gain with 
BLT method 

desired loop gain 

o 

-50 

-100 

-150 

-200 

-250 

I mag 

I 
I 

I 
/ 

/ 

desired loop gain 

loop gain with rational 
approximation of k2(s) 

lOOp gain with 
BLT method 

-0.4 -0.2 o -10 -8 -6 -4 -2 

Real 

o 
Real 

Fig. 12.9. Nyquist plot of equivalent open-loop gains in Example 12.2.2 



12.4 Controller Reduction and Performance 'Trade-off 361 

1.5 

y1 

0.5 

-0.5 
0 100 :DO 3)0 4)0 500 6>0 AlO 8)0 IDO 1000 

1.5 

y2 
1 

A r~----------
0.5 \\_------

-0.5 
0 100 :DO 3)0 4)0 500 6>0 AlO 8)0 IDO 1000 

Fig. 12.10. Step response for Example 12.2.3 
(solid lines: proposed method; dashed lines: BLT method) 

Excellent response is obtained as seen from the figure when compared with the 
BLT method with 

KBLT(S) = diag [27.4(1 + 41~4)' -13.3(1 + 52~9S)] . 

The performance index ISE of the proposed and BLT methods is calculated 
as 39.1 and 56.4, respectively. The approximate open-loop gains using the pro
posed controller are remarkably close to the desired values as shown in Figure 

12.11. 

12.4 Controller Reduction and Performance Trade-off 

It is observed from the above results that although the individual loop per

formances have been significantly improved, the closed-loop coupling between 

the loops may sometimes be still too large. The reason is that our design has 

focused solely on loop performance and paid no attention to decoupling perfor

mance. It is possible to enhance the latter at the expense of the former. This 

can easily be achieved by increasing the value of € in (12.16) which gives rise 

to lower orders of ki(s). An additional advantage of such a design trade-off 
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Fig. 12.11. Nyquist plot of equivalent open-loop gains in Example 12.2.3 

is that low-order controllers are cheaper and easier to implement. The most 
widely used and commercially available low-order controllers are the PID type. 

In our framework of the rational function approximation method described 
above, multi-loop PID controllers can be obtained simply by specifying the or
ders of the numerator and denominator as two and one respectively (note that 
an integrator has already been explicitly implemented in the algorithm). Fur
thermore, for this particular PID controller structure, we can directly apply the 

linear least squares method in the frequency domain instead of the recursive 

least squares approach. 

Let the multi-loop controller be of PID type for loop i 

(12.17) 

Its parameters are determined to match ki(s) as closely as possible in the 

frequency domain. As shown in Section 2 of Chapter 9, the standard linear 

least squares method can then be applied to give the required PID parameters. 

Based on extensive simulations, the objective transfer functions qdi in (12.5) 

and (12.6) in this case are recommended to have the following settings: 
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Wi = Wei } 

~i = 0.707 

Li = Ti 

i = 1,2. (12.18) 

We now apply the method to the same plants and compare the PID controller 

performance with that of rational function controllers. 

Example 12.2.1 (cont'd). The bandwidths of the objective transfer functions 

are set to be the critical frequencies of the diagonal elements gll and g22, i.e., 

WI = 1.62 rad/s and W2 = 0.58 rad/s, so that 

wre- SL1 1.622e-s 

qdl = 82 + 2~IW18 + wr(l - e-SL1 ) = 82 + 1.414 x 1.628 + 1.622(1 - e- s )' 

w~e-SL2 0.582e-3s 

qd2 = 82 + 26w28 + w~(l - e-SL2 ) = 82 + 1.414 x 0.588 + 0.582(1- e-3s )· 

We next compute the controller gains kl and k2 in the usual way and approxi

mate them by PID controllers using the linear least squares method introduced 

above. The approximation results are shown in Figure 12.12. The multi-loop 

PID controller is obtained as 

. [0.085 0.020] K(8) = dlag 0.571 + -8- + 0.5818, -0.113 - -8- - 0.1198 . 

The step response of the feedback system is shown in Figure 12.13. The step 

response using the BLT method is shown as dashed lines in the figure. The 
performance index ISE of the proposed and BLT methods is calculated as 
8.2 and 18.22, respectively. It is observed that the proposed method (solid 
lines) gives better loop performance and shorter settling time for the couplings. 
Although the loop performance is not as good as that using rational function 
controllers, the decoupling capability is better than the former. 

Example 12.2.2 (cont'd). With the proposed method, we obtain kl and k2 as 

. 0.416 0.590 
K(8) = dlag [-1.929---, 2.919+--+0.2838], 

8 8 

whose Nyquist plots are shown in Figure 12.14. The step response of the feed

back system is shown in Figure 12.15. The proposed PID controller shows better 

loop performance and coupling response than the BLT method in loop 1 and 

they are comparable in loop 2. The performance index ISE of the proposed and 

BLT methods is calculated as 2.63 and 3.86, respectively. It is again observed 

that although the PID controller does not generate loop performance as good as 

that given by the rational function controller, it can handle interactions better. 
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Example 12.2.3 (cont'd). It follows from our method that 

( ) . [1.530 1.13] K 8 = dmg 41.6 + -8- + 75.58, -19.4 - -8- - 56.48 . 

Figure 12.16 shows the PID approximation to the exact solutions. Figure 12.17 
shows the step response of the feedback. The performance index ISE of the 
proposed and BLT methods is calculated as 33.2 and 56.4, respectively. More 

satisfactory response is obtained than that given by the BLT method in both 
loops. 

12.5 Stability Analysis 

In the proposed method, we design ki to stabilize the equivalent process gi for 

each i. In this section, we shall investigate whether the stabilization of all gi 
by the corresponding ki leads to an overall stable closed loop, i.e., whether it 

implies that K(8) stabilizes G(8) . 
We shall now give a simple counter-example to show that the above impli

cation is in fact incorrect. Suppose that all elements gii ; i = 1,2, of a 2 x 2 

process are stable but at least one of the elements gij, i =I- j, is unstable. If 

the controllers kl = k2 = 0 are adopted, we shall have gi = gii for all i. 
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Then although all ki stabilize gi, the whole system is still unstable because the 

controller holds the system in open loop and the open-loop system is unstable. 
Owing to the above observation, it would be of much interest to find out 

the conditions for closed-loop stability given that ki stabilizes gi. Let p(g) be 
the characteristic polynomial of a transfer function g(s) and set p(g) = 1 if g(s) 
has no pole at all. 

Lemma 12.5.1. (Rosenbrock, 1974). For a unity negative feedback system with 
the plant G(s) and the controller K(s), K stabilizes G if and only if Pc := 

p(g)p(K)det(I + GK) has stable roots only. 

[ 911 912] In our case of G = , K = 
921 g22 

[ kl 0] , we have 
o k2 

Pc = p(G)p(kdp(k2) det[I +GK], (12.19) 

where 

(12.20) 

Now suppose that kl (respectively k2) stabilizes gl (respectively g2) where 
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k2g12g21 
gl = g11 - 1 + k ' 2g22 

(12.21) 

k1g21g12 
g2 = g22 - 1 + k . 

1911 
(12.22) 

This implies by Lemma 12.5.1 that both 

(12.23) 

and 

(12.24) 

are stable. The question is whether or not this individually stabilized system 

is stable, i.e. whether or not stability of Pel and Pc2 are equivalent to stability 

of Pc. Now, bringing (12.21) into (12.23) yields 

Pel = p(gdp(kd d~t~; GKl. (12.25) 
2g22 

Substituting (12.25) into (12.19) yields 

_ (G)p(k2)(1 + k2g22 ) 
Pc - Pc1P (). P gl 

(12.26) 

Noting that p(k2)(1 + k2g22 ) = P(1+kk2 ), (12.26) can be rewritten as 
2922 

(G) p(~) Pc = Pc1P ) P(gl 
(12.27) 

Lemma 12.5.2. Assume that a 2 x 2 process G(s) is individually stabilized by 
k1 and k2' i. e. Pel and Pc2 are stable. Then, the resultant feedback system is 

stable if and only if 

p(G/( ~) has stable roots only. 
P(gl) 

(12.28) 

By applying this lemma to the previous example where gii are all stable 

with k1 = k2 = 0 while gij are not, one sees that p(gd = p(g11) is stable, 

p( --"'-L-1+kk ) = 1, and p(G) is unstable. It follows that (12.28) is violated and the 
2922 

system is unstable. 

It is, however, noted that most industrial processes are stable. If G is now 

restricted to be stable, p(G) is stable and it follows from (12.21) that all the 

unstable factors in p( --"'-L-1+kk ) will be cancelled by those of P(gl), leading to the 
2922 

satisfaction of (12.28), provided that 

k2 
N one of the unstable poles of k are cancelled by g12g21· (12.29) 

1 + 2g22 
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Theorem 12.5.1. Assume that a stable 2 x 2 process is individually stabilized 
by kl and k2. Then the resultant feedback system is stable if and only if (12.29) 
holds. In particular, this is the case if (i) both g12 and g21 are of minimum 
phase; or (ii) k2 stabilizes g22. 

It should be pointed out that if we start with k2 and follow the same devel

opment above, we shall arrive at dual results to the above Lemma 12.5.2 and 

Theorem 12.5.1, in which k2' gl and g22 in (12.28) and (12.29) are replaced 

by kl' g2 and gll respectively. Another important observation is that (12.29) 

generically holds because k2 is designed for g2 and the probability of unsta

ble poles of 1+:~922 coinciding with unstable zeros of g12g21 is almost zero. 
Therefore, we can conclude that one almost always produces an internally sta

ble system when sequential stabilizing design is used for a stable process. This 

conclusion is intuitively appealing and practically evidenced. It is the case, in

deed, for all three design examples illustrated earlier. But one should be careful 

if an unstable process is concerned. 

A very nice thing with the above stability results is that stability robustness 

can also be addressed in the same framework. For a stable process with uncer

tainty, (12.29) is very unlikely to be violated by uncertain G(s) and instead it 

can be assumed to hold. As a result, for a stable G, the closed loop is robustly 

stable if and only if ki stabilizes the uncertain gi, which can be checked by 

drawing the Nyquist bands of gi(jw)ki(jw) for a given uncertainty bound on 

G(jw) and counting the number of encirclements of the critical point. 

12.6 Extension to the m X m Case 

The above discussions can easily be extended to the general m x m plants. 

Equations governing the plant dynamics are 

[ ~1 1 [g;,. .. g~m 1 [~1 1 
Ym gml gmm U m 

(12.30) 

This is controlled by 

kl 0 ... 0 

o k2 ... 0 
(12.31) 

o 0 
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as shown in Figure 12.18. 
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Fig. 12.18. Equivalent 9i(8) for a m x m plant 

Consider loop i separately. One sees 

Yi = giiUi + [9i,1 ... gi,i-l gi,Hl ... gim] (12.32) 

and 
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g1,i-1 g1,H1 g1m 

Yi-1 
= 

gi-1,i 
Ui + 

gi-1,1 ... gi-1,i-1 gi-1,H1 ... gi-1,m 

YH1 gH1,i gH1,1 ... gH1,i-1 gH1,H1 ... gH1,m 

Ym gmi gm1 gm,i-1 gm,H1 9mm 

Since all loops are closed, we can write 

Yi-l 

YHI 

Yrn 

1 
kl 

o 

1 
ki-l 

1 
ki+l 

o 

1 
k"" 

Substitution of (12.34) into (12.33) yields 

1 
k; 

+ 

o 

1 
ki-l 

gi-l,1 ... gi-l,i-l gi-l,i+l ... gi-l,m 

gHl,1 ... gHl,i-l gHl,Hl ... gHl,m 

gml 

1 
ki+l 

o 

1 
k"" 

gm,i-l gm,i+l gmm 

-1 

gl,i 

gi-l,i 

gHl,i 

gm,i 

Ui-1 

Um 

(12.33) 

(12.34) 

(12.35) 
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Therefore, we have 

Yi = gii-

1 
k1 

+ 

or in short 

T 
gi,1 g11 g1,i-1 91,H1 g1m 

gi,i-1 gi-1,1 ... gi-1,i-1 gi-1,H1 ... gi-1,m 

gi,H1 gH1,1 ... gH1,i-1 gH1,H1 ... gH1,m 

o 

gi,m 

1 
ki-l 

1 
ki+l 

gm1 

o 

gm,i-1 gm,H1 

-1 
g1,i 

gi-1,i 

gH1,i 

1 gm,i k m 

gmm 

(12.36) 

(12.37) 

for a suitable gi. Difficulties arise in designing controllers for each of the equiv

alent processes gi for each is a function of kl' k2' ... , ki - 1 , ki+1 , ... , km, that 
is 

(12.38) 

However, kl' k2' ... , ki - 1 , kH 1, ... , km, can be designed to meet user specifica

tions so that the dependence of gi on kl' k2, . .. ,ki - 1 , ki+1, . .. ,km is released, 

i.e., 

(12.39) 

Thus there are m equations and m unknowns, namely kl' k2' ... , km' and they 

can be solved with some manipulations. The separation process starts with 
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expressing kl in terms of k2 , ... , km and qdl using the first equation in (12.39), 

to obtain 

(12.40) 

The expression is next substituted into the second equation in (12.39) and k2 
can then be written in terms of k3 , .•. , km and qdl, qd2, i.e. 

The same procedure is repeated and we shall subsequently obtain 

km - 1 = fm-l (km , qdl, qd2,···, qdm-l), 

km = fm(Qdl,Qd2, ... ,Qdm-l,qdm). 

(12.41) 

(12.42) 

It is noticed that, km has been recovered in the last equation of the above set. 

Independent expressions for k2 , k3 , ••. and km - 1 can be acquired using back 

substitution as follows. The recovered km is substituted into the second last 

equation in (12.42) for km - 1 . The recovered km and km - 1 are next substituted 

into the third last equation for km - 2. The same process is repeated until k2 is 

finally recovered. 

According to the trade-off between loop performance and controller com
plexity as discussed in Section 12.4, rational function controllers or PID con

trollers can be designed similarly for m x m processes. Guidelines for the se

lection of the values {Wl, ... ,Wm }, {L1, ... ,Lm } and {6, ... ,~m} in (12.39) 

follow exactly those for the 2 x 2 case. Depending on the type of controllers 

used, (12.13) or (12.18) is applied accordingly. It should also be noted that the 

rules for the selection of solutions in Section 12.3 still hold in the m x m case. 

The major increase in workload arising from extension of the proposed 

method from the 2 x 2 to the m x m case lies in computation of the m solutions to 

the m-degree polynomial equations. The solutions become much more involved 

but can be solved with the help of well-developed software such as Matlab. 
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